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1 Basic Mechanics

Goal: Develop balance laws

1.1 Kinematics (Description of Motion)

Definition 1.1. A body B is a set of particles (material points) X.

Definition 1.2. A configuration is a mapping ¥ : B — E, where E C R3, that is, 1 — 1, C!
(continuous differentiable), with C* inverse Y~! : Y(B) — B. Let y(X) = X be the position of X
in the configuration.

Fix a reference configuration, i : B — E. Let X = x(X) = new label for X = referential or
Lagrangian coordinates of X (like the home address). Associate with any body B to a 1-parameter
family of configurations x(+,t) : K(B) — E such that

1. At each time t, Xx(-,t) is 1 — 1, C* with C! inverse.
2. xk(X,t) = position of particle X at time ¢.

where xj is the deformation of B, x;(X,t) = spatial or Eulerian coordiantes of X at time ¢.
By invertibility, X = Y~ !(x,t) gives (the referential coordinates of) the particle that is occupying
x at time t.

Definition 1.3. The referential (or Lagrangian) velocity is ka (X, t). (velocity of particle X, where
it is.)

To find velocity at prescribed position x (whatever particle is there)
1. Find X = y~1(x,1).
2. Compute v(x,t) = 8X’“ k(v (x,t),t), which is called the spatial or Eulerian velocity.

Proposition 1.1. v(x,t) is independent of .

Definition 1.4. The material derivative of a function f(X,t) is

Df of
— hol fixed.
Dt (X,t) = 5 —(X,t) hold X fixed
Theorem 1.1. For a function f(x,t) (spatial description)
Df of

(0t =5 (1) +v(x.1) VF(x.1),

where Vf = Z 696 e; = gradient of f.
=
Proof. By chain rule,

Df of
1) = S (X, 0,1,

= d1f (xn(X, )88’2’“ (X, t) + 02 f (x(X, 1), 1) - 1
= 0 f(xe(X
(x,t

t),t

1), 0)v(x,t) + 0o f (Xk (X, 1), 1).
=01 f(x,t)v (x t) + 02 f(x,1).
:Vf(X,t) V( )

Xk

of
ot 1)
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1.1.1 Balance laws

Associate with B a mass density p(x,t) such that VP C B

mass in P = p(x,t)dV,
R(1)
where R(t) C E is the region occupied by P at time t.
Local (differential) mass balance:
Dp

Vv =0.
Di VY

where V- v = Z g”’ = divergence of v. Equivalent form:

ap dp
=0 <<= =0.
8t+v Vp+pV-v= (%—l—V (pv) =
Interpretation: for fixed region R C E, integrate and use divergence theorem, we have
0
/ 9P gy = / pdV
R
——
total mass in R
= —/ V- (pv)dV
R

total inward flux of mass across OR

where n is the normal unit vector pointing outward of the region R.

Special case: %t =0 = V-v =0. The interpretation would be

1. v is solenoidal.

2. Flow is incompressible.

1.1.2 Local momentum balance

We have a vector-valued equation:

Dt(pv)+p(v V)v—V-T—-pb=0.

D
where v - V = Z UJ@ -, 80 (v-V)v Z Z vj awl e;, b(x,t) is the body force per unit mass
j=1 1=1j=
(gravitational accelerat10n). The total body force acting on P C B is
/ pbdV,
R(t)

where R(t) is the region occupied by P. And T is the stress tensor. Gives force/area (traction)
acting on OR(t) as

Ttdo.
IR(L)
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Remark 1.1 (Remark about 7).

1. In Cartesian coordinates, 7 has matrix representation

Ty T Tis
Toy Too Toz| ,Tij=e;-Te;.
T31 132 133

It is a linear transformation acting on vectors.

2. T;; gives the i-th compoennet of force/area acting on surfaces that is perpendicular to e;. T};
is the compressible or tensible stresses (e.g. pressure), and Tj;(i # j) are the shear stresses.

3. Possible to show Tj; = Tj; (symmetric), i.e., 71 = T.
3 8T1j/8x1
VT = |0Ty;/0m,
j=1 8T3j/8a:3

Example 1.1. Multiply mass balance by v and subtract from momentum balance to get

D 0
p?‘tf = V-T+pb .zp(%%—p(v-V)v.
N ———

total force / volume

mass / vol - accel inertial terms

1.1.3 Constitutive Laws

Motivation: We have four scalar PDEs:

Dp

Dt—l—pv v =0,
Dv
p— = b, 1.1
P =V T+p (1.1)

for p,v, T, b (16 scalar unknowns), 13 if we use (f)T = T, then we need 9 additional equations to
close system.

Regard (1.1) as governing p, v. Need constitutive relations to give Th1, T2, T13, T2, To3, T33, b1, b, b3
possibly in terms of p, v

Example 1.2. b = —ges is the gravity, where g ~ 9.8m/s? is gravitational acceleration. And z(x)
is the depth of x below some datum. That implies

Vz = Z 0:1:1

Example 1.3 (ideal fluids). Let T = —pZ, where p = p(x, t) is the mechanical pressure (force/area),
which is not homogenous,

3 0
7= 0
1

S O =
O = O
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Thus,

is called normal (meaning T;; = 0 for ¢ # j) and isotropic (T11 = Te2 = T33). Momentum balace

for ideal fluid with gravity:

0
pa—‘t’p(v -V)v=-=Vp+ pgVz.

Quasi-steady: inertial terms (acceleration) negligible.

Vp = pgVz,
dp 0z
A =P95 - = D =D + pgz.
8%3 8.733
xr3=—2z x3=0

The second equation is called hydrostatic equation.
Example 1.4 (Incompressible Newtonian fluids).
T =—pI+ 2u2§,
where D = 1[Vv + (Vv)7] is the stretching tensor, (Vv);; = 37“;,  is the coefficients of dynamic

viscosity. And the dimension of y : pL?T~! = ML7'T~!, common unit: centipoise (Poiseville)
(H20 at 20C, latin)

Shallow, horizontal flow: neglect body force (gravity), we have the Naviers-Stokes equation

Dv ov
_— = _— . = — A
P p8t+p(V)v Vp + pAv

5 [0%v1/022
where Av =3 D%y /022 |.

=1 822}3 / 69512
Dimensionless Form: Rewrite N-S in a form independent of units. Dimensionless variables: | =

X/R7 T = UOOt/R7 V* = V/U007p* = p/(pvgo)

Chain rule:
o R N B |
v:;eifm:;eidii%:R;ei%:Rvg
Therefore,
921
A—;(%g—RQAg.
And

D dr D Voo D
Dt dtDr R Dr’
Exercise 1.1. Substitute and simplify get
Dv* N 1
Dr —Ver Re
where Re = pRus/u is the Reynolds number, which is dimensionless. When Re < 1, it represents
the slow, noninertial flows.

AgV*,
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1.1.4 Hagen-Poiseville flow

Steady, axisymmetric flow in cylindrical pipe, p and p are constant. Seek solutoins in which
v=[v(r) 0 0], where r = /23 + 23 and p = p(z1). Then

Dv 1
0

Need only solve first coordinate,
0 1 [0? 0?
oo B0, L (8, vy
Ory  Re \0z5 0z3

~
independent of x1

So dp/dx1 = constant, in other words, independent of z;. Convert to cylindrical coordinate:
1/d d 0

S L580) —Re 2
r \dr dr or

General solution:

_ Re
4

Determine Cy and Cs using boundary conditions:

v (r? + Crlogr + Cy).

li =0.
T1_r}r(1)|v(r)\ <oo = (1 =0

No-slip boudnary condition: v(R) = 0. Then we have the parabolic velocity profile:
_Redp

v(r) = T 0ns (R? —r?).

