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1 Hilbert Space

1.1 Hilbert Space

Definition 1.1 (Pre-inner product space). A pre-inner product space is a vector space together with an
pre-inner product (-,-) : H — C such that

(1) (o + Bn,¢) = a(§,¢) + B(n, (), Vo, B € C, &, n, ¢ € H.
(2) (&n) = (n.€).
(3) (£¢) >0.

Definition 1.2 (Inner product space). A pre-inner product space is called an inner product space if (£,£) =
0 << ¢=0.

Lemma 1.1. Define ||€]| = \/(&,&),VE € H, then || - || is a pre-norm. If (-,-) is a inner product, then || - || is
a norm.

Definition 1.3 (Hilbert space). A Hilbert space is a inner product space (H, (-, -)) such that H is complete
under || - .

Question: How do we construct an inner product space from a pre-inner product space? Consider H/N,
where N = {&: (£,£) = 0}. However, N needs to be a subspace. Here is why it is: V&, € H, we have

(E+nE+mn) =(&8 + &)+ 1,8+ (n,m) = 2Re(,n).

By Cauchy-Schwarz inequality, |(&,7)|?> < (£,€)(n,n) = 0. Pick A € T such that (\,n) € R, that is,
(A&, m) = Re(A¢,m). Then, we can obtain the following

| Re(AE,m)[* < (AE,AE) (n,m)
IMEm P < AP, €) (n,m)

I, m > < IR, €)(n,m)
[(&m P < (&€ (nm).

Example 1.1.
(1) C" ={(z1,22,.-.,2n),2 €C}={f: {1,...,n} = C} with {(21, 22,...,2n), (W1, W2, ..., w,)) = 217 +
o+ 2,W0,. Note: XY ={f:Y — X}.

(2) Let X beaset. 2(X)={f:X = C: Y |f(®)]? < <}. Note: > |f(z)]* < 00 < 3IM €
ex rzeX

R,V finite set S C X, Y |f(z)]* < M. Define the inner product as follows, (f,g) = Y. f(z)-g(x).
zeS zeX
(3) Let X = G, where G is a discrete group. £2(G).

Remark 1.1. Any Hilbert space is isomorphic to £2(X) for some X.
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1.2 Orthogonality
Definition 1.4 (Orthogonality). £ L n < (£,n) =0.

Lemma 1.2. Let S be a subset of H, St = {¢ € H : ¢ L n,n € S}. Then S+ is a subspace, where
S+ = (span 9)*.

Proposition 1.1. Assume that S is a closed subspace, then H =2 S @ S+.

Proof. i.e., V& € H,3&y, & such that & € S and & € S+ such that £ = & + &;. Uniqueness: & + & =
E 4+ & = & &) =¢& — &, where & — &) € S and & — & € St. That implies & — &, = & — & = 0.
Fact:

(1) 3l& such that ||€ — & || = inf,es{l|€ — nll}
(2) (€—¢&) LS.

Definition 1.5. The mapping £ — & is called the orthogonal projection onto S.
Definition 1.6. {&1,&2,...,&,,...} C H is an orthonormal family if

(1) &l =1,i=1,2,...,n.

(2) & L&, where i # j.

Remark 1.2. An orthonormal basis is a maximal orthonormal family.
Example 1.2. (?(Z), the basis are {e; = (0,0,...,1,...0)}.

Definition 1.7. Suppose that {e,} C #H is an orthonormal set of H if

(1) fleall = 1.

(2) e; Lej,i#3.

Then {e,} is an orthonormal basis if it is maximal.

Theorem 1.1. Let {e,,n € A} be an orthonormal basis. V¢ € H, one has

§= Z<€’ €n)en-

neA
Then
el = > 166 en)?.
neA
Corollary 1.1.
H = EQ(S).

1.3 Topologies on a Hilbert Space
Definition 1.8 (Norm topology). Let [|£]|? = (£,£), then &, — & < |&, —¢&| — 0.

In C", the unit ball {£ : ||§]| < 1} is compact. In particular, any sequence in the unit ball has a convergent
subsequence. On the other hand, in the infinite dimensional space, the unit ball {£ : ||¢]] < 1} is closed and
bounded, however, NOT compact!

Consider H = ¢2(N), pick the orthonormal basis e, = (0,0,...,0,1,0,...,0,...). Then, {e,}>°, C By, for
any m # n, we have |le,, — e, | = v/2, therefore, no subsequence would converge.

Definition 1.9 (Weak topology). Dual space of a normed space. Let (X, | - ||) be a normed vector space.
A linear functional is a continuous linear map p: X — C.
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Definition 1.10 (Dual space). The dual space is the collection of all linear functionals defined by p : X — C,
that is,
X" ={p: X — C, p continuous}.

The weak toplogy on X is the weakest topology on X such that p: X — C is continuous for all p € X*. In
other words, £, — ¢ in the weak topology if and only if

p(&n) — p(€) as n — 00, Vp € X7

Pick n € H. Consider p(€) = (&, n).

Theorem 1.2 (Riesz representation theorem). Any linear functional looks like this.

Proof. p:H — C, consider K = ker p = {¢: p(¢) = 0}. Look K+ = Cn. O
Consider {e,,} C ¢*(N), pick p € ¢*(N). Consider

lp(en)] = [{en; M| = M| =0 = e, — 0 weakly.

1.4 Bounded Linear Operators

Definition 1.11 (Bounded linear operator). Let us consider B(H) = {T : H — H, linear, continuous, w.r.t. norm topology}.
Lemma 1.3. T : H — H is continuous at 0 if and only if it is bounded, i.e., sup(T¢,T¢) < oo, ||€|| = 1.

Proof. Assume that T is continuous at £ = 0. By linearity, we need to show that the image of some ball is
bounded. Ve > 0,3 > 0 such that
ITEN < e V€N < 0.

Definition 1.12. ||T|| := sup || T¢|.
lel=1

Definition 1.13. Ile,TQ S B(H), then T14+T5 € B(H), PVARS B(H) and TyT; € B(H), ||T2T1H < HTQ””TlH
and B(H) is a Banach space under || -||. B(H) is a Banach algebra, which is a normed algebra, complete
and [lab]| < [|all||b]]}-

Example 1.3. In Hilbert space H, T : H — H, pick n € H, consider (T'¢,n), then £ — (T¢,n) is a linear
functional, then by the Riesz representation theorem, 3(T%*n) € H, such that (T'¢,n) = (&, T*n),VE € H.

