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MATH 2205: CaLcuLus II — FINAL EXAM
SOLUTION

SUMMER 2019 — FrRIDAY, JuLy 05, 2019

Instructions:

e Show all your work and use the space provided on the exam. Correct mathematical
notation is required and all partial credit is at discretion of the grader.

o Write neatly and make sure your work is organized.

o Make certain that you have written your Full Name and W-Number in the spaces
provided at the top of the exam. Failure to do so may result in a loss of points.

« No aids beyond a scientific, non-graphing calculator are allowed. This means no notes,
no cell phones, etc., are permitted during the exam.

e Present your Photo I.D. when turning in your exam.

e The exam has 10 pages. Please check to see that your copy has all the pages.

For Instructor Use Only
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Formulae you may find useful:

= B ) +1)(2n + 1)
Zc-cn, Zk Zk 5

i1
1 + C, where p # —1.

8

S
.
S
|

D+
™ dr = In|z|+C.

e dr=¢e"+C.
sinzdr = —cosx + C.

cosxzdr =sinx + C.
1

5 dxr = arctanz + C.

—_
+
=8

dr = arcsinz + C.

vV1—22

secxtanx dr = secx + C.

sec? xdr = tanx + C.

e T

1 20
cos? 6 = —i—c%.
1— 20
sin? ) — %

sin?@ + cos?6 = 1.
sin 20 = 2sin 0 cos 6.
cos 20 = cos? f — sin? 6.

Midpoint Rule: M (n Zf (wk Lt :Uk) Az.

COY K=

Trapezoid Rule: T'(n) = [%f(a:o) + X_: flzx) + §f(x") Azx.
n/2—1 -

Simpson’s Rule: S(n) = Z [f(zag) + 4f (xops1) + f(Topio)]—
k=0

Az
7

n?(n+1)?
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1. (15 points) Circle TRUE if the statement is true or FALSE if it is not, and justify your
choice briefly.

(a)

(b)

(d)

1

TRUE or |[FALSE|: The partial fractions decomposition of @k £ 1)(4h 1 3) is
1 1

4k +1 4k+3

Ezxplanation:
1 1 (4k +3) — (4k + 1) 2 1

- - +

Ak+1 4k+3 (Ak+1D@k+3)  (4k+ 1)@k +3) 7 (dk+1)(4k+3)’

TRUE | or FALSE: The interval of convergence of the series Z cr(x — a)¥ must

k=1
contain the center z = a.

Explanation:
ch(a:—a)k :ch(a—a)kzo.
k=1 r=a k=1

Then the power series must converge at the center x = a.

TRUE or | FALSE || The Fundamental Theorem of Calculus uses the derivative of

b
the function f to evaluate the definite integral / f(z)dz.

Fxplanation: FTOC uses antiderivative.

TRUE | or FALSE: If Z(cosk - ay) diverges, then Z|ak| must diverge.

k=0 k=0
Ezplanation: Note that cos k-aj, < |cos k-ag|= |cos k||ag|< |ax| because |cos k|< 1.
o0 [e.e]

Then by Comparison Test, if Z(cos k - ay) diverges, then Z!ak\ must diverge.
k=0 k=0

() or FALSE: 2 DI (2k + 1) (2k + 2).

(2k)!

Ezxplanation:

2k+ 1D (k42! (2K (2k+1)(2k + 2
[((%)!)] :((%)!) _ (2R)!( (%)?( ):(%H)(%H)‘
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2. (20 points) Evaluate the following sums.
50

(a) > (k+3)(k—3).

k=11

SOLUTION.
50 50
S (k+3)(k—3)=> (K -9)
k=11 k=11
50 10
=> (k=9 =) (K -9)
k=1 k=1
50 50 10 10
k=1 k=1 k=1 k=1
_n(r+1)@2n+1) o gn=0
- 6 n=10
50-51-101 10-11-21
:<——9~50>—(——9-10>
6 6
= 41280.
]
> 3
b .
(b) §(3k+1)(3k+4)
SOLUTION.
i 3
~ (3k +1)(3k + 4)
B i(3k+4)—(3k+1)
= BBk +4)
- E(ahat)
~\3k+1 3k+4
- 1 1
= 1
n513022<3k+1 3k+4)
1,11+11+11++1 1+1 1
= 1m _— — —_—— = —_— — .. J— J—
n—00 4 4 7 7 11 In—2 3n+1 3n+1 3n+4
1
noo T 3n 4
= 1.
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()1+2+4+8+
C_ —_— —_— —_—
39 27 81

