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1 Integration

1.1 Reivew of Mean Value Theorem and Substitution Rule for Integrals

Theorem 1.1 (Mean Value Theorem for Integrals). Let f continuous on the interval [a, b]. There
exists a point ¢ in (a,b) such that

b
fO=F=5=. [ foae

Theorem 1.2 (Substitution Rule for Indefinite Integrals). Let u = g(z), where ¢’ is continuous on
an interval, and let f be continuous on the corresponding range of g. On that interval,

[ Ho@ng @ o= [ 1) du.
Theorem 1.3 (Substitution Rule for Definite Integrals). Let v = g(z), where ¢’ is continuous on
[a,b], and let f be continuous on the range of g. Then
9(

b)
f(u) du.
9(a)

b
/ Flg(@))d (x) da =

1.2 Substitution Rule using Properties of Trig Functions

Proposition 1.1 (Properties of Trig Functions).

T ®

sin(a + )  sinacosf +cosasinf  tana + tanj

)
)
)
d) t = = = .
(d) tan(a+f) cos(a+ ) cosacosf —sinasinff 1—tanatanf
(e) sin26 = 2sinf cosb.
(f) cos20 = cos?f —sin?H =1 — 2sin?H = 2cos® — 1.
1 26
(g) cos* 0 = H%.
1- 2
(h) sin?f = %0.

Example 1.1 (Trig Functions). Evaluate the following integrals.

/2
(a) / cos 0 df.
07r/2
(b) / cos® t dt.
0

w/2
(c) / cos* a da.
0
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SOLUTION.
(a)
/2 /2 q 20
/ cos?0do = / 1tcosap do
0 0 2
w/2 1 w/2 2
:/ d9+/ €O8Z7 9dh
0 2 0 4 ~~
N—— du
cosu/4
LI pute2)
= —0 / cosu du
2 4 u(0)
17r+1/7r d w(0) =2 x 0= 0,u(r/2) =2 x & =]
= —— — COS = = = — =
22 71, udu U ,u(m 5 T
T
T 1 . 1.
=1 + 7 sinu [Antiderivative]
0
1
= % + Z(sinﬂ —sin0)
_r
=7
(b)

/0 2
/07?/

w/2

u(m/2)

(0)
1

1—u?

(1 —u?)du

(1 —u?)du

cos® tcost dt

(1 —sin®t) costdt
—_—

du

[Substitute v = sint, du = cost dt]

[u(0) =sin0 = 0,u(r/2) = sinw/2 = 1]

[Antiderivative]
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()

w/2 w/2
/ cos* ada = / cos? av - cos® ada
0

/21 4 cos2a 1 + cos 2a

I
J

o

do

/2 1+2cos20z+cos22ad
4

1 w/2 1 w/2 1 w/2
:/ da+/ cos2ada+/ cos? 2a da
4 Jo 2 Jo 4 Jo

(67

/2
1" +1/7f/2 24 +1/“/21+cos4ad
= —« — COs 2 - o+ — — 5 ax
4 4y >~ 4 ) 2
0 cosu du
1 u(mw/2) 1 w/2 11 w/2
:7r+/ cosudu+/ doz—l—/ cosda - 4 do
8 4 u(0) 8 0 84 0 ——
cos v dv
. LT e
:8+4/0 Cosudu+§0z +33 o) cosv dv
2)=2
_7r+1_ +7r+1. v
=3 4smu 16 3281nv
v(0)=0
T T
= —4+04+—4+0
8+ +16+
_ 3
167

2 Application of Integration

2.1 Regions Between Curves

Definition 2.1 (Approximation of Area of a Region Between Curves using Riemman Sum). Sup-
pose that f and g continuous on an interval [a, b] on which f(z) > g(x). Partition the interval [a, b]
into n subintervals using uniformly spaced grid points separated by a distance Az = (b — a)/n.
Then the area A of the region bounded by the two curves and the vertical lines + = a and z = b
can be approximated by:

A=Y [f(af) - glaf)]Az,
k=1

where z} € [xp_1, 28],k =1,2,...,n,20 = a,x, = b.

Definition 2.2 (Area of a Region Between Two Curves). Suppose that f and g are continuous
functions with f(z) > g(x) on the interval [a,b]. The area of the region bounded by the graphs of
f and g on [a,b] is

b
A= [ [f@) - g@)do = lim Y [fai) - glai)]Aa.
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Example 2.1 (Area between curves). Find the area of the region bounded by the graphs of
f(x) =5 — 22 and g(x) = 22 — 3 on the interval on which f(x) > g(x).

SOLUTION. First we need to find the interval on which f(x) > g(z) by solving f(z) = g(x), i.e.,
5—a?=2"-3 = 20°=8 = 2’ =4 = 2z =+2.

With the help of the graphs of f(x) and g(z), we can determine the interval is [—2,2]. Then the
area A of the region is

2
A:/_2f<x>g<x>dx
2
—/_2[<5—x2>—<x2—3ﬂdw

2
= 2/ —22% 4 8dx [—22% + 8 is even]
0

[FTOC]

O]

Example 2.2 (Compound region). Find the area of the region bounded by the graphs of f(z) =
—22 + 32 + 6 and g(x) = |2z| on the interval on which f(x) > g(x).

SoLUTION. The lower boundary of the region is bounded by two different branches of the absolute
value function. Then we need to divide the region into two (or more) subregions whose areas are
found independently and then summed. By the definition of absolute value,

g—(x) = -2z ifx <0,
g+(x) =2z ifz>0.

g9(x) = [2z[= {

Next let us find the corresponding interval by solving f(x) = g(z),

—2?4+3r+6=—-2z ifz<0, —2?4+5r+6=(—z+6)(z+1)=0 ifz<O0,
—2?2 4+ 3x+6=2z if z >0, —2?+1lz+6=(—z+3)(z+2)=0 ifx>0,
x = 6 (does not satisfy z < 0, ruled out),z = —1,
x =3,z = —2 (does not satisfy x > 0, ruled out),
= [CL, b] = [_173]'
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Then the intervals for two subregions are [—1,0] and [0, 3]. Then the area A of the region is
3
A= [0 -g-@hars [ 1@ 4ol
3
= / [(—2® + 32 4 6) — (—2z)] da —|—/ [(—2% 4 3z 4 6) — (22)] dx
0

3
—:E —I—5:E—|—6dl‘+/ —2? 4+ x+6dx
0

.’IJ3 ZCQ
+ <— +=+ 6:[;)

0
X

<3+2+69”>1 513
< 5

B

6

_ 50,

3

3

0

1 33 32
Z = S |
L2 >+( 3+2+g)

27
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