Definition 1.14. T* : H — H by n — T™n.
Lemma 1.4. ||T*|| = ||T|| = | TT*|'/2.

1.5 (C*-Algebra

Theorem 1.3. B(H) is a Banach * - algebra with the property ||T|| = |TT*||*/? (C*-equality), it is a
C*-algebra. Any norm closed *-subalgebra of B(H) satisfies the same properties.

Definition 1.15. A concrete C*-algebra is norm closed *-subalgebra of B(H) for some H.
Definition 1.16. An abstract C*-algebra is a Banach *-algebra satisfying ||T'||? = || TT*].
Theorem 1.4. Any abstract C*-algebra is isomorphic to a norm closed *-subalgebra of B(H) for some H.
Example 1.4. Let T be a group, then ¢*(I') is a Hilbert space. {e,,y € I'} is a basis of ¢*(T). Vy € I,

consider e,, — e, € I'. This induces an unitary on ¢2(T'). C7,(I') = { Y cyu,}.
yel’

Example 1.5. Let T € B(H).
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o T is unitary if 7*T = T*T = 1. We can conclude that T—! = T*, since

T*T =1 <= (T*T&n) = (&), VEn e H
— (T€,Tn) = (&,n)
= (T€,T¢) = (£,€), Y € H.

Then T is an isometry.

Theorem 1.5. T is an isometry if T*T = 1.

Theorem 1.6. In linear algebra, T : C* — C" if ker T = {0}, then R(T) = C™ by rank and nullity, i.e.,
dim(ker T') + dim(R(T")) = n. In Hilbert space, ker T + dim(R(T")) = oo.

Example 1.6. T : (*(Z) — (*(Z),{en,n € Z}.

(1) T : e, — eap,n € Z. T is isometric but not unitary. Then T* : ey, — €, and eg, 1 — 0.
(2) T*T(en) =T*(ean) =€p,Vn€Z = T*T =1.

(3) TT*(en). TT*(e2n) = T(en) = €2, and TT*(eg,41) = 0.

(4) TT* is the projection to span{ea,,n € Z}.

(5) 1 —TT* is the projection to span{es,,n € Z}.

Example 1.7. (?(N) = span{ej,ea,..., }.

(1) T(en) = eny1,n = 1,2,..., whereas T*(e1) = 0 and T (ept1) = €n,n = 1,2,.... Then T*T = I and
TT* = project to span{es,es,...}. Then ¥ — TT* = projection to Ce;.

(2) T? is shifting to right by 2. Then (T?)*T? = K. T?(T?)* = projection to span{es,eq,...} and ¥ —
T?(T?)* = projection to span{ey,ea}.

Proposition 1.2. 0 - K — C*{1,T} — C(T) — 0.
Theorem 1.7.

1) Unitary. T*T =TT* = 1.

2) Isometry. T#T =1

3) Self-adjoint. T =T* <= (T&, &) € R

6) Normal. TT* =T*T < (T¢,TE) = (T*, T*E).
7) The algebra generated by T and T (*— algebra) is commutative.

(

(

(

(4) Positive. T = S*S for some S. < (T¢ &) € RT.
(

(

(

(8

)
)
)
5) Projection. T' = T* = T? if and only if T is the orthonormal projection to T(H).
)
)
)

v is a partial isometry if v*v is a projection. (vv* is a projection). HOMEWORK: Show that v*v is a
projection = wvv™* is a projection.

Definition 1.17. Let A be a unital algebra. Then a € A, such that sp(a) = {\ € C such that a — AI not invertable}.
Theorem 1.8. If A is a Banach algebra, then sp(a) # (0 (compact).

Observation: If a € A with |la|| < 1. Then we look at 1+a+a?+---+a"+-- - =(1—a)" ! = 1

Corollary 1.2. sp(a) = {X € C,|A| < ||a||}

Proposition 1.3. C\ sp(a) a_lM € A is holomorphic.
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Theorem 1.9. Let A be a C*—algebra, aa* = a*a, C(sp(a)) = C*(1,a). (z +— 2) + a, f < f(a), 22 — d?,
f-g— f(a)-g(a). Then C*(1,a) is called the continuous functional calculus.

Theorem 1.10 (Gelfand-Naimak). If A is a unital commutative C*-algebra, then A = C*(1,a) =~ C(A),
where A = {p : A — C,p are homomorphisms} C A’ with point-wise convergence topology. That is,
pn = p <= pla,) = pla),a € A. And A is a compact Hausdorff space. Note: ker p is a maximal ideal.

Proof. Let A = C(X), A’ = (C(X)) ={p: pu: f = [y fdu}, Prob(X) = {p : p(X) = 1}, which is a
positive linear function norm. Then p: f — [ fdéx = f(z). O

The isomorphism is induced by the Gelfand map. A 3> a — (p — p(a)).

Proposition 1.4. A = C*(1,a) = C(A) = C(sp(a)). Pick p € A, where p : C*(1,a) — C. Then show
a—p(a)-1is not invertible. p(a —p(a)l) = p(a) — p(p(a)l) = p(a) — p(a)p(1) = p(a) — p(a) =0 = p(a) €
sp(a).

Proposition 1.5.

(a) If A= C(X) is separable, then X is ?

(b) If P is a projection in A, where P = P* = P?  then X is ?

Proposition 1.6. If X is a compact Hausdorff space, and C(X) = {f : X — C} and ||F|| = sup{|f(z)|,z €
X} If P=P* = P2 € C(x), then P(x) = P(x) = P(x) € R. P(x) = P?>(z) = P(x) € {0,1}.
That is to say, the projection in C(X) corresponds to a clopen (closed and open) set of X. Ideal of C(X)
corresponds to closed subset of X: I« {f: f|ly =0}.