SOLUTION. Observe that the series is a geometric series with the ratio r = Al _
Qg
8/81  4/27 2 1
—_— = —— = e e e — — = — :OTh
121 " 29 37473 ™ o
1 2 4 8 <1 /2\" 1 2
- _ . - — — — = — = — :O
sTotar et ;3(3) a=3zr=3m=0
L(z)? ar™
- 31_3 2 [ ar* = 1— 7“]
3 k=m
13
31
=1.
O
(d) f: —2]{:—1+ 1
€ a3kt )
k=0
SOLUTION.
> 1
—2k-1 —2k—1
> (et ) = e Y
k=0 k=0
o) [e'¢) k
=3t o ()
k=0
6—1 (e~ ) 7r —1(72=3)0 ° . ar™
T Tl e 173 D et =1
k=m
o1 o1
T 1—¢ 1—7-3
__e . 72
T e2—1 w1
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3. (10 points) Determine the value of the positive parameter a so that the area of the

shaded region in the picture is equal to 3

<

y = x cos

t T

/2

@)
2

SOLUTION. Let f(x) = zcosz?. The area of the shaded region is

b
=

f(z)dx
V72
:/ x cos 2% dx
/2
= —/ cos 2%(2x) dx

1 u(/m/2)=m/2

25/ cos u du [u = 2?, du = 2z dx]
u(a)=a?

/2

sin u

. . 9
Sln§ — Sina

NI~ N~

1
Given that the area of the shaded region A = 57 We have

1 1
§sina2:§ — sina’=0 = a*’=0 = a=0.



SUMMER 2019 MATH 2205: CaLcuLus II — FINAL EXAM SOLUTION 5 orF 10

4. (10 points) Consider the infinitely long shaded region R indicated in the picture. De-
termine the volume of the solid of the revolution obtained when R is revolved about
the z-axis.

SOLUTION. We can use the Disk Method to calculate the volume of solid of the revo-
lution. Let f(z) = e */2y/z + 1 = e */?(z + 1)¥/2, then

V:/abwf(:p)de

— [ Al )
0
b

=rlim [ e *(x+1)dx

b—o0 0
b b
=7 | lim e “rdr+ lim e Tdx
b—oo 0 b—o00 0
b

b—oo

b — /Ob(—e_x) dr + lim (—e™")

T (hm (—e )z
b—o0

b
T hm —e b+ €0 - 0+/ e ¥dr+ lim (—€_b+60)]
0 b—o00

0

—x

+1
0

T (lim —e b4+ 1)

b—o0

=7 | lim —e
b—00
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5. (10 points) Find the interval of convergence and radius of convergence for the power
series given by
— (=DM -1

k475
k=1

SOLUTION. Since the Ratio/Root Test requires positive terms. Here we test the
absolute convergence of the given series using Ratio Test. We can identify that

ak = (_1)2(4#. Then
r= lim |25+

k—oo | Qg

— 1 <_1)k+1(a: o 1)k+1/(k + 1)4/5

e (—1)k(x — 1)k /K45

T [ e G ) [ VAR el
k—o00 (k; + 1)4/5 (—l)k(fp — 1)I<:

= lim (=D)(@ = Dk
k—o0 (k + 1)4/5

B\ 4/
= lim |z — 1| ——
dm J |(k+1)

The Ratio Test requires r = | — 1|< 1, then we have
lt—1<1l = —-l<z-1<1 = 0<z<2.

However, the Ratio (Root) Test is inconlusive when 7 (p) is 1. Therefore, we need to
check the endpoints of the interval of convergence x = 0 and x = 2. When z = 0, the
series becomes

i (=D*o—-1)* _ f: (—D*=DF _ f: [(=1)%* _ f: 1

475 k475

k=1 k=1 k=1 k=1

4
which is a p-series with p = R < 1. Hence when x = 0, the series diverges. When

r = 2, we have

(D2 -1~ (D!
Z LA/5 o Z k4/5 7
k=1 k=1
1
which is an alternating series. We can perform the Alternating Series Test, noting a7

is decreasing as k increases, and lim k4—1/5 = (0. Therefore, the series converges when
k—o0

x = 2. Thus, the interval of convergence is (0, 2], i.e., 0 < z < 2. Therefore, the radius
of convergence is R = 1. 0
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6. (10 points) Use MacLaurin Series to approximate the net area between the function
sinx

and the z-axis from z = 0 to = 2 with an error no greater than 10~% =

y =
x
0.0001. Be sure to justify that your error satisfies the given bound.
Yy :
in
] - sin
x
. x

sin
, then the area of the region is

x
b 2 2

:/ f(x)d:c:/ Smxdx:/ rsinz dr.
a o T 0

e (_1)k$2k+1

(2k+1)!