1.1.5 Stokes problem
Slow flow around a solid sphere assuming intertial terms negligible
uwAv=Vp V- v=0
—_—— S~
momentum balance mass balance

And we have

”Xlﬁgoov = UOOevv(X) = 07 ”XH: R

Use dimensional analysis to analyze
Fyrag = Fe1, (drag force on sphere).

Then we have stokes drag
F = F(p,v00, R) = Cu“'v32 R,

where a1, as, as to be determined. Both sides have same dimesions:
MLT—2 — (ML—lT—l)al (LT_l)OQLO% — MalL—al—a2+a3T—oc1—ag
Then solving the following the linear system

1 0 Of | 1
-1 -1 0 ag| = |2 = a1 =ay=a3=1.
-1 1 1| |a3 1
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Remark 1.2. Stokes (1856) found that
F =6ruRvus

where 67 is the shape factor - expect something different for other shapes.

1.2 Mechanics of mixtures
1.2.1 Constituents

N bodies By, = 1,..., N called constituents. Overlapping continua: each point x € E can
be occupied by particles X from every constituent. For each B,, fix a reference configuration
Ra @ Bo — E, X, = R(X,) is the position of X, in reference configuration. Associated with each
B, is a 1-parameter family of mappings Xjxappa,o(-t) such that

(a) At each time t, Yxo(-,t) is 1 — 1,Ct, with C! inverse.
(b) x = Xx,a(Xa,t) is spatial position of X, at time ¢, where Yy o is the deformation of B,,.

The refential (Lagrangian) velocity of B, is

8)2/{,04(Xa, t)
ot

To find the velocity of v at fixed x € E (whatever particle from B, is there).
1. Find Xo = X5 0(x,1).

2. Compute 6%?“ (Xrm(x,1),1) = va(x,1) is the spatial or Eulerian velocity.

Definition 1.5. The material derivative associated B, is

D f 0
Xa,t) = = f(Xq, t).
L (Xart) = 51 (Xa 1)
Then applying chain rule to
Dof - DOf i
Dt (Xut) - W(XN,Q(XQ)7t) - a(xa t) + Va(xvt) : Vf(X,t)

1.2.2 Densities and volume fractions

Associate with each B, a mass density ps(x,t) such that for any P, C B,, the mass of « in the
regiona R(t) occupied by P, is
[ patxtyan
R(t)
where pa(x,t) = mass of a

~ total volume of mixture’
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1.2.3 Categorites of mixtures

e Multiphase or immiscible mixtures: Microscopic geometry interfaces between constituents

e Volume fraction of fluid vs. radius of avergaing window: the ratio would decrease from 1 to
a smaller quantity, then fluctuates in a range until the radius is big enough, then the it will

stablize at some fraction.

o Interfaces affect physics called the constituents phases

o Multispecies or miscible mixtures: Segregation among constituents observable only at molec-

ular scales. Constituents are species. Example: Na©™ + Cl™ + H50.

o Associate with each phase « in a multiphase mixture a volume fraction ¢(x,t) such that

volume occupied by « in any region R(t) is

/ Ya(x,t) dv.
R(t)

Remark 1.3.

volume of o

(1) ¢q has dimensions Total volume:

N
(2) a§1 0o = 1.

; .~ — Pa _ mass of o
(3) True density of a: vq = = Solime of =

N
(4) Mizture density: > po = p.

a=1

N
Note: p = > ¥a7a for multiphase mixtures.
a=1

Definition 1.6. The barycentric velocity of the mixture is

1 N
vV = *Zpavav
pa:l

and the diffusion velocity of « is
Uy = Vo — V.

Exercise 1.2. Show that N
> paia =0.
a=1

Also, we have the barycentric derivative of mixture

Dfen=9

Dt (x,t) = a(x,t) +v(x,t) - Vf(x,t).
And Do o7
D (x,t) = a(x,t) +va(x,t) - Vf(x,t).
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1.2.4 Balance Laws

Mass balance:

N
D%pa _
Z( Dy —l—paV'va)—O.

a=1

Allos for mass exchange among constituents. We can rewrite the balance law as follows

D%p -
Dta +paV‘Va:7"a70(:]~a"'7N’ where azlra:()'

Note that r, is the rate of prodcution of o by

e phase chagnes
o interphase mass transfer

e chemical reactions

For multiphase mixtures,

o
o7 (Para) + $ataV Vo =ra;a=1,...,N.

Define mass fraction of a by

Po mass of a
Wy =——"""—".
p total mass

Equivalent form:
(6

D
ﬁ—kpwav'va =Tq.

By product rule we have

0
= (pwa) + V- (pwave) = Ta.

ot
Then 9
S(pwa) +V - (pwav)+ Voo = Ta
advection diffusion reaction

accumulation

where j, = pwal, is the diffusive flux.

Exercise 1.3. Show that

N
D~ D
Z( Dfa—kpav-va) =0 < F’:%-pv-v:o.

a=1

1.2.5 Momemntum Balance

DY(pava)

N
D (pava)—i—pa(va~V)Va—V"7~'a—paba:ma, a=1,...,N, where Zma:O.

a=1

Note that m,, is the momentum exchange into constituents c.
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Exercise 1.4. Multiply mass balance by v, and subtract to get

Dv,,

paﬁ_v'ﬁ_paba:ma_"arm a=1,...,N,

where —v,r, is the rate of momentum transfer into « via mass exchange from other constituents.

Exercise 1.5. Sum « from 1 to N to get

N N
where b=2 3" poba, T = Y (Ta — pa @ piiy ) is the mixture stress.
P a=1 a=1 ——
Reynolds stresses

Remark 1.4.

N -
(1) >° Ta =T is the inner stress.

a=1

(2) For two vectors a and b, a® b is a tensor having action.
(a®@b)u:=a(b-u).

In Cartesion coordinates,

V1 Vi ivp D3
VU= || [ pr 3] = |Dain Doy aws|,
73 Ui sl 3

which has rank 1.

2 Modles of Single-Phase Fluid FLow in a Porous Medium

2.1 Darcy’s Law

Darcy’s experiment (1856)

Flow rate in steady state:

hy — hs
l )

where K is constant for any choice of sand (m/s), A is the area of the tank.

Q=KA

2.1.1 Derivation from momentum balance

R ~
PRYRpr— — V- Tr — ¢rYrRbR = mg — vgrg (rock),
D%y ~
‘Pw’}’wﬁ -V Ty — SOw’oww =M,y — VyuTw (Water).

Assumptions about physical setting:
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e rock is chemically inert, rp =0 = r,, = 0 (mass balance).
e rock forms a rigid matrix: there’s a coordinate system in which vz = 0.

e fluid flow is slow, i.e., flow acceleartion is negligible compared with other terms.

Non-inertial flow:
DFV F

~ 0.
Dt

No need to solve for vg. For fluid
~V - Tr — opyrF = mp.

Drop subscript F'; we have ¢ is the porosity of rock, and v = p is the density of water.
Constitutive laws

1. Fluid is Newtonian

T = —opZ + p[Vv + (Vv)T].
Momentum transfer "down” the velocity gradient. Assume momentum transfer via velocity
effects is small compared with momemtum losses to rock. Hence

T = —ppL.

Fluid-fluid traction across only across part of consisting of water. So far

— VT =V - (ppI) = ¢Vp + pVe = opb + m, (2.1)
where ©Vp is the flow in response to pressure gradients, pV is the flow in response to porosity
gradients (not observed), Z = (1) ? 8 .

0 0 1
Momentum exchange: Has a Stokes-drag component m = —A~!v 4 pV, where —A~'v is the

resembles Stokes drag CuRv, resistivity A=t > 0, expect A~ o pu. pV exactly cancels that
in (2.1). Arises from themodynamic argumemnt: flow in response to porosity gradients violates
second law of thermo.
Gravity is the only body force ppb = ¢pgVz, where z is the depth below datum (datum can be sea
level height, etc., in other words, it is arbitrary). Subtract all constitutive relations into momentum
balance:

©Vp—opgVz = —A"'v = v =—Ap(Vp - pgVz),

where the second equation is Darcy’s law.
Remark 2.1.