Definition 1.18. Let A be a C*-algebra, consider A, M3(A), M3(A),..., M,(A), where

aip o Q1n

ap1  **° Ann

Then A +» M(A) <> M3(A) > -+ > M, (A), define Mo (A) = J;—, M,,(A). Think about the projections
in M (A). Note: Mo (A) is not a C*-algebra.

far o fo2
P € My(C(X)), P = P* = P2 then P(x) € My(C) must be a projection.

Proposition 1.7. A = C(X), My(C(X)) = {{f“ f”} i €C(X),i= 1,2} ={f: X = My(C)}. If

Proposition 1.8. = — P(x) — P(x)(C?) C C?, where z € X, P(z) € M5(C). It is called the complex
vector bundle over X. See projective module, vector bundle and Md&bius strip.

Proposition 1.9. If p,qg € M (A) and p ~ ¢ < Jv € M (A) such that vv* = p and v*v = q.

HOMEWORK: reading assignment: projective module and vector bundle.

Proposition 1.10. Assume that A is a unital C*-algebra. Consider M (A4) = |J M,(A). Ais a C*-
n=1

algebra, then the norm of A is coming from the following: Suppose that a is a matrix, then |la|? =

-T . ..
sup{(a&, a&), |[¢]| = 1} = sup{¢ a*ag&, ||€]| = 1} = sup{v/A\i, \i € sp(a*a)}. Let Proj_ (A) = {p : projection of M, (A)},
p is Muray-von Neumann equivalent to ¢, denoted by p ~ ¢ if Jv € M (A) such that v*v = p and vv* = ¢,
where p, ¢ € Proj (A4).

Proposition 1.11. Proj_ (A) is a semi-group:

pOq= {p q] D€ My (A),q € My(A),p®q € Myyin(A).
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Let v(A) = Proj_(A)/ ~, then v(A) is an Abelian semi- group. Then
SREIEEREIERIE
= JRAB TS

*

Note that

Definition 1.19 (unitary equivalence). If there exists a unitary u (u
then p ~y q.

u = uu* = 1) such that p = u*qu,

Lemma 1.5. p~, ¢ = p~q.
Definition 1.20. K((A) is the Grothediek group of v(A).
Proposition 1.12. Take A = C, then for p € M,,(A), then

Given that

u(A) = {0, 0 : 0 ...} =Nu{o}.

Then, K(]((C) =7Z.

Proposition 1.13. B(H),dim(H) = co, then My(B(H)) & B(H) & B(H ® H). p,q € B(H) is a pro-
jection, consider p(H),q(H). Jv such that v*v = p,vv* = ¢ <= dimp(H) = dimq(H). If v(B(H)) =
{0,1,2,3,--+ ,n, 00}, then Ko(B(#H)) = {0}, note that v(B(H)) is a semigroup.

Example 1.8. v : 2(N) — (2(N) by e,, — e,41. It is known that v*v = 1, vv* = p, which is a projection
to span{eq, €3, ...} C H. Recall that p ~, g, if there exists a unitary such that

p = u*qu.
Then p ~y, ¢ = p~n,. .~ g If 1~ p, there exists u € A which is a unitary such that 1 = v*pu. Then

*

1 =ulu* = u(u"pu)u* = p.

HOMEWORK: Also, we have
prug = p~qg& (1—p)~(1—q).

Pl

Lemma 1.6. If p ~ ¢, then

Letu{ v 1:q},then
1-p w

v 1—¢q v* 1—-p| (1 0 d v* 1—-p v 1—¢q| |1 O
1—p o 1-q v | |0 1 an 1—¢q¢ v 1—p v | |0 1

R e 8 AL - 3-E
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Definition 1.21. Given that p ~,, ¢, if there exists a continuous function h : [0,1] — A such that

(a) h(t) is a projection for all t.

(b) 1(0) =p, h(1) =q.
Proposition 1.14.

p 0 q 0 p 0 q 0
P~Rq = Py = P q=>[0 0] {0 O}andp uq=>[0 0} h|:0 0}

Proof. Assume that p ~,, ¢, then p = u*pu, follows that

p 0] 01" g 0][u 0
0 0] u 0 0|0 w*|’
Using the basic linear algebra trick, we have
uw 0] fu 0]f1 O w0
0 u| 1] [0 wu* 0 1|’

cosf —sinf] 1 0] [cos® —sinf]”
sinf  cosf 0 w*| |sinf cosO | °

IO g|
*

o <

Then

Lemma 1.7. Let p,q € A be projection. If ||p — ¢|| < %, then p ~, q.
Proof. Consider z = pg+ (1 — p)(1 — ¢). Then

pz =ppq +p(1 —p)(1—q) = pg.
and

2q =pqq+ (1 —p)(1 — ¢)g = pa.
That implies that pz = zq. If z is invertible, then p = zgz~!. Show that

[z =1l = llpg+ (1 —p)(1 —q) — 1]
=|pg+1—p—q+pg—1|
= |lpg — p+pq— 4|
<llpg —pll + [lpg — 4l
= llpg — P*[l + llpg — ¢
= [lplg = p)Il + [I(p — @)l
<Ilplllg — ol + llp — qllllqll

<2|lp—¢|l <1 = =z is invertible.

Corollary 1.3. If A is separable, then Proj(A)/ ~, is at most countable.

HoMEWORK: If a,b € AT, and |lal|,||b]] < 1, then |la — b|| < |la|| + ||b]] < 2, but |la — b]] < 1. Note that

a € AT if and only if @ = ¢*c for some ¢ which is equivalent to a = a* and sp(a) C R™.

Proposition 1.15.

Proj. (A)/ ~, Proj_(A)/ ~u, Proj.(A)/ ~n .

Proposition 1.16. Suppose that there exists a homotopy ¢ : A — B, then [¢] : K¢(4) — Ko(B). If
there is a continuous family of ¢; : A — B, where t € [0, 1], then ¢ — ¢:(a) is continuous. It follows that

Po(p) ~n #1(p) = [¢o] = [¢1].
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Proposition 1.17. Provided that A is a unital C*-algebra, then A ~ V5(A4) ~ Ko(A). If A = C(X) is
unital, then X is compact. If X is not compact, then Cy(X) = {f : X — C, f(o0) = 0}. Then Cyp(R) = {f :
R — C, f(—o0) = f(c0) = 0}, where f(c0) =0 <= Ve > 0,3K C X such that |f(z)| < e,z € X\K, and
K is compact.