SOLUTION. Let f(z) =

Recall that

sinr =
k=0
Then the integral becomes
2
r tsinz dx

A:

\

0
lc 2k+1

_ 100
_/Oxkz%mwrl
2 o 1k2k
[ are
ke

(=
< (2k +

_ =+ [? L2k
_Z(2k+1)!/0 de

8

k=0
L (L1)k g2k v=2
:Z < (2k+1)12k + 1|
1)k 22k+1

_Z (2k+ 1)1 2k + 1

Noting that the second term is an alternatmg series, then we need to find n such that

the partial sum S, = > (gg—%ﬁ—ﬁ has error less than 107*, then
1 22(n+1)+1 92n+3
|R,|< Gpyy = = <1074

2n+1)+1)!12(n+1)+1  (2n+3)! (2n +3)

4
Solve for n, we have n > 3, then we pick n = 4, which gives A ~ S, = »_ (gg—ﬁg,% R

1.605417542. O
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7. (10 points) Find MacLaurin Series for In (1 + 2x) and give its interval of convergence.

SOLUTION. Observe that

2
In(1+2x) = dz.
n(l+ 2z) /1+2x T
1 i
Recall that T2 = g x” for |z|< 1, then
k=0

2y ! :2§m:<—2x)k:2§oo:(—2)kxk for |—22|< 1 — |z|< =
1+ 2z 1—(—2x2) — — 2

Then we can substitute the MacLaurin series into the integrals

ln(1+2x):/ 2

d
1+2: "

k=0
=2> ( 1)’“2’“/95’*“ dx
k=0
s L ke
=2 —-1)" 2" —— + C
Sy
* k1
_ Z(_l)kz k+1 +C
P k+1
0 2) k-+1
:Z(—Uk(;) : C
k=0 T
Note that when z =0, In(1 4 2z)|,_, =In1 = 0. Then, we have C' = 0. Hence,
o
2 k+1 1
In (14 2z) = Z(—1)k% for |z]< 5.
k=0
Note that when x = —%, the series becomes
S LA N e VIR N
2 (-1 k+1 :Zk—ﬂ :_Zk—H>
k=0 k=0 k=0
which is a harmonic series, hence, it diverges at x = —%. When z = %, the series
becomes
= 1
Z(_l)k—v
— E+1
which is an alternating harmonic series, thus the series converges at x = % Therefore,
11 1 1
the interval of convergence is (—=, =], i.e, —= <z < —. O
2’2 2 2
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8. (15 points) Determine whether the following series converge.
XL (B 10k
() 2 (2k4+50) '
k=1
kK 10k
o) ON. t Test. Identify that ay = { —m————= ) . Th
SOLUTION. Root Tes entify that ay (2k4+50) en
p= lim {ay = lim (a)"/*
k—o0 k—o00
1/k
y k4 10k
=1l —_
k* + 10k
= lim ————
k—oo 2k* + 50
. 1410k
= lim ——
k—o0 2 + 50]€74
1
=5
1 . .
By Root Test, p = 3 < 1, then the given series converges. [
m Y
Tk
k=1
]{?k k 1 k+1
SOLUTION. Ratio Test. Note that a; = "k Qpi1 = %,
1 k+1 1)!
r= lim Bt lim (k+ )™ /(k+1)
k—oo  Qp k—o0 k‘k//{?'
B (k+ 1% (k+1) k!
B =R S R
(k+1)*
=
oy (B g
T e\ &
1\
=% (1 * z)
=e.
By Ratio Test, » = e > 1, the given series diverges. Il
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22+ 3r+1
(x — 1) (22 + 22+ 2)’

9. (Bonus, 10 points) Compute the area of region R bounded by y =

r-axis, xr =2, x = 8.

r?+ 3z +1
C(x—1D)(22 + 22 +2)

SOLUTION. The area of the region R is

b 8 22 +3x+1
A:/a f(:p)dx:/Q (x —1)(x? + 22+ 2)

Then we apply the partial fraction decomposition to the integrand,

2 +3r+1 A Bz +C

)P +20+2) -1 @P+20+2

Multiplying both sides by (z — 1)(z* + 2z + 2) gives
22430 +1 = A2 +20+2)+(Br+0)(z—1) = (A+B)2* +(2A— B+C)z+ (24— C).

Equating like powers of x, we have the following linear equations,

A+B=1 A=1
2A—-B+C=3 = (B=0
2A-C=1 C=1

Then definite integral becomes

8 2
A:/ r°+3x+1 I
s (x—1)(z2 422+ 2)

/8 1 1
= + dx
o T—1 x242x+2

[
, x—1 (2 +2x+1)+1

8 8 1 y
2+/2 1+ (z+1)2 v
8

=In(z—1)

=In7—1In1+ arctan (z + 1)

2
=1In7+ arctan9 — arctan 3.



