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1 Power Series

1.1 Review of Taylor Polynomials, Taylor/MacLaurin Series

Definition 1.1 (Taylor Polynomials). Let f be a function with f/, f”,..., f(") defined at a. Then
nth-order Taylor polynomial for f with its center at a, denoted p,,, has the property that it matches
f in value, slope, and all derivatives up to the nth derivative at a; that is,

pn = f(a),pp(a) = f(a),....p"(a) = f"(a).

The nth-order Taylor polynomial centered at a is

"(a ") (a n
pule) = F@) + @)@ —a) + L@ a4 1 LD o 2 S e — ),

21 n!

where the coefficients are

F®)(a)

%= TR

Jfor k=0,1,2,....

Definition 1.2 (Taylor/MacLaurin Series for a Function). Suppose the function f has derivatives
of all orders on an interval centered at the point a. The Taylor series for f centered at a is

F@) + @) —a) + L e —a)? 4

(z — a)*.

7 = ()
g+ =

A Taylor series centered at 0 is called a MacLaurin series.

Example 1.1 (MacLaurin series for sinz). Find the MacLaurin series for f(z) = sinz, g(z) =
cosx, and find their intervals of convergence.

SOLUTION.
(a)
d d
/ = — = —gi =
fi(x) = dazf(x) 7 sina = cosz,

d d
f(z) = %f’(x) = S cosT = —sinz,

d d d
(3) [ — " = —(—si = ——gi] = —
fN(x) dxf (z) dx( sin x) 7 sinz cos T,
d d d
fH(x) dxf () I (—cosx) 7y 08 (—sinz) =sinzx.
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Observe that f*)(z) = f(z) = sin(z), then f®)(z) = f'(x) = cosz, fO)(z) = f"(x) = —sinz,
and f(D(z) = fG)(z) = —cosxz. More generally, f4+9)(z) = fU)(z),j = 0,1,2,3;n =
0,1,2,.... Then by definition, the MacLaurin series for f(x) = sinx is

> £(k) (0 > (k) (0
sinxzsz!( )(m—O)k:ka'() k
k=0 =

=0
L cos0 —sin0 5 —cosO 5 sin0 4, cosO 5
=sin0 + 1 T+ 51 x° 4+ 3l T m x4+ =]
e L
BT T
i k; 22k+1
= 2k—i—1

k 2k+1 |2k+1

|z

Then we apply the Ratio Test to Z\Gk‘ Z‘ (2k +1)! k_om to test for
absolute convergence:
r= lim 2+
k—oo aj
2k+3 |
— lim || /(2k + 3)!
k—oo |22+ /(2k + 1)!
. |z|?(2k + 1)!
= lim
k—oo (2k + 1)!-(2k + 2)(2k + 3)
1
= |z[? lim

ko0 (2k + 2)(2k + 3)
=0.

In this case, r < 1 for all z, so the MacLaurin series converges absolutely for all x, which
implies that the series converges for all z. We conclude that the interval of convergence is

(—00, 00).
(b)
/ d :
g(x)= %g(m‘) = o cosz = —sing,
"(x) = a () = —(—sinz) = ——sinz = —cosx
g dz” dx dx ’
d d d
(3) :—,/ = —(— = —— = —(—¢i = si
g (x) 79 (x) da:( CoS T) 7y 08T (—sinz) =sinz,
d d
gW(z) = dxg(?’)( x) = 7, Sing = cos,
Observe that g 4)(1’) g(x) = cos(zx), then ¢®)(z) = ¢/(z) = —sinz, ¢ (z) = ¢"(z) =
—cosz, and ¢(7(z) = ¢®(z) = sinz. More generally, ¢(***7)(z) = gl )( ),7=0,1,2,3;n =
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0,1,2,.... Then by definition, the MacLaurin series for g(x) = cosz is

_ k_N~900) &
cosT = )= L
= k=0
0 —sin0 —cos0 5 sin0 5 cosO 4, —sin0 5
_c0s+1! T+ 2!x+3!x+4!x+5!x
_q R e
T tw et
B 00( 1)kx2k
B !
— (2k)!

