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1 Integration Techniques

1.1 Basic Approaches

Proposition 1.1 (Basic Integration Formulas).

(a) /kda::ka:+C' k € R (k is real).

cosax dr = fsmax—FC

1
sinardr = ——cosazx + C.
a

sec? ax dx = ftanam%—C

1
cscaxdr = —= cotaz + C.
a

a

1
cscax cotardr = ——cscax + C.
a

CLCL’da:,: am+c

o f
o]

o f

o

/ 1
/seca:vtanaxd:v = —secar + C.
o f

0]

o]

e

g

1
/ dm:fsec_l‘£‘+0,a>0.
a

1.2 Integration by Parts

Theorem 1.1 (Integration by Parts). Suppose that u and v are differentiable functions. Then

/udv:uv—/vdu.

Proof. By product rule, we have
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By integrating both sides, we can write this rule in terms of an indefinite integral:

w(@)o(z) = / [ (2)o() + (@) (2)] da

Rearranging this express in the form

leads to the basic relationship for integration by parts. It is expressed compactly by noting that
du = v/(z) dx and dv = v'(x)dx. Suppressing the independent variable z, we have

/udv:uv—/vdu.

Example 1.1. Evaluate the following integrals.
(a) / xe® dzx.
(b) / rsinz dz.

z2e” dx.

z"e” dx, where n is a positive integer.

/
/

(e) /:L’"sinxdx.
/

(f) [ sinze®® da.
SOLUTION.
(a)
/xexdx—/xdex [u=2x,dv=de* = v=_¢€"]
= ze® — /em dx [Integration by parts /udv = uv — /v du)
=ze’ —e" +C.
(b)
/:xsina:d:c = /xd(—cosx) [u=z,dv=d(—cosz) = v = —cosz]
::U(—cos:v)—/(—cosx)da: [/udv:uv—/vdu]
= —xcosx+/cosxdm

= —xcosz +sinx + C.
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/.TUQ@x dx = /xzdefc [u= 22 dv=de* = v=¢

:x2ex/emdx2 [/udv:uv/vdu}

= 2%e” — /ex2:cda:
= z2e" —Q/exxdm

:$26x—2/$d6$ [u=2x,dv=de* = v=c¢€"]

= z%e” — 2 (M —/e’”dx) [/udv:uv—/vdu}

= 22e® — 2(ze® — %) + C.

(d) For this integral, we need to apply integration by parts multiple times.

/x”exdx:/:c"dez [u=2z",dv=de® = v=_¢"]

:x"ex—/ T dz" [/udv:uv—/vdu]

= z"e” —ne®z" 4+ n(n —1)z"%e® —n(n —1)(n - 2) /l’n_3€$ dz

n !
_ -1 k n: n—k_x
;;o( ) oot +C,

where n!l=n(n—1)(n—2)---2 x 1.
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(e)

/:L‘"sinxdx: /:L‘"d(—cosx)
= 2" (—cosx) /( COS T)

= —x”cosx—l—n/cosmm” Ldx

= —x”cosx—{—n/ac” ldsinz

— —x”cosx+n<a; sinz — smxdm”1>

= —x”cosx—i—n[m sint — n—l)/ n= 2sinavdac}

= —z"cosx +nz"" Slnx+n(n—1)/x”_2sin1:dx
= —z"cosz 4 nz" lsinz

+n(n—1) {—x”_Q cosz + (n—2)z" 3sinz + (n — 2)(n — 3) /xn_4 sinxdm]

n—1 n—2

= —a"cosz+na" tsing —n(n —1)z" 2 cosz + n(n — 1)(n — 2)z" 3sinz

+n(n—1)(n—2)(n—3) /x”4sinxda:

n

= (e ek [LECAN L= (DF
= kZ:O( 1) (n—k)!w [ 5 cosx + 5 sinz| +C.

/sin ze®® dx = /62‘” d(— cos )
= 2 (—cos ) / cos )

= T cosx + 2 / cos we*® dx

= —¢*cosz+2 | *dsinz

21

= T cosx + 2 sma:— sma:de )

Tcosx + 2 ( sinx — 2 sm re® dac)
_ 2x 2x _: o 2x
= —e“Pcosz + 2e““sinx — 4 | sinze“” dzx.

= e**(2sinz — cosx) — 4/sin ze?® dz.

Observe that / sin ze?® dx appears again. We can collect the term / sin ze?*, and then solve
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for it.
1
5 / sin ze?® dx = €**(2sinx — cosz) —> /sin ze®® dx = 562’”(2 sinx — cosz) + C.
O

Theorem 1.2 (Integration by Parts for Definite Integrals). Let u and v be differentiable. Then

2
Example 1.2. Evaluate / Inzdz.
1

SOLUTION.

2 9 2
/ lnxdx:xlnx‘ —/ zdlnzx
1 1 1

21
:(21n21ln1)/ x—dx
1

x
2
:21112/ 1dx
1

2

=2n2 -z

1
=2n2-(2-1)
=2In2-1.

O]

Example 1.3 (Solids of revolution). Let R be the region bounded by y = Inz, the z-axis, and the
line x = e. Find the volume of the solid that is generated when the region R is revolved about the
ZT-axis.

f(z)=Inz

R r =e€

[SY)
s\
8
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SoLuTION. Rovlving R about the z-axis generates a solid whose volume is computed with the disk
method. Its volume is

V—/ m(Inxz)? dx
1

= 7r/1e(1nar:)2 dzx [u=z,dv=d(lnz)" = v= (lnx)Q]

=7 [:r:(ln z)?

&
- / z d(In x)2] [Integration by parts]
1
1

x

:7T<€—2/ lnxd:v>
1
:7Te—27r/ Inxdx
1

—/:cdlnx)
1 1

€1
:7T€—27T<€—/$d$>

1 X
:7T€—27T<6—l'>

1

=me — 27 e — (e — 1)]
=me — 27
=m(e — 2).

= [e— :chna:l daz]
1

e

=7e — 27 (:cln:c
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