(a) Possible to relax some assumptions (e.g., vg = 0) and still derive Darcy’s law.

(b) Common to define filtration velocity pv. Todd (Groundwater Hydrology) calls v the average
interstitial velocity. Note interstitial derives from interstices, which means ”spaces between”.
Iv]I> llovll, where pv = —Ap?(Vp — pgV2).

Further reading: Darcy’s law, Darcy’s law
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2.2 Permeability
Nutting (1930) and Wyckoff (1934) proposed

k
pv = —;(Vp —pgVz),

where k > 0 is the permeability, which dependends only on rock properties. Dimensions:

_ (k] ML-T72 9
LT1 . =L".
“wurrt 1 M
Discharge rate: Q = ||v||-A(L*T 1), dp/dx = latm/cm, pu = lcp, ||| = lem/s.
vl

= ldarcy = 0.987 x 10~ 2m?.

~ ldp/da|

Typical “clean” sandstones: 10~ 3darcies < k < ldarcy.

2.3 Flow equation for single-phase fluids

Idea: Substitute Darcy’s law (1°* order PDE) into mass balance (15¢ order PDE) to get 2°¢ order
PDE governing flow. Then we haave the mass balance for fluid:

DFp 9y

B
57 (PPhip) +V - (0pv) = 0. = o= +por +pV - (pv) =0. (2.2)

Similar for rock:

D YR 0
(1 - = 0.
o T rg (L) TRV (L= ¢)vr) =0
Rock grains incompressible:
DFypg o
D =0 = i =V-((1—-p)vR). (2.3)
Decompose v = vi + v and rewrite (2.2)
F DF
T LtV (1= )vR) + oV - [p(vi +va) = = i TPV VRAV - (pva) =0. (24)

Exercise 2.1. Using product rule and (2.3)

DRQO
1—)pV - vp = p—"Q.
(1-@)pV-vr=p Dt

Substitute into (2.4) and use ¢ # 1:

D¥p  p DFy
AV =0. 2.5
D 1o Dt TF (pva) (2.5)

Constitutive assumptions:

1. Fluid obeys an equations of state: p = p(p).

D2 — p(p) B2 = B2,
Vp = BpVp,

where 3 = p'/p is the fluid compressibility. [3] = [1/p] = M~'LT2.
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2. Rock matrix is compressible: ¢(p).

D _ ,  Dfp D"p
= — = _ = 1 —_ - =
o =~ YW =10-pla—7ps,
where a = ¢/(p)/(1 — ¢), [a] = M~LLT?. Substitute into (2.5) and divide by p:
DFp DRp
@ﬁﬁ + Olﬁ +V. ((,OVA) =0.

If velocities and pressure gradient are small (e.g. most groundwater flows)
vr-Vp=0=xv-Vp.

Hence,

(65 +a) 22 4V - (pva) =0, (2.6

where pf8 + o = S}, is the compressibility effects which has dimension 1/p. Substitute Darcy’s
law, we have

k
pua = *;(Vp — pgVz).
Then (2.6) becomes the single-phase flow equation,

Op k B
Spa -V [M(Vp - ngz)] =0.

2.4 Non-Darcy Flows
Darcy’s law fails when
(a) pores are large enough for mmomentum transfer by viscosity to be significant.

(b) inertial effects are significant
pliviid

W

Repore = 2 40,

where d is the grain diameter.

2.4.1 Brinknum law (1947)
Keep viscous terms. 7 = —ppZ + u[Vv + (Vv)7], where 4 is uniform.
Exercise 2.2. Show that
VT ==V(pp) + uV - (Vv) = =V(gp) + pAv.

Retain other assumptions:

(i) inertial terms negiigible.

(i) m = —£v + pVyp (Stokes drag).

(iii) b= g¢V=.
Substitute into momentum balance for fluid:

—Vp — pAv + pgVz = %gov.


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edATH 5490 - Mathematics of Flow in Porous Media Lecture Notes 13 of 39

2.4.2 Forchkeimer law (1901)

Turbulence in pores.

P2 —p1 2
= v+ Bolev)?,
Tr9 — X1

where [ is the Non-Darcy coefficient. Reconcile with momentum balance:
m = F([lev])ev +pVe,

where we can expand F'(||¢v||) using Taylor expansion.
©
F(llpvl) = 7 + Bollevi+O(llevl?).
Neglect O(||¢v]||?) and retain assumptions (i) and (iii), we have

~(Vp—pgV2) = (£ +Bollevl) ov.

2.5 Potential formulation

Hubbert (1956). Write Darcy’s law as

k k
pv = —=(Vp—pgVz) = °E,
I I

where v is the average interstitial velocity, E = gVz — %Vp is force/mass acting on fluid. Objective:
determine carditions under which E = —V®, & is the scalar potential. Necessary condition: the
curl of potential E:

— |9Es _ 9Ey O0E; _ 0E3 0Ky _ 9E| _
v X E - [BIQ oxs oxs o0z oz 612] - 07

that is, E is irrotational.

Exercise 2.3. Review sufficient conditions under which
VXE=0 — E=-Vo.
When is VE = 07 Assuming g is constant,

VXE=gVxVz—-V x[1/pVp]
=0-Vx[1/pVp]
=—V(1/p) x Vp—(1/p)V x Vp
= —V(1/p) x Vp —(1/p)O0.
So V x E =0 when
Vp =0,
p = constant,

V(1/p) | Vp.

For the last two cases, level sets of p are level sets of 1/p (hence p). Conclusion E = —V® only if
p = p(p) (including the case p = constant) This condition excludes:


ljin1@uwyo.edu

14 of 39 MATH 5490 - Mathematics of Flow in Porous Media Lecture Nofebao Jin (1jinl@uwyo.edu)

o p=p(p,T) (nonisothermal flows).

e p = p(p,chemical composition).

Terminology: when p = p(p), fluid is barotopic. Next, what is ®? (E = —V®, so expect ® to be
defined up to an arbitrary constant.) Pick X, such that z(Xpef) = —Xpef - €3 = 0. To define ®(x),
pick ¢ : [0,1] = E to be a C! arc in E such that ¢(0) = Xyef, (1) = x. By Fundamental Theorem
of Calculus, we have

O (x) = P(Xpef) + /ZV(I) -dx

= @) ~ [ B {(o)ds

0
1 B B 1 ) -
—bx) —g [ Va{) - Clolas— [ ;ﬂgﬁ;«ﬂ@w
1 q

Bxr) g [ 4-2(E())d fm du

= Xref) — 4 —-=2\6(8))as — N
0 ds p(xref) p(u)

P du

= ®(Xref) — g[2(%) = 2(Xrer)] — /( ) p(u)
PXpef

P du
— @) g2 - [

P(Xpef) p(u)
Can set ®(x,ef) as any constant, say 0. In this case,

P(x)
¢®=—w®+/ A

p(xref) p(u)

which is called Hubbert potential, which has unit (energy/mass = L?T~2). Special case: p =
constant, then
p(Xref) - p(X)

(I)(X) = —gZ(X) + p(u)

Rearrange the following

k
E=lyp= 0 — o= "o
pk Iz

Common to define piezometric head (which has dimension L)

B % s P(X)  du
Hix) = ==+ /p(xref) p(u)g’

which is the height (above z = 0) to which fluid rises in a piezometer tapped into porus medium
at x. Again, we have the special case, when p = constant,

P(Xref) — p(X) .

H=—z+
p(u)g
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2.6 Reformulation of flow equation

Goal: rewrite mass balance and Darcy’s law

Op _

k
oV + E(Vp —pgVz)=0.

in terms of piezometric head H(x,t).