Or we can observe that cosx = % sin x, then

d d o0 ( 1)k 2k+1 o d k p2k+1 ©0 2k‘—|—1 ©0
cose = sine = ) ST 2k +1)! ZCT 2k:+1 _Z 2k + 1) Z
k=0 k=0 k=0 =0
Then we apply the Ratio Test to Z\ak\: Z Z to test for absolute
convergence:
r= lim Thet1
k—oo ap
2(k+1) |
~ i J[12(k+ D)
k—00 2k [ (2k)!
$2k+2 (Qk)!
= lim —
. xPkg? (2k)!
= lim
k—oo  x2k (2k)! (2k + 1)(2k + 2)
2 1
=z lim
k—oo (2k +1)(2k + 2)

=0.

In this case, r < 1 for all z, so the MacLaurin series converges absolutely for all z, which
implies that the series converges for all z. We conclude that the interval of convergence is

(—00,00).
O
Example 1.2 (Manipulating MacLaurin series). Let f(x) = e®.
(a) Find the MacLaurin series for f.
(b) Find its interval of convergence.
4, ,—2x

(c) Use the MacLaurin series for e to find the MacLaurin series for the functions z%e”, e™*%,

.2
and e™ .

SOLUTION.

k

2k
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(a) Iff( ): *, then f®)(z) = fE=D(z) = . —f"( ) = f'(z) = f(z) = €*. Hence f*)(0) =
( y=---= f"(0) = f(0) = f(0) =€ . Given center a = 0, we have

k 2 3 4

_Oof(k)(()) k_ooe k_oox_ T x x
_kzo o (=0 _kzoklx _kzold_1+x+2!+3 TR

o0

oo
(b) Then we apply the Ratio Test to Z]ak]: Z
k=0 k=0

ol to test for absolute convergence:
) k=0

. G4
r= lim —*%
k—oo ap

k+1 |
oy G 1!
koo |z|F /K]
k!
K'-(k+1)

= lim ||
k—00

o] Jim
= (7| l1m ———
k—oo k 4+ 1

=0.

In this case, r < 1 for all x, so the MacLaurin series converges absolutely for all z, which
implies that the series converges for all z. We conclude that the interval of convergence is
(—00, ).

(c) Apply the Theorem of Combining Power Series, we have the following

0k 0k o4 0 k4
4 4 A xtrt T
rve == k! Z ko Z Lk
k=0 k=0 k=0
oo k 00 k k
Cor o (F22)Y o (H1)7(22)
€ - Z k! - Z k! )
k=0 k=0
00 2\k 00 k 00 k 22k
—z2 (—1’ ) . ( o
=) M—Q}——*—Z
k=0 k=0 k=0

Proposition 1.1 (MacLaurin series).
0 (_1)kzx2kz+1
' Y
— (2k + 1)!
> (_1)k:x2k:

(b) cosz = Z O

k=0
.k
X
= Z g,for |z|< oo.
— = Zm for |x|< 1.
1 o
() (—)F =) (—1)FaF for [a|< 1.

k=0

(a) sinx = for |z|< oo.

for |z|< oo.

8 \

?
o
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& -1 k. .k+1
(f) 1n(1+x)22%,for —l<z<1.

Jor —1 <z < 1.

1.2 Remainder and Approximation of Series

Definition 1.3 (Remainder). The remainder is the error in approximating a convergent series by
the sum of its first n terms, that is,

oo n oo
anzak_zak: Z ag = Ant1 + Qnt2 + ny3 + oo
k=1 k=1 k=n+1

Theorem 1.1 (Estimating Series with Positive Terms). Let f be a continuous, positive, decreasing

oo
function, for x > 1, and let ay = f(k), for k=1,2,3,.... Let S = Z ar, be a convergent series and

k=1
n

let .S, = Z ap be the sum of the first n terms of the series. The remainder R, = S — S,, satisfies
k=1

R, < /:O f(z)dz.

