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1 Integration Techniques

1.1 Review of Numerical Integration

Definition 1.1 (Absolute and Relative Error). Suppose ¢ is a computed numerical solution to a
problem having an exact solution x. There are two common meaasures of the error in ¢ as an
approximation to x:

absolute error = |c — z|

and
relative error = Q, (if z # 0).
T
Definition 1.2. Suppose f is defined an integrable on [a,b]. The Midpoint Rule approzimation to

b
/ f(z) dx using n equally spaced subintervals on [a, b] is
a

M(n) = f(m1)Ax + f(m2)Az + -+ f(m,)Ax = Zf (xnl;—xn) Aw,
k=1

where Az = (b—a)/n, xo = a, xp = a + kAz, and my = (z_1 + 2x)/2 = a + (k — 1/2)Ax is the
midpoint of [zy, zx], for k=1,... n.
Definition 1.3 (Trapezoid Rule). Suppose f is defined and integrable on [a,b]. The Trapezoid

b
Rule approzimation to / f(z) dx using n equally spaced subintervals on [a, b] is
a

1 n—1

S o) + 3 Flaw) + 3 f(wn)

T(n) = Ax.

where Az = (b—a)/n and x, = a + kAx, for k =0,1,2,...,n.
Definition 1.4 (Simpson’s Rule). Suppose f is defined and integrable on [a,b] and n > 2 is an

b
even integer. The Simpson’s Rule approximation to / f(z) dzx using n equally spaced subintervals
a

on [a,b] is
S(n) = [f(wo) +4f(@1) + 2f(w2) + 4f(w3) + -+ - + 4f (@p—1) + f(l‘n)]%
n/2—1
= Y [f(wor) +4f (wors) + f($2k+2)]g'
k=0 3
where n is an even integer, Ax = (b — a)/n, and zy = a + kAz, for k=0,1,...,n.
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1.2 Improper Integrals

Definition 1.5 (Improper Integrals over Infinite Intervals).

(a) If f is continuous on [a, o), then

/aoo flx)dr = m /abf(x) da.

(b) If f is continuous on (—oo, b], then

b b
/_ f(z)dzr = lim f(z)dz.

a——0o0 a

(c) If f is continuous on (—o0, 00), then

/00 f(z)dz = lim Cf(:r) dzr + bli)m f(z)dz,

a——0o0 a

where c is any real number.

If the limits in the above cases exist, then the improper integrals converge; otherwise, they diverge.

Example 1.1 (Infinite intervals). Evaluate each integral.

(a) e 3% dz.

SOLUTION.

(a)

0)
(b)=—3b
li 1 w '
= lim ——=
b—o00 36
u(0)=0
1
= 1 _~(,=3b _ 0
fm =3 =)
1
= ——(lim e -1
glim e 1)
1
=—-(0-1
5(0-1)
1
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(b)

/OO dx i 0 dx P bdx
= 11m —F ax 1m S EE——
R B . R b—oo Jy 1+ 22

0 b

+ lim arctanzx
b—o0

= lim arctanzx
a—r—0o0

0

= lim (arctan0 — arctana) + lim (arctanb — arctan0)
a——00 b—o0

a

= (0— lim arctana)+ (lim arctanb — 0)
a——00 b—ro0

= — lim arctana + lim arctanbd
a——0o0 b—o0

()

= T.

O]

Example 1.2 (The family f(z) = 1/2P). Consider the family of functions f(x) = 1/xP, where p is

a real number. For what values of p does f(z) dz converge?
1

SoLUTION. Note that

1 if 1

f(@)de= | —dzx= | 27 Pdx = —p—|—1+c ifp#1,
xP

In|z|+C ifp=1.

Therefore, when p =1,
b

Q.

9] 00 b
/ f(z)dx = / 7 Pdr=lim [ z7'dr= lim In|z|| = lim (In|b| —Inl) = lim Inb =
1 1 b—oo Jq b—o0 1 b—o0 b—oo
So the integral diverges when p = 1. Next, let us consider the case p # 1.
00 o] b xprrl
/ f(x)dx = / x Pdr= lim x Pdr= lim = lim (b_p'|r1 -1).
1 1 b—o0 1 b—o00 —p =+ 1 1 b—o00 —p =+ 1
Hence we need to consider the cases when p > 1 and p < 1.
1
e Ifp>1,then —p+1=1—p<0, then b P =p!7P = = Therefore,
& 1 1 1 1
dr = i b Pt 1) = lim —— — 1) = 0-1)=
/1 J@)de = fim — 7 ( ) —p—i—l(bggobp_l > S

That is, when p > 1, the integral converges to p%l.
e If p<1,then —p+1=1—p > 0. So we can obtain

/oo f(x) dr = lim (b—p—i-l . 1) _
1

1
lim 7 — 1) = ~.
b—oo —p—l—l —p—l—l b—o0

In other words, when p < 1, the integral diverges.
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In a nutshell, / —dr = ——, if p > 1, it diverges otherwise. O
1 xP P — 1

Definition 1.6 (Improper Integrals with an Unbounded Integrand).

(a) Suppose f is continous on (a, b] with lim,_,,+ f(x) = +o0o. Then

/f dr = lim bf()rc.

c—at

(b) Suppose f is continuous on [a,b) with lim, ,;,— f(x) = +00. Then

/ f(z)dr = lim f(z)dz.

c—b—

(c) Suppose f is continuous on [a, b] except at the interior point p where f is unbounded. Then

b c b
/ f(z)dz = lim f(z)dz + lim f(x)dx
a a d—pt Jq

c—p~
If the limits in above cases exist, then the improper integrals converge; otherwise, they diverge.
Example 1.3 (Infinite integrand). Find the area of the region R between the graph of f(z) =
1
V9 — 2

SOLUTION.

3 3 1
A= d :/ LS
[ twie= [ o
3

and the z-axis on the interval (—3,3) (if it exists).

1 1
=2 —dx ——— is even
/0 V9 — 22 [\/9—m2 |
b
1
=2 lim —dz [f(x) is unbounded at = = 3]
b—3— Jo 9 _— 12
b
1 1
=2 lim / ———dx
b—=3= Jo /1 — (x/S)Q 3
u® g 3 1
=2 lim —du u=—,du= —dx
v—3~ Ju(0) V1—u? [ T 3 ]
u(b):§
=2 lim arcsinu
b—3—
u(0)=0
: b : : b . T
=2( lim arcsin - — arcsin0 [ lim arcsin - = arcsinl = —|
b—3~ 3 b—3~ 3 2
T
~+(5-0)
2
=.
O
10 dr
Example 1.4 (Infinite integrand at an interior point). Evaluate / W
1 &=
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SoLuTION. Note that the integrand is unbounded at « = 2 which is an interior point of the interval
of integration. We split the interval into two subintervals and evaluate an improper integral on
each subinterval:

10 dx c 13 10 13
/1' m:cglgli ) ($—2) dl‘—l_dli:’é{r p (ZL'—Q) dx

c 10

= lim §(x —2)%/3

c—2~

+ lim (z —2)%/3

d—2t

d

o B oN2/3 . 1\2/3 323 o ov2/3
—ngl_Q[(C 2) (—1) ]+d1312fl+ 8 (d—2)*"]
3 i (e 923 _ 114 S04 T (d — 9)2/3
e 2P i g a2

3
= 35[(0=1) + (4 -0)]
_9
- =,
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