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1 Integration Techniques

1.1 Review for Integration by Parts for Integrals

Theorem 1.1 (Integration by Parts). Suppose that u and v are differentiable functions. Then

/udv:uv—/vdu.

Theorem 1.2 (Integration by Parts for Definite Integrals). Let u and v be differentiable. Then

1.2 Trigonometric Integrals

1.2.1 Integrating Powers of sinx or cosz

Procedure 1.1. Strategies for evaluating integrals of the form / sin™ x dx or / cos" x dz, where

m and n are positive integers, using trigonometric identities.

(a) Integrals involving odd powers of cosx (or sinx) are most easily evaluated by splitting off a
single factor of cosz (or sinz). For example, rewrite cos® x as cos* x - cos z.
(b) With even positive powers of sinz or cosx, we use the half-angle formulas

1 — cos 20 1 20
sin?f = R and cos? 0 = i,
2 2

to reduce the powers in the integrand.

1.2.2 Integrating Products of Powers of sinz and cosx
Procedure 1.2. Strategies for evaluating integrals of the form / sin™ x cos” x dx.

(a) When m is odd and positive, n real. Split off sin x, rewrite the resulting even power of sinz
in terms of cosx, and then use u = cos x.

(b) When n is odd and positive, m real. Split off cos z, rewrite the resulting even power of cosx
in terms of sinz, and then use v = sin .

(c) When m, n are both even and nonnegative. Use half-angle formulas to transform the integrand
into polynomial in cos2x and apply the preceding strategies once again to powers of cos 2z
greater than 1.

Proposition 1.1 (Reduction Formulas). Assume n is a positive integer.
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(a)
(b)

/ sin” z dx

- p—1
. sin""txzcosxr n-—1 L
sin"xdr = — + sin" 2 x dz.
n n
-1 .
cos"“xsinz n-—1 _
cos" zdxr = + cos" 2z du.
n n
tan™ 1 2 _
tan" z dx = — [ tan" 2 ada,n # 1.
n—1
2
sec“ztanx n—2 _
sec" xdr = sec" 2z dx,n # 1.
n—1 n—1

/sin:1:sin"1 xrdx [u=sin""1'2,dv=sinzrdr = v=—cosz]
sin" ! z(—cosx) — /(—cos z)dsin" !z [/ udv = uv — /vdu]
—sin" 'z cosz + /cos z(n —1)sin" 2z cos x dx

—sin" ' xcosz 4 (n— 1) /COS2 zsin" 2z dx

—sin"lzcosz 4 (n—1) /(1 —sin? z)sin" 2 z dx

—sin" "t xcosz 4 (n— 1) / sin"? ¢ — sin" x dx

—sin" ' zcosz 4 (n — 1) /sinn_2 xdr —(n—1) /sin"wd:r.

Then solve for / sin” x dx, we can obtain

/ cos" z dx

n/sin”a:d:c = —sin" tzcosz + (n — 1)/sin”2 xdx

n—1

. sin rcosx n—1 o
= /sm”azdx: + /sm” 2 dz.
n

n

/cosascos"_1 rdx [u=cos" ' a,dv=cosxdr => v =sinz]
cos" ! xsing — /sinx dcos" tx

cos" L xsinz — /sin z(n —1)cos" 2 z(—sinz) dx

cos" L xsing + (n — 1) /sin2 zcos" 2 x dx

cos" txsinz + (n—1) /(1 — cos 2z) cos" 2z dx

cos" txsinz + (n—1) /COSn_2$d='L" —(n-1) /cos”:z:dﬂ:.
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Similarly, solve for / cos” z dx,

n/cos" zdr =cos" lxsinz 4 (n—1) /cosn_Qxdac

rsinx n-—1 _
+ /cos” 2rdx.

cos™ L

n n

= /cos”xdx:

2

tan? ztan” 2z dx

/tan”xdx =

(sec? z — 1) tan™ 2 z dx
sec? ztan" 2 z dx — /tan”_2 xdx

tan" 2z dtanx — /tannz v dx [u(z) = tan”, du = sec® x dx]

Il Il
— e — —

w2 du — /tan”_2 rdzx

un—l

= — /tan"Qxd:c
n—1
tan™ 1

= — — /tan”_Q:Edac.

n—1
(d)
/sec” rdr = /sec2 rsec" 2 dx [u=sec" 2z, dv =sec’ zdr —> v = tanz]

:sec”thanx—/tanxdseC”2x [/udv:uv—/vdu]
=sec" 2 rtanz — /tan z(n — 2)sec" 3 xsec x tan x dx
=sec" 2 ztanz — (n — 2) / tan® 2 sec" 2 x dx

=sec" ?ztanz — (n — 2) /(sec2 z —1)sec" 2z dx

=sec" 2 ztanz — (n — 2) / sec" z — sec" 2 x dx

=sec" 2 ztanz — (n — 2) / sec” x dx + (n — 2) /Sec”2 rda
Then simplify and solve for / sec” x dr, we have

(n—1) /Sec” rdr =sec" 2 ztanx + (n — 2) /Sec”_z =z da

—2
rtanxr n-—2
+ /sec”2xdx.