Exercise 2.4. Use chain rule and fundamental theorem of calculus to prove Leibnize rule:

b(£) B b(&) af(&,m) i B i
[ feman= [ "SR an s pie e bie) — 116 a(e) ggald)

Use to caculate derivatives of H. Assume that p = constant, and p(x,¢) to be atomespheric
pressure. Then

) ) P91 1 dp 1 dp
= H(x 1) = -5 2(x +/ ————du+ —— (X, 1) — — - (Xre
e (%,1) = —5.2(x) ) Ot P0G e 5 0 1) 0 5 (Xrett)

P9 1 1 dp
= — ——du + — = (Xyef)-
/p(xref) ot p(u)g Pg ot X<t

Then
p(x) 1 1 1 1
VH(x,t) = —Vz(x) + V———du+ —Vp — —Vp(xet) = =V2(x) + —Vp.
i) P Pg Py Py
Then
dp OH
N e v/ = pgVH.
5~ P9 o , Vp — pgVz = pgV
So we get

e Mass balance:
OH

ot
where Ss = pgS), is the specific storage.

Ss + V- (pv) =0, (2.7)

e Darcy’s law:
ev+ KVH =0, (2.8)

where K = kpg/u is the hydraulic condictiuity, which has dimension LT

e Flow equation:
OH

S o0

— V- (KVH) =0.
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2.7 Areal flows

Goal: rewrite flow equation in 2-D form, useful when aquifer thickness is small compared with areal
extent and

9p _OK _ 05 _
8%3 N 833‘3 N 61‘3 N
Definition 2.1. The vertical average of a generic function W(x1,xe, x3) is

1 [P —
l/ \I/(X)daj‘gzlp(l‘l,l‘g),

v~e3:O.

where [ = b(x) — a(x).
For mass balance, apply to (2.7) , we have
b
H
/a [S%t +V. (cpv)] dxs = 0.
Use 0S5/0x3 = 0, apply Leibniz rule

b b b
OH OH 0 b a 0
s =S | Lid s =82 | Hdzs—H| +H =520
/a Ssgp 3 =5 /a gt bT =5 [8t/a S M xgat} Ss g )
Exercise 2.5. Show that
b b
/ V-(gov)dx;;:Vg-/ pvdrs — v b-Vb—i—gon -Va,
a a 3= r3=a
=Va-lpv — v -Vb+ pv - Va,
3= r3=a

where Vo = ela%l + e2%

Therefore, the vertical averaged mass balance is

9
Ss—=—(LH)+Va-(lpv)+ev

O0H
ot -V(.Tg—a) = Si'f‘vQ'(lQOV)'f—Qtop_Qbottom =0,

r3=a ot

b-V(xg—b)—gpv

T3=

where giop = @V - V(x3 — b) and gpottom- Interpret giop as the flux across upper boundary

xr3=b
x3 = b(x1,x2). Similar to gpottom- And Grop — @hottom i the leakage and S = IS, is the storativity.

For Darcy’s law (2.8), apply the vertical average and recall 0K /dx3 = 0 and assume H = H =

r3=a

H , we have
r3=b

b b b
/(cpv—l—KVH)dxgz/ govdxg—i—/ KVHdzs

b
:lg0v+K<V/ deg—HVIH—HVa)

=Ipv+ K (V(IH) — HAI)

=lpv + KIVH)
=lpv+TVH)
=0,
where T' = K1 is the transmissivity. Flow equation sbustitute Darcy’s law into mass balance:
OH —
S—— V2 . (TVZH) = (bottom — Gtop-

ot
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2.8 Well hydraulics
2.8.1 Dirac-é model

In the absence of leakage, areal mass balance

H __
Sat + Vo - (Ipv) = 0.

Consider any region {2 having a well as an internal boundary 0€),,. Global mass balance and then
apply divergence theorem:

/de— /Vg-(lgov)dv,——/ lgov-nda——/ lcpv~nd0—/ lpv-ndo.
Q o0 Qe 0y

Q<0 for withdrawal

where the left hand side is the rate of change of fluid mass in 2. Simplification: replace 2 by €.
the interior of region bounded by 0€).. Replace mass balance by

0H
SE +Vy- (ZW) = Qw(s(x - Xw)7

where

) e(xw) Tw € R,
té¢mw@—xmmh-i) R

where §(x) is the Dirac d-distribution, ¢ is any C'* function. Global mass balance remains unch-
naged: in any region {2, containing the well bore at x,,.

/ Sa—Hdv— / lcpvdv—i—/ Qud(x — Xy)dv.
ot o, Qe

Sample problem: steady, areal flow in an co aquifer with well at x,,.

—Vsa - (TVoH) = Q5(x — xy).

For polar coordinates, x — x,, = [:;:?jg} = [2} ). Let ¢ = ¢o((x — x4)(r,0)), then we have the
chain rule:
oo 8 p) oo o p) oy ooy [ om)7!
e -2 2|2 & =% 2-2 9 £
T T

Exercise 2.6.
Vap = [cos Gg—f —sind gingde 4 COSG&P] .

T or r 00

and )
B 10 [ Op 1 0%
AW—V”VW—a<e%)+ﬂaw

Remark 2.2. faD o= f FC(s))IC(s)]|ds.
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If T is constant

—AoH = @5(5( — Xy),

where AQ == o + 672 = %Q(TQ) + 7.2 802 By Symmetry’ H = H(T)7 SO

ox 2 Ox3
1d ( dH
Tdr <rd7"> —0,0<7".

Then

r—0

lim // AQH d.%'ldafz = hm Vgﬁ n (2.9)
D(r)

General solution: H(r) = Cylogr + Cy. Parameterize 8D(r) by ((0) = (rcosf,rsind), 0 € [0, 27],
and n = (cosd,sinf). Then (2.9) becomes

— 2m dH dH
lim V2H -n = lim (cos—,sinf—) - (cos @, sin )rdo
r—0 aD(r) r—=0 Jo dr dr
dH 2m
= limr— 1d6
r—=0 dr 0
= lim 2mr—
r—0 r
__Qw
T
That implies o
dH Qu
G = Tﬁ T

Exercise 2.7. Also, Cy = H(1).

Pick datum so that H(1) = 0. Result H(r) = —2%—1% log r, where —Q—” > 0 is for fluid withdrawal.
Logarithm singularity at well bore. Practical application:

~Va [T(x)VaH]| = Qud(x — Xy).
Finite difference and finite element methods lose accuracy and near singularities. Decompose
H=H,+H,,
where H, and H, are regular and singular solution, respectively. Pick H as solution to

—Aﬁszf(s _5’11)7
2 T (x — 0

. 1 27 rR
T=— T .
— /0 /0 (r,0) drdf

R is the radius of the region where T is representative.

=5 Qu
Hy(r)= o7 log r.

where

Substitute into the equation

Vs [T(x)VoH,] = Vs - (T — T)VoH,].
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2.8.2 Thiem model (1906)

OH —=
SW - Vs (TVQH) = Gbottom — Gtop-

Assumptions
(a) Areal flow, steady, with impressible confining layers.

(b) T is spatially uniform, we have a 2-D Laplace equation

Vo VoH = AgH = 0.

(c) Flow is axisymmetric: H = H(r).

1d (0 =0 <r<
rdr TdT =V, Tw r Te.

(d) Sufficiently far from well, H, = H .

(e) Discharge rate at well is prescribed. Then we have Darcy’s law integrated over face of well

bore.
QWTwTF,(Tw) =Q = QWTleF,(Tw) =qQ,

where @ has dimension L37T 1.
Then the boundary-value problem:
d dH

Bl (P et

dr dr

It is known that the general solution is

H(r) = Cilogr + Cs.

