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1 Sequences and Series

1.1 Review of The Divergence and Integral Tests

Theorem 1.1 (Contrapositive and Converse). If the statement “if p, then ¢” (i.e., p = ¢q) is
true, then its contrapositive, “if (not ), then (not p)” (i.e., n¢ = —p), is also true. However its
converse, “if ¢, then p” (i.e., ¢ = p), is not necessary true. In short,

p = ¢=—q — p,
p = qFq = p
where A = B means A and B are equivalent.

Theorem 1.2 (Divergence Test). If > aj converges, then klim ay, = 0. Equivalently, if klim ap # 0,
—00 —0
then the series diverges.
Note: The converse of the above statement, if klim ar = 0, then the series converges, might not be
—00

true.

[e.e]
1 1 1
Theorem 1.3 (Harmonic Series). The harmonic series Z = 1+ 3 + 3 + --- diverges — even
k=1
though the terms of the series approach zero.

Proposition 1.1.
=1 11 :
Z—:l—&———i———i—-n% lim Inn + v,
k 2 3 n—00
k=1
where v =~ 0.57721 .. ..

Theorem 1.4 (Integral Test). Suppose f is a continuous, positive, decreasing function, for = > 1,
and let a; = f(k), for k =1,2,3,.... Then

ay and Oof(x)d:v
ot |

either both converge or both diverge. In the case of convergence, the value of the integral is not
equal to the value of the series.

Example 1.1 (Applying the Integral Test). Determine whether the following series converge.

> 1
(a)§\/2k—5'
=1
(b)kzok2+4'
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SOLUTION.

(a) In this case, the relevant integral is

/°° dx , /b dx
—_— = hm —_—
3 V2xr—5 b—ooof3 /2x—D
1 [u®)

1
= lim — w2 du [u=2x—5,du=2dr = dxr= - dul
b—oo 2 u(3) 2
1 u(b)=2b—5
= - lim 2u'/?
b—o0
u(3)=1
= lim (2b—5)Y/2 -1
b—o0
= 00.

Therefore, the given series diverges.

(b) The function associated with this series is f(z) = which is positive, decreasing for

1
2+ 4’
x > 0. The integral that determines convergence is

| b1
0 T +4 b—o0 0 X +4
b
[
)
1 u(b)=b/2 ) T 1

— =z — L du== —9
7 Jm T du [u 2,du 2dx = dx du]

1 bz q
-~ I ——d
2bin§o/o T+u2

b/2
1 ..
= — lim arctanu
b—o0
0
1
= — lim (arctanb/2 — arctan0)
2 b—oo
T
=—(=-0
(5 -0)

1
2
™
4
Because the integral is finite (equivalently, it converges), the infinite series also converges (but
77
not to —).
1)

O]

oo
1
Theorem 1.5 (Convergence of the p-Series). The p-series Z o converges for p > 1 and diverges
k=1

for p < 1.
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Proof. The function associated with this series is f(z) = %p The integral determines convergence

is
00 b 1
—dzr = lim —dx
1 xP b—00 1 xP
b
= lim z Pdx
b—o00 1

b

. —pt1 .
limp_s o0 % ifp#1

1

- b

limp 00 In |2 ifp=1

1
. —p+1 -+l
hmbﬁoob_p% - 1_]3% ifp#£1
limp oo Inp —0 ifp=1

p+1
= {00 ifp<1
o0 ifp=1
iy ifp>1
o~ ifp<1

O
Example 1.2 (Using the p-series test). Determine whether the following series converge or diverge.

(a) Z k3.

k=1

b) S+
k

1 .
3
1 VEk
00

1
(c) ZW'

k=4

3l

SOLUTION.

(e, oo
1
(a) Because Z k=3 = Z 3 is a p-series with p = 3, it converges by Theorem 1.5.

ko:ol . k:olo .
(b) Because Z 7 = Z 13/ is a p-series with p = %, it diverges 1.5.
k=1 k=1
(c) The series
o'} 00 00 2
1 1 1 1
o loey oyt
k=4 k=3 k=1 =1

The first sum is p-series with p = 2, which converges by Theorem 1.5, while the second sum

o0
is just a finite number. Therefore, the series E converges.

2 (ki —1)?
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1.2 The Ratio, Root, and Comparison Tests

Theorem 1.6 (Ratio Test). Let ) aj be an infinite series with positive terms and let r
. Qg+l
lim .

k—oo Qg

(a) If 0 <r < 1, the series converges.

(b) If r > 1 (including r = 00), the series diverges.
(c) If r =1, the test is inconclusive.

Example 1.3 (Using the Ratio Test). Use the Ratio Test to determine whether the following series
converge.

SOLUTION.

(a)

. Ok
r= lim —*

k—oo aQf
10k+1
Lkt
_klggo 10%
Kl
105+ k!
" koo (k4 1)1 10F
10
= lm ——

=0.

By the Ratio Test, the series converges because r = 0 < 1.
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(b)
r= lim Gkt1
k—oo Qg
(k+1)k+1
. (R+1)!
= lim &t
k!
k+ 1)k k!
= lim 7( +1) —
. (k+1)F
— lim —
, <k: + 1>’“
= lim
k—o0 k
k
1
=1l 1+ -
= lim ekln(l—i—%) [ab _ eblna]
k—o00
1
_ Qlimo kin (141) im ko (142 = Tim In (1+ I)]
k—oo k T—00 %
In(1+2) 1i; =
= [L’Hopital’s Rule : lim ——— = lim —*5— = 1]
T—00 T—00 —=3
=e.
By the Ratio Test, the series diverges because r = e > 1.
()
r= lim 25+
k—oo Qg
. e~ D[(k +1)% + 4]
- k—o00 €_k(k‘2 —+ 4)
-1 2
1 4
R RSV
k—o00 k2 +4
4
IR e (=
=e  lim kK2, 4
T G T G
4
o 1+ e
=e  lim T 7)
o0 mrgmeE T G
1140
= e —_—
1+0
=e L.
By the Ratio Test, the series converges because 7 = e~ < 1.
O

Theorem 1.7 (Root Test). Let > a; be an infinite series with nonnegative terms and let p =

lim \k/ Q.
k—o00
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(a) If 0 < p < 1, the series converges.
(b) If p > 1 (including p = o0), the series diverges.
(c) If p =1, the test is inconclusive.
Example 1.4 (Using the Root Test). Use the Root Test to determine whether the following series
converge.
00 k
4k* — 3
@) 2 (7k2 +6> '
k=1
o0 k
2
b)Y 2
k=1
SOLUTION. (a)
p= lim {ay
k—o0
1/k

= lim a,
k—o0

o 4k? - 3\"
T e [ \Th2 1 6
i 4k* -3
= lim ———
k—oo Tk2 +6
4 — 2
= lim 73/]{:
4
=
Because 0 < p < 1, the series converges by the Root Test.

(b)

1/k

p= lim ¥ay
k—o0

. 1/k
= lim ak/
k—o0
1/k
= lim ( —
k—o0 klO
= lim ——.
k—o0 klO/k
: 10/k
Next, let us calculate limy_, o k / ,
10
lim k%% = lim ew® 0k
k—o0 k—o0
— oMo Pk
limy o0 . Ink . Inz .1
—¢ 10 [lim —— = lim —— = lim ]
k—o0 16 T—00 10 T—00 10
=Y [L’Hépital’s Rule]

Therefore p = % = 2 > 1, the series diverges by the Root Test.
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