Proposition 1.18. If X is NOT compact (connected), then Cy(X) ® M,,, does Cy(X, M,,(C)) have nonzero
projections?

Proof. Suppose that there exists a P € Cy(X, M, (C)). Consider tr(P(z)) € N, and consider the mapping
¢ X 32— tr(P(x)) € N. Since ¢ is continuous, then tr(P(x)) is a constant. Plus, lim,_, f(z) = 0,
therefore, Cy(X, M,,(C)) does not have nonzero projections, that is, P € Cy(X, M,,(C)) = P =0, and
Vo(Co(X)) = 0. o
1.6 One Point Compactification

Definition 1.22. The compactification of R! is a circle, and that of R? is spherea, then that of R™ is S™
(n-sphere).

Definition 1.23 (Unification). Let A = Cy(X), then A = A ® C1. Then look at
(a+p1)(a' + B'1) = (ad + B + pa’) + B
The element of A is (a,\),a € A,\ € C.
Proposition 1.19. If A, no matter unital or not, Ko(A) := ker([r] : Ko(A) — Ko(C)), where 7 : A —

C, (a,\) = A. [P] = [y], Too(P) = r, where P € My (A),r € M (C).
Definition 1.24. Recall that u € A where A is a unital C*-algebra is a unitary if v*u = uvu* = 1. Consider
the embeddings U,(A) — Un+1(A) by u — [u 1}, where U, (A) is the unitary group of M, (A4). Hence

Uso(A) = U7 Un(A) is a topological group. Assume that (Us)o = {u : u is path connected to 1}, then
K1(4) = U (A)/(Uso)o-

Lemma 1.8. If u, v are unitaries in A, [u]; (K7 class of u). Then
U
ool =l =+ =[]
1
v | |u v
v = 1] = 1 1k
Then use the trick, let

U cos® —sind] [v cosf —sinf]”
ue:[ 1] [0059 sinH] 1} |:COS€ sinﬁ} 0s6<

Also,

ol N

Then

Lemma 1.9. If ||u — v|| < 2, then u ~ v in A.
Sketch of proof: Show that K;(C) = {0}. Let’s show that if u € M, (C), uu* = u*u = 1, then u ~ 1, xp.

)\1 eiel
Ao 2

Note that [A\x| =1 = M\ = e, 6, € [0, 27].
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Proof. Since u = (uv*)v, consider uv*, which is a unitary,
[uv® = 1| = [[(u = v)v™|| < 2.

We can conclude that sp(uv*) € T, where T is unit circle. Since [Juv* — 1| < 2, then sp(uv*) # T. Then
C*(uv*) = C(sp(uv*)). So, uv* ¢+ z — 2, where z = ¢, —7 < @ < 7. Then 3h € A that h = h* such that
wv* = e, Consider e”(1=%) . ¢, then we have ug = v and u; = v. O

Example 1.9. (a) K;(C) = {0}.
(b) K1(B(H)) = {0}.
(c) In B(H), any unitary u = ¢ where H = H*.

(d) C(T) = {f : T = C, f continuous}. Then u € U,(C(T)) = C(T — U,(C)). Consider T 3 z —
det(u(z)) € T.

Definition 1.25. Setting: A is a C*-algebra, T' is a locally compact group, and a : I' — Aut(A) which is
a homomorphism. Then g — a4 € Aut(A). Then Va € a, I' 5 g — a4(a) € A. It follows that (A4,T,a) is
called a C*-dynamical system. Then

Ao L= CAT AT, £ 4 g00) = [ Frm)goit)dn.
r
If T is discrete, then
AxoI'=C*{A,U, : U, unitaries such that U,,U,, = U,,,,UjaU, = a,(a)}.

Proposition 1.20. Let A = C(T), a € Aut(C(T)), ag(f)(2) = f(e2™2). Consider Ag = C(T) X, Z =
C*{O(T),v : v f(-)v = f(2™0)} = C*(z = 2) = C*(u) = C*{u,v : v*uv = a(u) = ™y = wv =
eQﬂ'iOUu}-

e If 0 =0, then f =3  Cppu™" = C*(u)®C*(v) = C(T) ® C(T) = C(T x T). The cartesian
product of two circles are torus.

e If 0 ¢ Q, then Ay is simple. Ko(A4y) =2 Z? and Ko(Ag) = Z2.

HoMEWORK: Check the ideal generated by M,, over C is simple. Presentation: Something about rotation
algebra, show that non-rotation algebra is simple, and trace things like that.

Definition 1.26. For an arbitrary ring (R, +,-), let (R,+) be its additive group. A subset I is called
a two-sided ideal of R if it is an additive subgroup of R that “absorbs multiplication by elements of R”.
Formally we mean that I is an ideal if it satisfies the following conditions:

(1) (I,+) is a subgroup of (R, +).

(2) VeelI,VreR:z-rr-xel.
Proposition 1.21. Let Ag = {u,v : uv = >™yu}, and we have the self-adjoint operator Hg = u-+u*+v-+v*.
(1) sp(Hp) is a Cantor set for all 6 € Q.

(2) All gaps are open. That is to say, [fi(H)]o € Ko(Ap).

Proposition 1.22. 0 - I — A — J — 0 is exact, then we apply the K, functor, where * = 0,1. Then
0=K.(0) = K.(I) » K.(A) - K.(J) = K.(0) =0,

in general, K, (I) and K,(J) is not exact, while K, (A) is exact. However, we have the exact map (six-term
exact sequence):

where K1 (J) — Ko(I) is called the index map and Ky(J) — K1(I) is called the exponential map.
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Definition 1.27. Let A be a C*-algebra, then I is an (closed and two-sided) ideal of A. It follows that
A/l ={a+1,a € A} and define |la + I|| := inf{||a + b||,b € I'}. We use the exact sequence, 0 = [ - A —
A/I = 0.

Example 1.10. Let H = ¢*(N), T € B(#) is compact if T'(B) is compact in || - ||, where B is the unit ball
of H.

Theorem 1.11. T € B(H) is compact if and only if it can be approximated by a finite rank operator, i.e.,
3T, such that ||T;, — T'|| — 0 and dim(T'(H)) < oc.