> =0, 7o <7 <7e,H(re)=Hoo,H(r) = 27”6? T
w

Exercise 2.8.
(a) H(r) = Hoo + % log(r/7e).
(b) For 71,72 € (1w, Te), show the Thiem equation

H(ry) — H(r2) = % log(r1/72).

Reformulate in terms of drawdown. Let s(r) = Hy — H(r). Then

s(re) — s(r1) = % log(r1/12).
Thiem’s method:
(a) Pump active well to steady state.

(b) Measure drawdown at () wells.

(c) Plot s(r) vs. log(r).

T (logr; —logrs).

_ @
2w As
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2.8.3 Theis model (1935)

Single well, areal aquifer, axisymmetric, S, T spatially uniform and constant in time. We have the
radial heat equation

10 O0H SOH — — . 0OH
o <r87“) = TE’H(T’O) = HO,TILIEOH(T, t) = HOO,TIL%O 27T’I”TE(T‘, t) =Q,

where Hj is obtained by spatially uniformity and @ is a constant. The solution of the equation is

— Q Sr?
H(r,t) = Ho — TmE’ <_4Tt )

where F;(—¢§) = fgoo €~ du. In terms of drawdown s(r,t), we have

_ o) Sr2
—Hy—Hrt) = g (-2,
s(rt) = Ho = H(r,t) = £~ ( 4Tt)

Observations

(a) s(r,t) has continuous derivatives.

(b) For ¢t > 0, s(r,t) # 0,¥r > 0 "Infinite propagation spread”.

The approximate solution (Coopers & Jacob, 1946). Use aymptotic expansion:

1 &
Ei(—=§) =y —logé+&— -2+ = — -+~ —0.5772 — log ¢,
22! 3!
where v = 0.5772 is the Euler’s constant, for £ = f—}i < 0.01 (small r and large t). Then
Q r2S Q 2.25Tt  Q Q 2.25T
)y~ — | —0.5772 —log — | = 1 = logt + —= log ——.
s~ o U)W * 28 T BT T 2

2.9 Tensor-valued permeability

Write Darcy’s law as pv = kq, where q = —% (Vp—pgVz) = v || q. Rock texture can alter

this relationship. Accomodate by writing ¢v = kq, where k is tensor-valued punction of x. At
each x € E, k(x) : E — E is a linear transformation.

Remark 2.3.
1. Geometric action of any tensor is independent of coordinate system.

2. Given on orthogonal coordinate system defined by orthonormal basis {e;, €2, es}, k has matrix
representation.
kin k12 ks
ko1 koo kog| ,e;-ej = k;j.
kg1 ks ka3
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3. With respect to this basis,
3
a=> geiq=e-q

=1

In this basis, calculate a representation of Rq as

ki1 ki kiz| (a1
ka1 koo koz| | g2
k31 ksa ks3] |g3

4. Changing basis from {e1, ez, es} to {€1,€2,€3} (orthonormal) changes these representations

Exercise 2.9. Show that ;
=Y Qijgj
j=1

where Q;; is the (3, 4)th direction cosine. Also,

3
=1

where QZ = Qji-

Exercise 2.10. If ki; = e; - €; and iﬁj = éif{éj, show that

3 3
ki =YY QlkimQmj,
A lgl m3_1
Fim =YY Quikij Q-

i=1 j=1

Hint: Look at p = kq = Z?:1 D€ = Z?Zl Di€;.

Tensor version of Darcy’s law:

k
pv =kq = —;(Vp —pgVz).

Accomodate scalar k by setting any orthonormal basis.

 [too
K=kI=k|[0 1 0
00 1

Definition 2.2. If }Nc(x)f, the permeability is isotropic. Observation: every nonzero vector in E is
an eigenvector of kZ with eigenvalue k. No preferred coordinate system.
In terms of hydraulic conducitivity and piezometric head,

pv = —KVH, K = ’(;—gf{
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2.9.1 Properties atributed to K and k
(a) K is positive definite:
q-Kq>0,YqeE,q-Kq=0 < q=0.
Rationale: fluid doesn’t flow up the head gradient
0>VH-pv=—VH-KVH.

VH - pv = 0 corresponds to the impermeable medium.

(b) K is symmetric.
p-Kq=Kp-q,Vp,qe E — K;j = Kj; with respect to any orthonormal basis.
Rationale is less clear.

Observation:

(a) Several justifications use thermodynamic principles beyond standard balance laws and entropy
inequality.

(b) Can decompose
_1 . - 1 - -
K=K+ KTy + 5 (K- KT,

-~

’Csymm K:teztskew

where K = —Kgew, KL is defined by p - Kf'q=Kp-q.

skew

(c) A PDE similar to the flow equstion g* heat transfer:

cpgf —~ V- (kV6) =0,

where k is thermal cardinality. C.. Weng (1984) showed material finite diff indiference, k = k”
in seven of thirteen symmetry classes of materials.

(d) Some upscaling methods yield nonsymmetric Kyacro €ven if k is symmetric (King 1995). Con-
sequence: if k is symmetric and positive definite, then we can find find an orthomal basis
{P1, P2, p3} consisting of ergometors of K and the eigenvalues ki, k2, k3 are positive:

Iapj = k;pj, k; >0.
Exercise 2.11. If £ is uniform (K # K(x)), then
V- (KVH) =V - (Ksymm VH),
even when Kgew = O.

Remark 2.4. In general, —KgewVH #* 0.

Remark 2.5. K = K(x) = p; = pj(x) and k; = k;j(x). When ki(x) = kao(x) = k3(x), k is
isotropic. Otherwise, anisotropic.
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When pi, p2, ps are independent of spatial position, use them to define a Cartesian coordinate
system.

~ 0 i#7,
Kij:pi'Kpj:pi'kjpj:{ T
/{j 1 =7.
Then we have the matrix representation for K as follows
ki 0 0]
0 ko O
0 0 k3]
Then
~ kl 0 0 6H/8a:1 _klaH/al’l 3 9 O
V(’CVH) =V- 0 ]{32 0 8H/al’2 =V- k‘z@H/al’Q :Zai (k‘la> . (2.10)
0 0 ks |[0H/Ox3 k30H/Ox3| =1 O i

Call {p1, p2, p3} the principal directions of K, ki1, ka2, ks the principal conductiuties.
Remark 2.6. (2.10) will not work if {p1, p2, p3} vary in space.

Definition 2.3. If £ = K(X), K is heterogeneous. Otherwise, homogeneous.

Homogeneous Heterogeneous

Isotropic kI k(x)Z

Anisotropic K K(x)

3 Transport in Porous Media

3.1 Trasnport equation

Given species @ = 1,..., N distributed in several phases (e.g., « = R, F'), regard each (i,«) as a
constituent.

Example 3.1. Salt (species) in water (fluid).

Mass balance for constituent (i, «)

0 )
g (PaVi0) + V- (LaVi) V(i) = Tia)pi=1,...,Nja=F,R,....

And the global balance is

Rewrite using mass fractions:

N

N

V(i)

W) = = D Wi =L Y Wi V(e = Va-
o i=1 i=1
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Then 3
E (@aw(i,a)’m) +V- (@aw(i,a)’YaV(i,a)) = r(i,a)7i = 17 RS N7 o = F7 RJ s

Taking sum gives mass balance for pahse «a:

0
a (900/704) +V. (Spa’}’ava) = Zr(i’a) =T, a=FR,....

Denote the concentration of i in a: ¢(; o) = YaW(i,a), dimension: mass of (i, «) / volume of a.

Let the diffusion velocity of species ¢ in phase a: U(; o) = V(j,a) — Va- Then

0 .
&((Pac(i,a)) +V  (vaVaCtia) TV Jia) = T(ia);

where jio) = PaC(in)P(ia); %(Lpac(i7a)) accumulation term, V - (¢aVacC(iq)) is advection term,
V - j(i,a) is diffusion term, and 7(; o is the reaction term. Special case: track a single species ¢ in a
fluid F' flowing through a porous medium, the advection-diffusion-reaction equation is

0
a(goc)%—v‘(Vc)—i—V'j:r,

where ¢ = op, V.= pv, j :j(ng) and 7 =7; p.