Furthermore, the exact value of the series is bounded as follows:
) o fe'e
Sn+/ f(x)dq:<Zak<Sn+/ f(z) da.
n+1 k=1 n

Example 1.3 (Approximating a p-series).
o0
(a) How many terms of the convergent p-series Z 2 must be summed to obtain an approxima-
k=1
tion that is within 1073 of the exact value of the series?
(b) Find an approximation to the series using 50 terms of the series.

1
SOLUTION. The function associated with this series is f(z) = —.
x
(a) Using the bound on the remainder, we have
R </ f(x)d:r—/ —
. b dx
= lim —
b—oo J, T
b
= lim ——
b—oo T
n
1 1
B N (i
= ()
1
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(b)

()

1
To ensure that R,, < 1072, we must choose n so that — < 1072, which implies n > 1000. In

otherwords, we must sum at least 1001 terms of the sgries to be sure that the remainder is
less than 1073.

Using the bounds on the series, we have L,, < S < U,,, where S is the exact value of the
series, and

* dx 1  dx 1
Ln:Sn+/ 2:Sn+andUn:Sn+/ — =5 +—.
ntl T n+1 n n

Therefore, the series is bounded as follows,
1 1
Sp+——<85< S, +—

where S), is the sum of the first n terms. Usinga a calculator to sum the first 50 terms of the
series, we find S50 =~ 1.625133. The exact value of the series is in the interval

1 1
550+a<5<550+%-

or 1.644741 < S < 1.645133. Taking the average of these two bounds as out approximation
of S, we find that S = 1.644937.

O

Theorem 1.2 (Remainder in Alternating Series). Let Z(—l)kﬂak be a convergent alternating

k=1

series with terms that are nonincreasing in magnitude. Let R, = S — S, be the remainder in
approximating the value of that series by the sum of its first n terms. Then |R,|< an41. In other
words, the magnitude of the remainder is less than or equal to the magnitude of the first neglected

term.

Example 1.4 (Remainder in an alternating series).

(a)

(b)

1 1 1 o (DRI (—1)F
Inturnsoutthat1n2:1—§+§—1+---:1n(1+x) 1:;016—1-1_2]{:4—1
e —

How many terms of the series are required to approximate In 2 with an error less than 1076?
The exact value of the series is given but is not needed to answer the question.

1 1
Consider the series —1 + o a3 + S - Z k:'

magnitude of the error in approximating the Value of the series (which is e™! — 1) withn = 9
terms.

Find an upper bound for the

SOLUTION.

(a)

The series is expressed as the sum of the first n terms plus the remainder:

o

(—1)* 1 1 1 (=" | (=pr*!
— ] ...

kz_:ok—i-l 2+3 4+ +n+1+ n+ 2 +

In magnitude, the remainder is less than or equal to the magnitude of the (n + 1)st term:

1
‘Rn|: |S — Sn|§ an+1 = m
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To ensure that the error is less than 107, we require that

1
= <107% = 2>10% = n>10%-2.
Ap+1 I n 4+ n

Therefore, it takes 1 million terms of the series to approximate In2 with an error less than
10-S.
The series may be expressed as the sum of the first nine terms plus the remainder:

i(—nk_ L L1
— K 2! 3l 9! "~ 10! '

The error committed when using the first nine terms to approximate the value of the series
satisfies

1
|Ro|=|S — So|< aip = o1~ 28 % 107"

Therefore, the error is no greater than 2.8 x 1077. As a check, the difference between the
9 k

. (=1

sum of the first nine terms, Z X

k=1

—0.632120559, is approximately 2.5 x 1077,

~ —0.632120811, and the exact value, S = e~ ! — 1 ~
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