Example 1.11.

N|—=
ol
N[
Wl

T= . can be approximated by 7" =

S|

1
n

Proposition 1.23. M, (C) — M,11(C) — --- — My (C). Denote by K the collection of all compact
operators. Conclude that X is a closed and two-sided ideal, hence we have 0 - K — B(H) — B(H)/K — 0.
B(H)/K is called the Calkin algebra.

Proposition 1.24. With # = ¢((N)) if there is a family of mutually orthogonal projections (sum to 1)
in B(H), then this family is at most countable. Note that mutually orthogonal means {Px, A € A}, and
Py, - Py, = 0if Ay # Ag; sum 1 means

Py
P,

P,

In B(H)/K, however, it’s possible to find uncountable family of mutually orthogonal projections. Plus, if
B(H)/K + B(H'), then H' cannot be separable.

Theorem 1.12. K is the only non-trivial ideal of B(H).
Corollary 1.4. B(H)/K is simple (no non-trivial closed and two-sided ideal).
Corollary 1.5. K is also simple. (no non-trivial closed two-sided ideal). |J,;—, M,, < K.
QUESTION:

1. Is B(H)/K algebraically simple?

2. If 1 € A is topologically simple, is A algebraically simple?

Proof. Proof by contradiction. Suppose that J < A is an algebraic ideal. Then J < A. Since A is simple,
J = A > 1 and show that 1 € J. HINT: spectrum... O

QUESTION: K, (B(H)/K) =7, where * = 0,1. Then we’ll have index map and Fredholm operator.
Example 1.12. Given that 0 = I - A — J — 0. If A = Cy((0,1]),I = Cyp((0,1)),J = C, then
0 — Co((0,1)) = Co((0,1]) = C — 0.

It turns out that K,(A) = {0}, where x = 0,1. I = C(T) and K (I) = K,(I) = Z, and Ko(I) = Z =
{=2,-1,0,...}, Ko(I) = {0}.
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Definition 1.28. 0 -1 — A — J — 0 splits if 9 : J — A such that mn =1.
Example 1.13. 0 — Cy((0,1]) — C([0,1]) = C — 0, where 7 : C([0,1]) = Cand n: A — (t — A).
Definition 1.29. Lifting of elements: A — J — 0. For example,

1. The self-adjoint element: 7(c) = a and 7(c*) = a*, since a = a*, that is, m(c) = m(c*). Then create an
element ¢ = (¢ + ¢*)/2.

2. The positive element (a = bb*). Then ¢ — a and ¢* — a*, so cc* — a.

3. Can we pick ¢ such that ||c|]| = a? Then a = f(a) and || f(c)|| = |la||. Also, 7(f(c)) = f(7(c)) = f(a) =
a. Given that 7w : A — J, ¢+ a then sp(c) D sp(a). Show the last statement:

{\ € C: M — cis invertible} = (sp(c))® C (sp(a))® = {\ € C: AT — a is invertible}.
Then 3b,d € A, then (A — )b =d(A —¢) =1 and (A] — a)w(b) = w(d)(M — a) = 1.

Proposition 1.25. Let o : £2(N) — (2(N), i.e., €, > €11, then 0*0 = 1 and o0* = projection onto span{es,es,...}.
It follows that 1 — oo* = projection to Ce; which is a rank one projection. Now consider (¢2)*0? = 1 and
02(0?)* = projection onto span{es,ey,...}, 1 — o?(0?)* = projection to span{ej,es}. As a consequence,
we have
0—K—C*o,1) = C*(n(0),1) = 0,

where 7(o)7(0*) = w(c*)mw(0) = 1.
Definition 1.30. Let T : # — H is Fredholm if

dim(ker T') < oo, dim(co-ker T') = dim(ker T™) < oc.
Then the index of T is defined by

Ind T := dim(ker T*) — dim(ker T').

Theorem 1.13. T is Fredholm if and only if 7(T) is invertible, where = : B(H) — B(H)/K.
Theorem 1.14. If T is Fredholm, then T + k is Fredholm for any k € K.
Theorem 1.15. The map T — Ind T is continuous.

Corollary 1.6. If there is a continuous path of the Fredholm operator T;,t € [0, 1], then Ind Ty = Ind 7},
in particular, Ind(T' + k) = Ind 7.

Proposition 1.26. Consider A — J — 0, if u € Uy(J), where Uy(J) is the connected component of U(J)
containing 1, then u can be lifted. If u = e, then u € Uy, where h is self-adjoint. If h — h/, then
u=e - u =e". Also, u = e"1e2 ... e can be lifted.

Lemma 1.10. Uy(A) = {etrethz...e¢thn h; € Asa.i=1,2,...,n}.

Proof. HINT: Show that G = e?1ethz ... ¢thn is closed and open. Use the following trick: If |[u — 1|| < 2,
then u = et O

Example 1.14. Let X be a cantor set. And : X — X is a homeomorphism. C(X) = {f : X — C}
and o : f— foo land C(X) % Z = {3, cp fn - v u fu = o(fH (frum)(fou™) = fru" fou™ =
f1o" fou™u™ = f1o™ fou™t™. Assume that we have closed subset Y C X, such that (V) =Y, then we have
0— Co(X\Y) = C(X) = C(Y) — 0, follows that 0 = Co(X\Y) X Z - C(X)xZ - C(Y) X Z — 0.
Example 1.15.

1. Ko(C(X)) = C(X, Z).

2. K1(C(X)) = {0}
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3. Ko(C(X)xZ)=C(X,Z)){f — foo ™.

4. K1(C(X) % Z) = [u]y.
Definition 1.31. E C X is clopen, xg is a projection.
Example 1.16. [xg] < o(xg) = [uxgu*].

Example 1.17. X =coUZ, and ¢ : 0o — co,n +— n+ 1. Then
0—=2Zx,Z—A—Cx,Z=C(T)—0.

Proposition 1.27.

Z cpu”™ = C*(u) 2 C(sp(u)) = C(T).

nez

Proposition 1.28. If C*(u) is a universal C*-algebra generated by a unitary. C'*, 3 such that u — v, then
C*(v) C A. Hence we have
Vz € T,C*(u) =¥ C*(zu) = C*(u).