3.2 Hydrodynamic dispersion

Common to decompose j = jmol + jmech, Where jmor is called the molecular diffusion and juecn iS
called the mechanical diffusion. Fick’s law stated as follows,

jmol = _@Dmvca

where D,, is molecular diffusion coefficient whose dimension is L?T~!, and ¢ is rearding effect of
rock. Contributions to jmech:

(a) Taylor diffusion. Lateral spreading in thin tubes driven by parabolic velocity profile. Longitu-
dinal spreading.

(b) Stream splitting.
(c) Variable path lengths.

Standard model:
j=-DVc,

where D is hydrodynamic dispersion tensor, to be more exact,

D = Do + ar[[VIWV + ar|[VI[(Z — W),

where
~ 1 1 V1U1 U1V V103
W=-—-VRV=—= |UaU1 Ul V203
1¥]1 %11
V3V1 U3V 7V3Us
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In effect,

jmech = jlong + jtransa
[Jong |l = arl[¥[[[|Vel,

litrans|| = e [[V][[IVel],

where oy and ap are longitudinal dispersivity and transverse dispersivity, both have dimesion L
and positive.

Remark 3.1.

(a) Do < aTHVH< O‘LHVH‘

(b) ar, ar, are properties of the rock matrix. Both of them increase as the scale of observation
increases.

3.3 1-D nonreacting transport

Governing equation (assuming ¢ is constant)

dc n dc D d% 0
Iy
ot oxr ¢ Ox?
where dc/0t is accumulation term, vOc/dx is the advection term, and %g—;g is the diffusion term.
Dimensionless form: given length scale L, define

x  tpvl vl

£:Z7T

D D’
Exercise 3.1. Use chain rule to show

dc Oc 1 0%

or To¢ TPeoe

where Pe = “"l”)L is the Péclet number (advection / diffusion). When Pe > 1, advection dominates.

One extreme: examine IVP.

0 102 _ 0 oo <u<
—_— V— = — 0 X xXO
ot ox ’ ’

d%m:{lxemm

0 otherwise.

Consider a path (¢(s),z(s)) in the (¢, z)-plane (o : [a,b] — R?).
dt 9c  dx dc _ dc

dsot T dsor s’

@4—1)%—0
ot or

Consistency along any path (¢(s),z(s)) for which

d_ | do
ds -
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which is called the characteristic curve, we must have

dc
— =0 = ¢ = const.,
ds

which is called the characteristic equation.
Exercise 3.2. Show that c(z,t) = ¢(x — vt,0). Sketch this solution at several values of t.
Solve the same IVP for the advection-diffusion-reaction equation

Oc n dc i
at " Cor O
where k > 0 is the decay coefficient.

Exercise 3.3. Introduce moving coordinates f =& — 71,7 =7 to get a diffusion equation,

c 1 9%

or Pe@igb

Problem 1. Moving plume. R X
c1(§,0) = o(¢),

where ¢;(€,7) is bounded. We have the fundamental solution to the diffusion (heat) equation:

R — =i

c =——exp|— ).
v T
Problem 2. Moving front.

. . 1 £<0
02(5,0)201(5):{0 o

Solution is a superposition of responses to point sources:

er(E,7) = / T (@), e — € ) dC

|
8

Il
8

o
A,
—
=

K
S~—

=N
3

N = N

where ¢7(€) is the weighting factor, ¢1(¢ — €,7) is the repsonse at time 7 to uqnit phase (& — ¢),
erf(u) = % Iy e~ ds.


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edATH 5490 - Mathematics of Flow in Porous Media Lecture Notes 27 of 39

3.4 Tranport with adsorption

Solute transport in fluid F', solute can adsorb onto rock R. Denote:

C=C(;,F), @ = C(4R)>

and we have mass balance in I’ and R as follows

0

a(@c) =-V-(Ve)+ V- (f?Vc) + 76,75

0
a[(l —@)al =1 R)-

If no chemical reactions convert species ¢ to other species, r(; py + 7 g) = 0:

%[gpc +(1—¢)a] = =V (¥c) + V- (DVe). (3.1)

Assume adsorption is fast. Neglect reaction kinetics and write adsorptoin isothem a = a(c), then
(3.1) becomes

%[gpc +(1—-p)alc)=-V-(Vc)+ V- (@Vc).

Common isotherms:
o linear isotherm (may be valid for small c)

a(c) = ke, k > 0.

o Frevndlich a(c) = k™, k > 0.

o Langmum isotherm a(c) = ki >1,i=1,2.

K1C
14+Koc2?
3.5 Linear adsorption isotherms and retardation

Adsoption slows transport. If flow is incompressible, V - v = 0.

%{SH k(1= ) = —v - Ve + V- (DVe).

When ¢, k are constant, define

1
R—14+™0120)
¥
Then we have _
oc Vv D
QDE‘FEVC—V'(EVC)—O,

where V/R, f)/ R are effective transport coefficients. Apparent advection and hydrodynamic dis-
persion are slower. Langmuer (concave down) isotherms and front sharpening. Simpoe version of
mass balance for solute:

[0+ (1— )a’(c)]£ +6@ =0

7 ? ot ox
Neglect hydrodynamic dispersion, and ¢ is constant. Examine path (z(s),t(s)) in the (z,¢)-plane.
By chain rule, c¢(x(s),t(s)) obeys

dt Oc  dxr dc dc

dsot T dsor  ds
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Consistency requires

along any path for which

dr v

dt o+ (1—p)a(c)
Consider the initial condition ¢(x,0). Downward concavity of a(c) = d"(c) < 0 = d/(¢)
decreasing. That implies v(c) increasing function of c.

4 Multiphase Flows in Porous Media

4.1 Porous-medium equation

Simple model of nonlinear diffusion

8—u — A"t =0,n>1,u>0.
ot
Equivalent:
9 G+ 1)u V] = 0
ot -

where (n + 1)u™ is called the diffusion coefficient (non-linear).

Exercise 4.1. Derive it from the mass balance

dp
“F . -0
P TV (pev) =0,
and Darcy’s law
k
pv =——Vp,
1

polytopic equation of state:

when n =1 it is ideal gas law.

1-D NP with n = 1.

u(z,0) = 6(x) point source.

/_:5(95) do =1,

/ u(z,t)de =1,Vt > 0 and u(z,t) > 0.

—0o0

{%ﬁf—aax(QUgZ) =0,-00 <z < 00,
Since

expect

Idea: look for self-similar solutions. Find stretching transformation
£ =cex,7 =%, n = ntu,
any scaling parameter € > 0 such that

u(z,t) =n(&n) = sbu(saz,eqt).


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edATH 5490 - Mathematics of Flow in Porous Media Lecture Notes 29 of 39

If such a tranformation exists, then choosing e = ¢t~/

w(z, t) =t~ %zt~ 1) = YU (),
where ¢ = 2t~/%. In this case, we can replace the PDE for u(x,t) by an ODE for U(().

gives

Exercise 4.2. Show

So
on 0 on b_gOU  op_o O ou
o () == — = (2uZ=).
or ~an ag) ¢ © B
Invariance condition requires

0= 2 50 = a=2—0.
Conclude that
ul@,t) =< "n(&, ),
Special choice & = t~1/2-0) gives
w(a, t) =t G0 y(pt =1/ =0 1) = b/ C0 (=1 (270,
Determine b using mass conservation: For ¢ > 0,

1= / u(z, t) do = ¢/ (27) / UtV C70) g = ¢1/(2=0)¢b/(2-0) / U(y)dy (change of variables).