sec”

n—1 n—1

— /sec"mdx:
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O
Theorem 1.3 (Integrals of tanx, cot z, sec z, and csc z).
(a) /tana:dx = —In|cosz| + C = In|secz|+C.
(b) /cot:nd:v =Inlsinz|+ C.
(c) /sec:r:d:n = In|secz + tanz| + C.
(d) /csc:cdx = —In|cscz + cotz| + C.
Proof.
(a)
/tanxdw = / G [u = cosz,du = (—sinz) dz|
cos
1 .
= —/ (—sinz) dz
cos x
1
= —/du
u
= —Inju|+C
= —In|cosz| + C.
(b)
/cot:cd:c:/co,sxdq: [u=sinx, du = cosx dx]
sin
1
= | —cosxdr
sin
/ du
=Inlul+C
=In|sinz| + C.
d d
(c) Observe that g SeeT = secx tanx and e tanz = sec’ z. Then we have the following,
x
/secxd / seca:—i—tanxdx
secx + tanx
t
/ sec” & + seca tan x [u = secx + tan x, du = (sec x tan x + sec? x) dx]
secx + tanx

/ (sec? x + sec x tan ) dz
secr +tanx

= ln|u|—|—C
= In|sec z 4 tan z|+C.
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d d
(d) Note that g 0T =~ cot zcscx and — cot z = — csc? z. Then we have
x

dx
cscx + cotx
cscxdr = | cscx— dx
cscx +cotx

—1)(—csca — cot
:/cscx< )(—cscx —co x)dx

cscx + cotx

—cscx —cotx
=— CSCJ:( )dm [u = csca + cot x, du = — cscx cot x — csc? x da]
cscx + cotx
—csc?2x — cscxcotx
= — T
cscx + cotx
1 2
=— [ —— - (—csc®x —cscxcotx) dx
cscx + cotx

1
:—/du
u
=—Inul+C
= —In|cscz + cot x| + C.

Procedure 1.3. Strategies for evaluating integrals of the form / tan” z sec” x dx.

(a) When n is even. Split off sec? x, rewrite the remaining even power of sec z in terms of tan z,
and use u = tan x.

(b) When m is odd. Split off sec? z, rewrite the remaining even power of tanz in terms of secz,
and use u = sec .

(¢) When m is even and n is odd. Rewrite the even power of tanx in terms of secz to produce
a polynomial in sec x; apply reduction formula to each term.

1.3 Trigonometric Substitutions

2 2 2

Procedure 1.4. Integrals Involving a? — 22, a®> + 22 or 22 — a

(a) The integral contains a® — z2. Let x = asinf, —7/2 < 0 < /2 for |z|< a. Then a? — 2 =
a? — a?sin? 0 = a?(1 — cos? ) = a® cos? 0.

(b) The integral contains a? 4+ 22. Let x = atan, —7/2 < § < 7/2. Then a? + 2% = a® +
a?tan? 0 = a?(1 + tan? §) = a®sec? 0.

0<0<m7/2 forxz>a

m/2<0 <7 forx<—a

(c) The integral contains 22 — a?. Let x = asec6, { . Then 22 — a? =

a?sec? — a? = a%(sec?§ — 1) = a®tan? 0.
1
Example 1.1. Evaluate / V1—a?dz.
0

SOLUTION. Observe that both of U-Substitution and Integration by Parts are not applicable to
this integral. Let’s apply the trigonometric substitution to find the antiderivative and then apply
Fundamental Theorem of Calculus to evaluate the definite integral. In this case, a = 1, then let
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x =sin#,0 € [-7/2, 7], and dz = cosf df. Then the indefinite integral becomes
/\/1 —z2dx = / V1 — sin? § cos 0 df
= /cosé’cos&d&
= /(:os2 0do
1
:/ + 2cos 26 ”
2
1 26
:/2d9+/coz d [u = 20, du — 2d6]
1

0
+4/cosudu

1
+ZSIHU+C

1

+ %(2sint9(:os0) +C.
sin @ cos 0

2
Similar to U-Substitution, we need to substitute # in terms of x. It is known that z = sinf —
6 = arcsinz or § = sin"'z. And by sin?z 4+ cos?xz =1 = cosz = \/1 — sin® z, we have cosf =
V1 —sin?6 = V1 —22. Or we can use geometry to find cos@ as follows Then the antiderivative

N DN DN DN D N

+C.

V1—2z2

becomes

/Mdmz arCSQinx N V1 — 22 ‘e

2
Now let us evaluate the definite integral using the above antiderivative:

/1 dez arczinx N V1 — 22
0

1

2
0
arcsinl 11 —12 arcsin0  0v/1 — 02
- 5 T 3 - 5 T 2

7Té2+0> —(0+0)

|
'-lk.\—\%/\\/—\



	1 Integration Techniques
	1.1 Review for Integration by Parts for Integrals
	1.2 Trigonometric Integrals
	1.2.1 Integrating Powers of \sin{x} or \cos{x}
	1.2.2 Integrating Products of Powers of \sin{x} and \cos{x}

	1.3 Trigonometric Substitutions