In other words, the circle action T 3 z — @, € Aut(C*(u))

HOMEWORK: p, q,v, we have p?> = p = p*, ¢°> = ¢ = ¢*, and vv* = p,v*v = g and p+ ¢ = 1. Then show that
the C*-algebra generated by p, ¢, v is Ma(C).

Proposition 1.29. Let Y + X, ando: X — X, and o(Y) =Y. Then 0 — Co(X\Y) X Z - C(X) X Z —
C(Y) % Z — 0.

Example 1.18. X = Z U {oo} and Y = {00}, then 0 — Cy(Z) x Z — C(X) x Z — C(o0)x — 0, where
Co(Z) xZ =2 K and C(o0) x Z = C(T). Take N to be a neighborhood at co, xy € C(X), n(xn) = 1, and
xnvu € C(X) x (Z) and 7w(xnu) = u. And then we have

(w'xn)(xnvu) = u"xnu=[M +1,-M + 1], (xnu)(u"xn) = Xnvuu"xn = xn = [M, —M].
Then Ind(u) = [M + 1,M] - [-M +1,—M] =[xy o0 — xXN|.
Example 1.19. X = Z U {#oo}, and Y = {Foc}. Consider x[—oo,N] = X[—00,N+1] = —X{N+1}-

Definition 1.32. 0 - I — A — J — 0, consider [u] € K;(J), if u can be lifted to a partial unitary v € A,
consider I —v*v, I —vv* € I. Then

Indfu]y = [I —v™v]o — [T — vv™]o.

Example 1.20. If u ~ a, where |a|| < 1 and a ~ b means a can be lifted to b, and

u 0 ~ a 0
0 0 vV1—a*a 0
INDIVIDUAL PrOJECT ToPIC POOLS:

1. C*-algebra, dynamical system, and classification.

2. Rotation algebra Ay = {u,v : uv = €*™yu, u, v are unitaries},d € [0,1]. If ¢ Q, then Ay is simple

and there is a unique trace. 7(Ky(Ap)) = Z + 0Z C R. Higher dimensional non-commutative tori.
(Exercise 5.8 in textbook)

3. Cuntz algebra, n = 2,3,...,00. Then Oy = C*{vy,vy : vivy = 1,05v9 = 1,010} + vev3 = 1}. Oy is
simple and it has Lie group action (T 2 action). K,(O2) = {0}. Then Oz ® O3 = O3, O,, ® O3 = Oa,
M, ® Oz = Oz and Ag ® Oy = Oy, especially A ® On, = A and K(O,,) =Z/(n — 1)Z.

4. Expanders, k-groups and graphs (require advanced algebraic topology).
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5. Projective module, Swan’s theorem.
Classification of CCR algebras.

Classification of Oz x R (cross product algebra).
Graph C*-algebras.

© ®» N>

C*-algebra in numerical analysis.

10. The (strict) comparison of projections by traces (regularity of C*-algebra non-commutative topological
dimension)

Proposition 1.30. If 7 € A’ is a trace if 7(ab) = 7(ba). Then [1] : Ko(A) — R and [P] — 7(P). It follows
that
Ko(A) = AH, S(Ko(4)) = {P: Ko(A) - R, pl1] = 1}.
1.7 Irrational Rotation Algebra
Definition 1.33. Let 6 € [0, 1]\Q, then Ay := C*{u,v : uv = €*™%vu,u, v are unitaries}.
Theorem 1.16. Ay is simple and has a unique trace.

Proposition 1.31. Let us take a look at poly[u, v]/uv = €2 ®yu. Fix H separable Hilbert space. Consider

A = {(u,v),uv = €27 4, v are unitaries}. Define the operator norm

1£1l = sup{]l f(w,0)], (u,0) € A} < I fllh =Y lemnl < o0,

m,n

where f =3 u™v".

Example 1.21. C*{a: a = a*} does NOT exist.

1.8 Trace on Ay
Definition 1.34. The operator 7 is said to be a trace if 7 : Ag — C, 7(1) = 1, 7(ab) = 7(ba) and 7(aa*) > 0,

Proposition 1.32. Suppose that f € O(T), if f =c_,2 "+ +c_12 7 +cg+erz+ 22+ -+ cp2™
and p is a Lebesgue measure on the unit circle T (u(T) = 1), then

u(f):/fd,u:c_n/z_”+~-~+c_1/z_1+co+cl/z+02/22+~-~+cn/z”:co.

Note: [z = fol e?™9df) = 0. Look for a 7 : Ay — C such that 7(u™v™) = 0 if |m| + |n| # 0. Consider
Ag = C*(u,v), then z1u, z20v € Ag where 21, 22 € T. Assume there exists 0, 5, : Ag — Ag, 02, 2, : (u,v) —
(214, 29v). Then o, ., is group action T x T ~ Ag. Then 21,22 € T, a € Ay, then we can construct the
trace 7(a) = [, 0z 2 (a)d(21, 22).

Proof. Consider o, ., (u™v™) = z"u™ 280" = 2" 28 u™ o™, then
1,22 1 2 1 %2 )

/ Oy 2 (W0 )d21 22 z/ 2 2B um " dz 29 = /z{”dzl/zgdzgumv” = 00,n0m,01.
TXT TXT T T

O

HOMEWORK: prove that 7(ab) = 7(ba). If 7' is a trace on Ag, then 7/(uv) = 7/(vu) = 7/(e*¥vu) =
e?™91/ (vu), since 6 is irrational, that implies that 7/(uv) = 0, i.e., the trace we constructed is unique.