—0o0

RHS independent of ¢, then
b=—-1,a=3 = ¢ =at '3 ulx,t) =t73U(C).
Step 2: Find the ODE for U(¢). Substitute u(z,t) into the PDE to get

3(UY = -U—-C¢U' =-(U") = (U* = —%(U + Cy. (4.1)

Determine C, using symmetry about x = 0 (i.e., about ¢ = 2t~'/3 for t > 0).
ou

_ 77 _ 4+=2/377/
0=5-(0.0) = U (0).

Exercise 4.3. Apply this condition to (4.1) to show C; = 0. (Symmetry about z = 0)
Exercise 4.4. Show that U =0, U = Cy — %CQ are solutions.
The following solution respects U > 0 and [ U(¢) d¢ = 1:

U{C) = 4 12 12 4
0 otherwise.
Barenblatt solution, in terms of u(z,t),
3131
u(z,t) = ( 4 12 (%)
0 otherwise.

Interesting properties:
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(a) Self-similar (shape of u(z,t) preserved except for scaling).
(b) Compact support (not zero only on finite interval).
(c) Front moves with finite speed.

dxg —1/3,-2/3
- = t2/3,
dt 3

5 Multiphase Flows in Porous Media

Characteristic feature: fluid-fluid interfaces observable at microscopic scale.
Example 5.1.

(a) air 4+ water in soils.

(b) oil + water.

(c) oil + gas + water

(d) CO2 + water.

5.1 Capillary pressure

Microscopic picture: look at energy with the interface.

Definition 5.1. The interface tension between two fluids is the energy/area in the interface that
separates them.

Dimensions:
energy 9 face

area ~ distance’
Notation: IFT = o.

Example 5.2. Pieces of smooth surface ¥. Parametrize 0% as a closed arc 7 : [a,b] — E. Assume
that

(a) X is a well-defined unit normed vector field n.
(b) 4 is positively oriented with respect to n, and ||3'||= 1 (Always possible.)
Force on
b
0¥ = /o*n X tda = / on(Y(s)) x 7' (s) ds.
¥ a
Force on 0¥ = [, on x tds/

Claim 5.1. If ¥ is curved, p; # ps. Force balance on X:

/Z[panrm(—n)] da—/anxtds:o.

Y
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By corollary to Stokes theorem with f = on,
/an X tds = / o[(V-n)n — (Vn)n] da.
5 )
1
= / o[(V-n)n— =V(n-n)|da.
) 2
= / o[(V-n)n — }VH da.
= 2

= / o(V-n)nda.
b
Therefore,
/[pl —p2—0o(V-n)lnda =0.
b

Holds for all pieces of smooth interface, p; — po — oV - n = 0 at all points. Then we have Young-
Laplace equation:

p1—p2=0V-n.
Remark 5.1. %V -n is the mean curvature of ¥.. Given a representation of X as a level set of some
function F' : E — R:

F(xlaanlB) =0on Ea
such that VF(x1,x9,x3) # 0 everywhere.
VF
n(x) = VLX)
IVE(x)]|

Exercise 5.1. Show the mean curvature of

e A circular cylinder of radius R is %.

e A sphere of radius R is %.

Notation: Denote the mean radius of curvature by %V -n = =. Then rewrite the Young-Laplace

equation as

S|

20

DPe = b1 — P2 =—_-
—— T

capillary pressure pressure higher on concave side

5.2 Wettablity

Solid wall has greater affinity for wetting fluid W than the nonwetting fluid N. Convention p. =
pn — Py, contact angle is less than /2.

Example 5.3.

(a) Capillary rise in a tube of radius a. At equilibrium,

Pair = Pwater T Ywaterg!-
Substitute p. = 20 /7 = 20 cosf/a. Solve

20 cosf 1

“Ywaterd a

[ =

Therefore, we can get the relation that the capillary rise is [ %

(b) Bundle of tubes, random radii. Capillary rise has a disctinction of values.
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5.3 Macroscopic picture

3-phase mixture.

R rock,
a=< W wetting fluid,
N nonwetting fluid.

For a =W, N,

saturation = Po _ Sa-
¥

Simple hypothesis:
Pe = PN —PW = pc(Sw)

Reality: p. also depends on history.

5.4 Multiphase flow equations

Muskat and Meres (1937):

kq
YaVa = —;(Vpa —%gVz), a=N,W, (5.1)

«

where ko < k is effective permeability (because other fluids intereferes). Common Decomposition:
ko = kkro, where kyq = kv (Sw) is relative permeability of fluid «.

Remark 5.2.
(a) kpo must be measured.
(b) They exhibit hysteresis.

Substitute (5.1) into mass balance,
0
a(@a’ya) +V- (Soa')’ava) =7Tq, a=NW,

where ¢, = ©S,. Assume no interphase mass transfer (r, = 0).

. ’Yakkroz
fla

o
5 ($Oara) =V (VPa — YagV2)|, a=N,W.

We have 2 PDEs for py, pw, Sn, Sw. For closure, need 2 more equations

SN+ Sw =1, pn—pw =Dp(Sw).

Also require constitute relations for ¢, vqa, k, kro(Sw), pta and g and Vz. Because of k.o (Sw) and
pe(Sw) systems is nonlinear.
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5.4.1 Classification

Assume that

(a) YN, YW, @ constant.

(b) gravity effects are negligible (horizontal flow =— Vz = 0).
Flow equations simplify:

3w =V - (AwVpw),
eI (1—Sw) =—pBW =V . (AvVpn),

where A\, = % fluid mobilities. Adding gives the total fluid flux:

V-Q=0, Q=—-(AwVpw +AnVpn).

Exercise 5.2. Show that the above equation is equivalent to pressure equation (an elliptic equation
for p):

Aw — A
V. (/\Vp) =V- (VV2NVpc> ’

where A\ = Ay + Aw,p = %(pN + pw).
Leaves 1 independent equation from (5.2).

Exercise 5.3. Show (5.2) is equivalent to

oS
oo =~V [f(5w)QI = V- [£(Sw)Aw (Sw)pl(Sw) VSw],
nonlinear ”diffusion”
where the fraction flow function f(Sw) = )\N’\J‘r"g\w = /\N(StVM;ELS)\VVVV)(SW)’ which is the fraction of

flowing fluid that is water. Saturation equation is parabolic for Sy (hyperbolic if capillary term is
negligible).

5.5 The Buckley-Leverett Problem (1942)
Simplifying assumptions:
 Flow is horizontal (1D), so Vz =0, v = (v,0,0).
o Uniform geometry in xs, x3-dimensions.
e ©,YN, YW constant.

o Vpc(Sw) is negligible (high flow rate Q).

Exercise 5.4. Integrate saturation over cross section to get Buckley-Leverett saturation equation
(dropping subscript W, 1st-order hyperbolic)

05 Qof

ot Eax(s)zo'
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Initial-value problem:

98 QIf(S)
— + = =0,z2,t>0

ot + v Ox &t >0
with the initial condition

1-— 7"_£ 1- r r S L7
S(JT,O) _ SN L( SN Sw ) 0<x<
SWT I‘EL,

S(0,t) =1— Sy, t > 0.
Method of characteristics, the PDE becomes

0 Q

T

Chain rule gives
oS dxdS dS

o Tdator T ar
Consistency requires

as
E—O

along smooth paths obeying the characteristic curves

dm_Q ,
E—gf(s)'

Intersectiing charat. curve, multi-valued S(x,t) impossible. Resolution: discontinuous solution.

