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The Gaussian Distribution

N (x|µ, σ2) = 1
2πσ2 exp

{
− 1

2σ2(x− µ)2

}

N (x|µ, σ2) > 0

∫ ∞
−∞
N (x|µ, σ2)dx = 1



Gaussian Mean and Variance

E[x] =
∫ ∞
−∞
N (x|µ, σ2)xdx = µ

E[x2] =
∫ ∞
−∞
N (x|µ, σ2)x2dx = µ2 + σ2

var[x] = E[x2]− E[x]2 = σ2



The Multivariate Gaussian

N (x|µ,Σ) = 1
(2π)D/2

1
|Σ|1/2 exp

{
−1

2(x− µ)TΣ−1(x− µ)
}



Gaussian Parameter Estimation

p(x|µ, σ2) =
N∏
n=1
N (xn|µ, σ2)



Maximum (Log) Likelihood

ln p(x|µ, σ2) = − 1
2σ2

N∑
n=1

(xn − µ)2 − N

2 ln σ2 − N

2 ln (2π)

µML = 1
N

N∑
n=1

xn σ2
ML = 1

N

N∑
n=1

(xn − µML)2



Properties of µML and σ2
ML

E[µML] = µ

E[σ2
ML] =

(
N − 1
N

)
σ2

σ2 = N

N − 1σ
2
ML = 1

N − 1

N∑
n=1

(xn − µML)2



Curve Fitting Re-visited

p(t|x,w, β) = N (t|y(x,w), β−1)



Maximum Likelihood

p(t|x,w, β) =
N∏
n=1
N (tn|y(xn,w), β−1)

ln p(t|x,w, β) = − β2

N∑
n=1
{y(xn,w)− tn}2︸ ︷︷ ︸

βE(w)

+N

2 ln β − N

2 ln (2π)

Determine wML by minimizing sum-of-squares error, E(w).

1
βML

= 1
N

N∑
n=1
{y(xn,wML)− tn}2



Predictive Distribution

p(t|x,wML, βML) = N (t|y(x,wML), β−1
ML)



MAP: A Step towards Bayes

p(w|α) = N (w|0, α−1I) = ( α2π )(M+1)/2 exp {−α2 wTw}

p(w|x, t, α, β) ∝ p(t|x,w, β)p(w|α)

βẼ(w) = β

2

N∑
n=1
{y(xn,w)− tn}2 + α

2 wTw

Determine wMAP by minimizing regularized sum-of-sqaures error,
Ẽ(w).



Bayesian Curve Fitting

p(t|x,x, t) =
∫
p(t|x,w)p(w|x, t)dw = N (t|m(x), s2(x))

m(x) = βφ(x)TS
N∑
n=1

φ(xn)tn s2(x) = β−1 + φ(x)TSφ(x)

S−1 = αI + β
N∑
n=1

φ(xn)φ(xn)T φ(xn) = (x0
n, x

1
n, . . . , x

M
n )T



Bayesian Predictive Distribution

p(t|x,x, t) = N (t|m(x), s2(x))