Proposition 1.33. Gauge action: T? ~ Ag, (u,v) — (z1u, 220). The trace operator 7(a) = [, 02, 2, (a) dz1 2
(looking at the orbit of all elements).
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Proposition 1.34. Let Ay := C*{u,v : uv = >™vu,u, v are unitaries}, a € Ay, then
1
Dy (a) = N(uau_1 +u?au 2 +udau3 + -+ ulNaa™N).
If a = u, then
1
Dy y(u) = N(uuu_1 +wtun? Fuduu 3 4 N ue ) = .
If a = u™, then
O (u™) =u™

If a = v, then
O (V) = —=(uvu™ +uPvu? +udvuE 4 N o)

(€2mi0y 4 e2Ti20y 4 ... 4 (2TINOy)

_ 7(627@0 + 6271'2'29 R e27riN9),U

[62m'9 4 (62m'0>2 N (eQm‘G)N]U

1— (6271'1'6')N
1— 627ri«9

e

v—0as N — oco.
If a = v™, then
(uvmufl + u2vmu72 + u3vmu73 N qum,UmfN)

(I)N,u(vm) =

[627r7,'m0 + (627rim6)2 R (627rim9)N],Um
1— (627rim9)N

= N 1— e27rim0

= 2=z

™ = 0as N — oo.
If a = u™v™, then _
u(umvn)u* _ uerlvnu* _ um(uvnu*) _ (62mn0)umvn7
it follows that
Oy y(a) = 0as N — oo.
Definition 1.35. ®,(a) :=limy_00 P (a) € C*(u). Similarly, ®,(a) :=limy_ oo Pny(a) € C*(v). Then
1

O(a) = Py(a) o Dy(a) = Py(a) o Dy(a) = Mllifn—lwo G TDEN 1) Z v v "u ™.
’ Im|<M,|n|<N

It follows that ®(a) € C1 and we have ®(a) = 7(a)1l. Note that

1
lim Z uv"av”"u”™ = 7(a)l.
M,N—oo (2M +1)(2N + 1) il <A Tl <N

If p is a trace, then

. 1 m,n , —n, —m\ __ — —
pim M T DEN T 1) mm;nlwp(u v"av™"um™) = p(r(a)l) = p(r(a))p(1) = 7(a).

If the ideal J <1 Ay, a € J, then

_ : 1 m,n_,—n, —m __
@(a)—M}]{/H_lmo (2M+1)(2N+1)| <MZ|<Nu vav "™ = 7(a)l € J.

If 7(a) # 0, then J = Ay.
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Lemma 1.11. The trace 7 is said to be faithful if 7(aa*) 2 0 if a # 0.

Proof. Since 0, ,,(aa*) > 0, then

T(aa") = / O 21z (aa”) dz120 # 0.
T2

Then we can conclude that Ay is simple. O
Proposition 1.35. Kq(Ay) = Z2?, and K;(4y) = Z>.
Lemma 1.12. There is a projection P € Ay such that 7(P) = 6. It is so-called Rieffle projection.
HOoMEWORK: Find out f,g, h such that

P = fu)o* + g(u) + h(u)o,

where f : T = sp(u) — C, is (approximately) a projection, i.e., P? ~ P, P = P* and [ g = 6. Note that
vf(u)v* = f(e2™0u).

Proof. First show that P2 ~ P as follows, let P = g(u)v* + f(u) + vg(u) € Ay, where f,g € CT(T), and we
have vhv* = o(h) = hv* =v*o(h) = v*o~1(h) = h=1v*.

[g(u)v* + f(u) +vg(u)]* = go~(g)(v*)* + go ™ (fv* +g° + fgv* + 2 + fo(g)v + o (g*) + a(g)a(f)v + a(g)o®(g)v”
=gv" + f +vg.

Then we get following equations

g0~ (g) = 0,g0(g) ~ 0

go () +fg=yg

folg) +o(g)o(f) =o(g)

g +olg®) + 2= 1.

O

QUESTION: When will Ay = Ay ? If and only if § = 46'.
Lemma 1.13. There is a P € Ay such that 7(P) = 6.
Lemma 1.14. Ko(A4y) =2 Z2? = {[1],[P]), K1(Ay) = Z* = {([u],[v]).
Corollary 1.7. 7(Ky(Ag)) =ml+nfd CR,m,n € Z.
Proposition 1.36. If Ag = Ay, then Z+Z0 =Z+ 720" < 0=60"or0=1-10".
Proof. A1_g = {u,v:uv ="y} = {u,v:vu= e uv}. O

1.9 Pimsner-Voiculescu Six-term Exact Sequence

QUESTION: Given the C*-algebra A, we have a € Aut(A), how to calculate the following
K. (Ax,27Z).

SoLUTION. We should have the following exact sequence,

[ilo 1-[a]y

Ko(A) "8 ko) U koA % z) = Ky(A) "8 K (4) W KAz Ko(A).

Recall that A Xo Z = {a,u: a € A,u*u = uu* = 1,u*au = o(a)} = {_, anu™}. Suppose that [P] € Ky(A),
then [P] — [a(P)] = [P] — [u*Pu] = 0K(A x Z) (unitarily equivalent). O
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Proposition 1.37. Applying the above to the rotation algebra gives

Ap = C*{u,v : uwv = ¥ Ppu}
= C"{u,v : v'uw = 2™y}
= C*{C*(u),v : v'uw = ™0y}
= C*{C*(sp(u)),v : v uv = ™0y}
= C*{C*(T),v : v uv = ™y}
=C*"{A,v:v"av = o(a)} (translate the function )
= C(T) x4 Z.

Proposition 1.38. Let A = C(T) x, Z, then Ky(A) = Z. Let u € M,(C(T)) = C(T — M,). Hence
K1(A)=7Z. [a]p =1 and [a]; = 1. It follows that

257 5 Ky (AXZ) 7257 - Ki(AxZ) - Z.

Plus, we have

02— Ky(AXZ)—7Z—0,
02— Ki(AXZ)—7Z—0,
Ky(AXZ)2Za7Z,
Ki(AXZ)=2Z L.
Proposition 1.39. Consider 0 - K — E — A — 0, where K is a compact operator or £?(Z). Assume that

K < FE is essential, i.e., a € E,aK={0} (orka={0}) = a=0 = Va€ E,L,: K>5b—abe K,R, :
K>b—bae K. If (Lg,R,) =0, then a = 0.

Proposition 1.40. £~ B(H) — B(H)/K ~ AL E. n1,n2: A~ B(H)/K then

B(H)/K B(H)/K

mmM®%@=Ewmrmmm

} =BH®H)/K=B(H)/K.

Proposition 1.41. (1 + n2) = Then 11 ~ 72 : H3unitary u €
B(H)/K such that n; = u*nau.

Definition 1.36. Ext(A,K):={n: A— B(H)/K}/ ~.

