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Review for Midterm Exam 1

Integration



(a) Constant Multiple Rule.

k=1 k=1
(b) Addition Rule.
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Sigma (Summation) Notation

Theorem (Sums of Powers of Integers)

Let n be a positive integer and ¢ a real number.
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Approximating Areas under Curves

Definition (Riemann Sum)

Suppose f is a function defined on a closed interval [a, b], which is
divided into n subintervals of equal length Az. If 2} is any point
in the kth subinterval [z_1,xg], for k =1,2,...,n, then

f@D)Ax + f(x5)Az+ -+ + f(z))Ax = Z f(z})Ax.

is called a Riemann sum for f on [a,b]. This sum is called

(a) a left Riemann sum if x} is the left endpoint of [x,_1,x%], i.e.,
zf =xp—1 = a+ (k—1)Az;

(b) a right Riemann sum if x}, is the right endpoint of [z;_1, zy],
i.e., z; = 2x = a + kAx; and

(c) a midpoint Riemann sum if x, is the midpoint of [x;_1, ], i.e., ﬂ
zp = (g1 +2x)/2=0a+ (k—1/2)Az, for k=1,2,...,n. 6



Consider the region R bounded by the graph of a continuous
function f and the z-axis between © = a and x = b. The net area
of R is the sum of the areas of the parts of R that lie above the
x-axis minus the sum of the areas of the parts of R that lie below
the z-axis on [a, b].



Definite Integrals

Definition (Definite Integral)
A function f defined on [a, b] is integrable on [a,b] if

li DA
fim, 2 () A

exists and is unique over all partitions of [a,b] and all choices of
x}, on a partition. This limit is the definite integral of f from a to

b, which we write

b n
/a f(z)dx = iiin()kz::l f(xy) Axg.



To simplify the calculation, we use equally spaced grid points and
right Riemann sums. That is, for each value of n, we let

Az =Ax = (b—a)/n and 2}, = a + kAx, for k=1,2,...,n.
Then n — oo and A — 0,

b n n
/a f(z)dx = ilglokglf(wk)Axk = nh_)I]gOI;lf(a + kAzx)Ax.



If f is continuous on [a, b] or bounded on [a, b] with a finite

number of discontinuities, then f is integrable on [a, b].



Suppose f is integrable on [a, b].

@ [ ri=-[ e
i) [ f@)dz=0.
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Definite Integrals

Proposition (Properties of Definite Integrals)

(a) Integral of a Sum.

[ 1@ + o= [ ryae+ [ g@an

(b) Constants in Integrals.

/abcf(x) dr = c/abf(:r:) dx.

(c) Integrals over Subintervals.

/C;bf(:v)da::/apf(m)dm—i—/l;bf(x)dm.



Fundamental Theorem of Calculus

Definition (Area Function)
Let f be a continuous function, for ¢ > a. The area function for f

with left endpoint a is
Aw) = [ty

where x > a. The area function gives the net area of the region
bounded by the graph of f and the ¢-axis on the interval [a, z].



Fundamental Theorem of Calculus

Theorem (Fundamental Theorem of Calculus (FTOC), Part
)

If f is continuous on [a,b], then the area function
A(z) = / f)dt, fora <z <b.

is continuous on [a,b] and differentiable on (a,b). The area
function satisfies A'(x) = f(x). Equivalently,

A@) == [ s = @),

which means that the area function of f is an antiderivative of f
on |a,bl.



If f is continuous on [a,b] and F' is any antiderivative of f on
[a, b], then

b
[ $@yaz = ) - (o) = Fi@)
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(b) /x_ldm=1n|m|+C.
() /exdx:ex—i-C.
@ [

(e) /cosxdm:sinx-l-C’.

+ C, where p #£ —1.

sinzdr = —cosx + C.



1
(a) / m dr = arctanz + C.

1
(b) / Weper dx = arcsinz + C.

(c) /seca:tana:d:c =secx + C.

(d) /seczxdac =tanz + C.



Working with Integrals

Theorem (Integrals of Even and Odd Functions)
Let a be a positive real number and let f be an integrable
function on the interval [—a, al.

a

(a) If [ is even, ie, f(—x) = f(x), then f(x)dx =

2/0 f(x) dx. )
(b) If f is odd, i.e., f(—x) = —f(x), then f(z)dz =0.

—a



The average value of an integrable function f on the interval [a, b]

is




Let f continuous on the interval [a,b]. There exists a point ¢ in
(a,b) such that

1

10 =T = o [ 10a




Let uw = g(x), where ¢’ is continuous on an interval, and let f be
continuous on the corresponding range of g. On that interval,

/ Flg(@))g (@) du = / f(u) du.



Substitution Rule

Procedure (Substitution Rule (Change of Variables))

1. Given an indefinite integral involving a composite function
f(g(z)), identify an inner function u = g(x) such that a con-
stant multiple of ¢’(x) appears in the integrand.

2. Substitute u = g(z) and du = ¢'(z) dz in the integral.

3. Evaluate the new indefinite integral with respect to w.

4. Write the result in terms of x using u = g(z).



Let u = g(x), where g is continuous on [a,b], and let f be
continuous on the range of g. Then

[ sto@ng@as = [ s au
o 9(a) .

a



(a) sin?0 + cos?f = 1.
(b) sin26 = 2sin 6 cosf.
(c) cos20 = cos?f —sin?0 =1 —2sin? 0 = 2cos? — 1.