5.6 Welge tangent construction (1952)

Resolution to mutivalued saturation solution: solution with jumpy discontinuity. Derive jump
condition from integral form of mass balance: over any interval [, xg] containing ().

d [*r Q Q
g [ sde= 06 - Lrsten ) (53)
d 3(¢)
= — Sdx+ — / Sdx
dt t)
dx dx
(/ /t) do+ S(2(1)—, 1) — S0+ %
R 9S
=), a™ 9% dt
where [] = lim, x4 (-)—lim,_,»_(-) = jump across X. Subsitute into (5.3) and take lim,, _,»;—, limg,_,5
to get Raukine-Hugniot condtion,
= _ Q]
dt ¢ [S]

Application:

o Downstream of X(t), (X+,t) = Sw, (signal from left hasn’t reached X(¢)+.)
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o Upstream of X(¢), S(X—,t) = S*, where

Qoy _dz _dX _ QIf]
T T T w s
N—_— ——

method of characteristics ~ jump condition

Remark 5.3.
e Jump eliminates characteristic curve crossings.
e von Neumann showed tangent <= mass balance.

Welge solution is a weak solution to the PDE, satisfying

[ (5 e

(5.4)

Vo(z,t) (test funciton) such that ¢ all derivatives tend to 0 as z,t — oo. (5.4) doesn’t gauarantee

uniqueness. The correct weak solution is the limit, as Deap(S) — 0, of

which is a parabolic PDE. Numerically implement this condition using upstream weighting.

5.7 Variably saturated flow

Soils near Earth’s surface saturated with air (A) and water (W). L.A. Richards (1931):

PA = patm = 0(gauge pressure).

Typically W is the wetting fluid

pc =pa—pw = —pw > 0.

Define pressure head
pw  —PC

wg  wg
which has the dimension [L]. And water content,

volume water
O=pSy=—-——.
total volume

5.8 Observations
(a) pc =pc(Sw) = ¥ = ¢(0), assume invertible (neglecting hysteresis).
(b) Darcy’s law for W:

kkyw

oviy = ————(Vpw — ywgVz) = —K(0)(Vy + e3),

mw

kkwywg (

where the unsaturated hydraulic conductivity K(0) = T

assuming 7y is constant).
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(c) Mass balance has the form:

0
a(vw@) + V- (ywevw) =0.

Substitute for pvyy:

%? ~ V- [K(©)Vi(O) + K(©)es] = 0.

Special cases: purely vertical flow:
00 0 o
e [me) <8x3+1>] 0.

Purely horizontal flow:
00 0 oY
-~ _ 7 KO\ | =o0.
ot 0rq |: © 81'1:| ’
5.9 Alternative formulations

(a) t-based: write © = O(1)), so K(0) = K(O(v)).

&) 2 K (O@W)(Vi + e5)] =0,

where ©'(¢)) is the specific mositure capacity (positive).
(b) O-based: write Vi)(0) = ¢'(0)VO. Then

aa(? ~ V- [Dw(0)VO + K(©)es] =0, (5:5)

where soil-moisture diffusivity Dy (©) = K(0)9/(©) > 0 (dimension: LT, useful for hori-
zontal flow). Observation: (5.5) is a nonlinear heat equation with D(©) = 0 at endpoints.

6 Flows with interphase mass transfer

6.1 Compositional models (in general)

Multiple fluid phases, multiple chemical species transfering among phases via evaporation dissolu-
tion. Four phases:

N + 1 species: ¢ =1,..., N in fluids (e.g., H20,CO2,CHy,...),i = N +1 (rock). Each pair (i, «)
is a constituent. Examples of consituents:

(CH4, G)7 (CH4> W)7 (CH4, O)v (n - C4H107 O)
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mass of i in o
volume of «
¢va- Define ¢ =1 — ¢p, and the saturation of fluid phase a: S, = ¢4 /p. Derived quantities:

Each has true density 7(; o) , velocity v(; o). Each phase o has a volume fraction

N
true density of fluid phase o : v, = Z'y(w),
i=1

mass fraction of species ¢ in phase a : w(; o) = M,

Vo
_ . mass fluid
bulk density of fluids: p = ¢ Z SaYa, | ——————
total volume
a#R
total mass fraction of 7 in fluids [maszliisﬂzuids] Twp = k4 O;%Sa’yaw(iya),

N
1
barycentric velocity of fluid phase a: v, = — Z Y1)V (ia)s
Yo ©
=1
diffusion velocity: 7(; o) = V(j,a) — Va-

Restricitons:
N N N
D wia =D wi=) ¢a=) Sa=1l ) Pia=0.
i=1 i=1 a a#R i=1

Mass balance for fluid constituent (i, a):

N
0
E(SOSaV(i,a))JrV'(SOSaV(i,a)V(i,a)) =T(ia)t=1,...,Nya=W,0,G, subject to Z Z T(ia) = 0.
i=1 a#£R
(6.1)
Assume no intraphase (“homogeneous”) chemical reactions:

> Ty =0,i=1,...,N.
a#R

Exercise 6.1.

;(sz‘) + V- [(Sevawi,c)va + Sovowi,0)vo + Swawwiw) v )]

+V-(uae tico tiaw) =0,i=1,...,N,
which has IV chemical species (or pseudo species), the diffuseive flux of i in a j(; o) = ©SaVaW(i,0)V(i,a)-
Phase velocities: Darcy’s law. \
o5

Define pcow = po — pw, pcaw = pc — pw. Diffusive fluxes: Petroleum resevoir simulator:
J(i,0) = 0. Graduate contamination simulator: not so realistic. Transport equation for each species:

(Vpa — 729V 2).

Vo =

0
5[80(507060(1’,(;) + Sovowq,0) + Swywww) )]

- V- Daevewiaa) (Ve —v69Vz) + fluxo + fluxy] =0,i =1,..., N.
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Closure: Zhou (2013) proposed
po = pw + pcow (Sw),
pc = po + pcoc(Sa, So)-
Relative permeabilities: Coreg et al. (1956) put forward
kra = krc(Sc),

krO - krO(SW7 SG);
krw = krw (Sw)-

Restrictions:

N
Zw(i,a) =1, (O[ =W, 07 G)

=1

N
ZwiZIZSo-i-Sw-f-Sg.
=1

Assume fluids are in loccal thermodynamic equilibrium

Yoo = ')/oé((:)o“pa),wa = (w(l,a)vw(Z,a)v s 7W(N71,a))) a=G,0,W,

), @ = (wi,wa,...,wN-1),D = D&,
)

These functions are typically implicit.

w,p — | “flash” calculation ‘ — Way Sy =G,0,W — ‘ equations of state ‘ = Yy =G, 0, W.

Transport equation for HoO(i = N):

0
—(eSwyw) — V- Dwyw (Voo — Vpcow —ywgVz)] = 0.

ot
Transport equations for hydrocarbons:
0 .
a(pri) — V- [fluxp + fluxg]| =0,i=1,...,N — 1, pg = Sovo + Sca- (6.2)

Taking Y211 (6.2) gives

0
75;[ + V- [(Movo + Aava)Vro + AavaVpcao — (A — Ovo + Agra)Vz] = 0,

which is regarded as pressure equation. Leaves N — 2 independent transparent equtions (6.2).

overall mole fractions — w,p — — Wa,wo, Yo, Ya,

where @ = (w1,...,wn_1), Yo and Y are mole fractions of phases. System of 2N 4 2 nonlinear
equations:

f(i,O)(a}(l,O)) s 7(:}(N,O)7p) = f(i,G)(a)(LG)? s aa}(N,G)vp)vi =1,...,N.
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where f(; o) is the fugacity of species i in phase a (generalizes partial pressures).
Then

Yo+ Ys =1,
N

> %60 =1,
=1
N
Z(D(@G) =1.
=1

6.2 Equation-of-state methods

Cubic equations of state (Redlich-Kwong, Peng-Robinson)

23+ 2%+ 1 Z 4o =0,

where the compressibility factor Z = 3 +7 (= 1 for ideal gas), co, c1, c2 depends on fluid composition

and pressure.
P Zgia) — 1
Ji,0) = peXP / dn
0 n
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