(d) tan26 = 7 2tan0

—tan%6’
(e) cos?f = 1+ cos26
1 — cos 26
- 2
(f) sin“6 = —
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Application of Integration



Regions Between Curves

Definition (Approximation of Area of a Region Between
Curves)

Suppose that f and g continuous on an interval [a, b] on which
f(z) > g(x). Partition the interval [a, b] into n subintervals using
uniformly spaced grid points separated by a distance

Az = (b—a)/n. Then the area A of the region bounded by the
two curves and the vertical lines z = a and = = b can be

approximated by:

A=
k

[f (xy) — g(ap)] Az,
1

n

where z} € [z_1, 28],k =1,2,...,n,20 = a,z, = b.



Regions Between Curves

Definition (Area of a Region Between Two Curves)
Suppose that f and g are continuous functions with f(z) > g(z)
on the interval [a,b]. The area of the region bounded by the
graphs of f and g on [a,b] is

b n
A= [ U@ -g@)de = lim S[f(z}) - gai)]Az,

n—00
k=1



Suppose that f and g are continuous functions with f(y) > g(y)
on the interval [c,d]. The area of the region bounded by the

graphs z = f(y) and = = g(y) on [c,d] is

A= /cd[f(y) - g(y)l dy.



Volume by Slicing

Definition (General Slicing Method)
Suppose a solid object extends from z = a to # = b and the cross
section of the solid perpendicular to the z-axis has an area given
by a function A that is integrable on [a,b]. Then volume of the
solid is )
14 z/ A(z)dz.
a



Volume by Slicing

Definition (Disk Method about the z-Axis)

Let f be continuous with f(x) > 0 on the interval [a,b]. If the
region R bounded by the graph of f, the z-axis, and the lines

2 = a and x = b is revolved about the x-axis, the volume of the
resulting solid of revolution is

V= /bwf(x)Qd:B.



Volume by Slicing

Definition (Washer Method about the z-Axis)

Let f and g be continuous functions with f(x) > g(z) > 0 on
[a,b]. Let R be the region bounded by y = f(x), y = g(x), and
the lines x = a and x = b. When R is revolved about the z-axis,

the volume of the resulting solid of revolution is

V= [ wlf@) — ooyl an



Volume by Slicing

Definition (Disk and Washer Methods about the y-Axis)

Let p and ¢ be continuous functions with p(y) > ¢(y) > 0 on
[c,d]. Let R be the region bounded by = = p(y), z = ¢(y), and
the lines y = c and y = d. When R is revolved about the y-axis,

the volume of the resulting solid of revolution is given by

V= /cdﬂ[p(y)2 —q(y)*] dy.

If ¢(y) = 0, the disk method results:

d
V=/ mp(y)? dy.



Let f and g be continuous functions with f(x) > g(x) on [a,b]. If
R is the region bounded by the curves y = f(z) and y = g(x)
between the lines z = a and x = b, the volume of the solid
generated when R is revolved about the y-axis is

V= / 2rx(f ()] dz.



Let f have a continuous first derivative on the interval [a,b]. The
length of the curve from (a, f(a)) to (b, f(b)) is

L:/b\/l—i-f’(a:)?dx.



Let © = g(y) have a continuous first derivative on the interval
[c,d]. Then length of the curve from (g(c),c) to (g(d),d) is

L:/cd\/1+g’(y)2dy.



Surface Area

Definition (Area of a Surface of Revolution)

Let f be a nonnegative function with a continuous first derivative
on the interval [a, b]. The area of the surface generated when the
graph of f on the interval [a, ] is revolved about the z-axis is

S = / 2rf(x)\/1+ f'(x )2dx



Physical Applications

Definition (Mass of a One-Dimensional Object)
Suppose a thin bar or wire is represented by the interval a <z < b
with a density function p (with units of mass per length). The

mass of the object is

m = /abp(a;) dzx.



The work done by a variable force F' moving an object along a line
from © = a to x = b in the direction of the force is

W=/abF(ac)dx.



Physical Applications

Theorem (Hooke’s law)
The force required to keep the spring in a compressed or stretched
position x units from the equilibrium position is

F(x) = kx,

where the positive spring constant k measures the stiffness of the
spring. Note that to stretch the spring to a position x > 0, a force
F > 0 (in the negative position) is required. To compress the
spring to a position © < 0, a force F' < 0 (in the negative
direction) is required.
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O
(b) ¥ =a'/"

(C) wa+b — xb
a

(d) "' =%

(&) 2 = (a)"

() ™" = am = ()™,
(8) (zy)" = a"y"

“zz
o () -2



(a) y=a" = z=log,y.
(b) log,z =1Inz.

(c) logy(zy) = log, = +log, y.
(d) log; 5 = log, x — log; y.
(e) logy(z”) = plog, .

(f) logy(«'/7) = ]—glogb .

log;. x
I = :
(¢) logyz = 1~ -




(a) a2 —b* = (a —b)(a +b).
(b) a® — b3 = (a — b)(a® + ab + b?).
(c) a”—b" = (a—b)(a" 1 +a"2b+a"3b> + - ab? 2+ b,



(a) (a£b)? =a?+ 2ab+ b2
(b) (a4 b)® = a®+ 3a%b + 3ab® £ b>.



The solutions of az2 + bx + ¢ = 0 are

g _ —b+ Vb? — 4dac
a 2a ’
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