{m 772] R [B(H)/K B(H)/K}

Definition 1.37. n € Ext(4,K),0 = K - E - A= 0 = Ko(K) = Ko(E) - Ko(4) —» Ki(A) —
Kl(E) — Kl(A) In‘é Ko(K) — Z — Ko(E) — Ko(A) — 0 — Kl(E) — Kl(A) — Z, where Ind :
Ext(A, K) — Hom(K;(A) — Z). If Ind(n) = 0, then we have 0 - Z — Ko(E) — K¢(A) - 0and 0 —» 0 —
Ki(F) = Ki(A) — 0. In general, we have 0 — Extz(K((A),Z) — Ext(A4, K) - Hom(K(4) = Z) — 0. It
is true for C(X) and C(X)®@ M,,. 1 0 = I — J — K — 0, if any two of I, J, K satisfy UCT, the third one
must satisfy UCT.

QUESTION: Amenability implies UCT. (see more at Amenable group)
Proposition 1.42. VF C A, Ve >0, 3¢ : A — M,,v : M, — A such that ||a — ¢Yp(a)|| < e,Va € F.
Proposition 1.43. T is a discrete group, if C*(T") is amenable, then T" is amenable.

Proposition 1.44. Any commutative von Neumann algebra (L>°(X)xT") is in L>°(X) and any commutative
C*-algebra (C(X) Xyeq ) is like C'(X). (Further reading: Tao’s blog: von Neumann algebra, paper 1, Jones’
paper, Wikipedia: Von Neumann algebra)

Proposition 1.45. (X,T') = (X',T") <= L>(X)xI' 2 L>®°(X’')xI" (orbit equivalence). (Further reading:
Farah’s paper: Turbulence, orbit equivalence, ..., Gaboriau: Orbit Equivalence and Measured Group Theory)
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Proposition 1.46. Suppose that o : S = 3 and ¢’ : §° — S5, then it is minimal and uniquely ergodic.
And we have C(S3) x,Z = C(5°) x,Z <= Ell() = Ell().(Further reading: Ergodicity, Dynamical System,
Morphism, Homeomorphism, Homomorphism, Isomorphism, Monomorphism, Epimorphism, Bimorphism,
Automorphism, Endormorphism, Meromorphic function, Holomorphic funciton, Homotopy, Isometry)

Definition 1.38. If C'(X) x Z is classifiable, do we have mdim (X, o) = 0 (min dimension)?
Definition 1.39. S: A - SA:=Co(R)® A =}f:R — A lim; ,o f(t) = 0} is a suspension. Then
SC = Co(R),
whose spectrum is R. And we have S(Cy(X)) = Co(R)®Cy(X) = Co(R x X).a For the short exact sequence,
0— C((0,1)) = Co((0,1]) = C =0,
we have
Ky (SC) = Ko(Cp(0,1]) = Ko(C) = K1(SC) = K1(Cp(0,1]) = K1(C) — K(SC).

Then it follows that
Ky(SC) =2 K;1(C), K1(SC) = Ky(C).

Therefore,
0—-Co(R)® A— Cp((0,1]) ® A - A — 0.

Hence, we have

Proposition 1.47.

—_~— —~

K.(C(T)) = K.(C(S") = K.(C(RU0)) = K.(Cy(R)) = K,(SC).

Then .
Ky(SC)=Ko(SC)»Z=2K,1(C)Z =Z.
And .
K1(SC) = K1(SC) 2 K(y(C) = Z.
Further,

—_~— —_~— —_~—

K.(C(S2)) = K, (Co(R2)) = K, (Co(R) ® Co(R)) = K,(SCy(R)) = K, (SSC).

It follows that o
Ko(SSC) 2 Ko(SSC) @ Z = Ko(C)®Z=27* =78 Z,

and

K1(SSC) = K,(SSC) = K,(C) = 0.
(Further reading: Tangent bundle)

Proposition 1.48.

Then v € M, (A), we have

Therefore, we can find that
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and ,
p:P e M,(A) -t ™ P+ (1, - P).

Suppose that 6 is isomorphism, then Ko(A) = K1(SA). Then we have

0T =T K0 = - Ky(I) = Ka(J) = Ko(K) ™ K1 (I) = K1(J) = K{(K) ™S Ko(I) = Ko(J) = Ko(K),

where Ky(K) = Ky(K).

2 Cuntz algebra

Definition 2.1. A C*-algebra A looks stably like a Cuntz-Krieger algebra if A is seperable, nuclear and
Oxo-absorbing, A has real rank zero and finitely many ideals, and every simple subquotient of A satisfies the
universal coefficient theorem and has a finitely generated, free K;-group of the same rank as its Ky-group. A
C*-algebra A looks like a Cuntz-Krieger algebra if it is unital and looks stably like a Cuntz-Krieger algebra.
That is,

O, = C™{v1,v2, ..., 0, 1 V]v; = 10107 + v20] + -+ - + 00 = 1},

and
* * * *\ /- .
Oco = C*{v1,v2, .., U, ... 1 0f v = Livgu] L wjuiVi # i}

Example 2.1. Let Oy = {v1,v2 : viv; = vive = 1,v10* + vav3 = 1}. Then consider Oy — Oy : a —
v1avy, a — veavy. Then

Moo = C*{Z(Unlvnz o 'vnk)(vmlvmz o Umk)*}'

Then O, can be generated by Mayeo.

O; = C*{Z(UMUM “+Un, ) (Vg Uy * U, )

Follows that 3F : O3 — Ma«. Hence, E(abc) = aE(b)c, where a,b € Ma~. E is called unital completely
positive map. Furthermore, Vz € T,0, : v1 — 2v1,v2 — zvs, where o, € Aut(O3), T ~ Aut(Os). Then
E(a) = [;0.(a)dz € Oy. We can conclude that Oy is also simple. (M~ @ K) %, Z 2= Oy @ K.

(Futher reading: Extensions of Cuntz-Krieger Algebras, completely positive map, tensor product, Ergodic
theory, partial isometry, Grothendieck group)

Proposition 2.1. The following is true,
Ki(Myx @ K) =2 K,(Ma=).

And we have

a
L
MQHMgzﬁmﬁMQoo,aH{ a]+—> {a ] =
a

Therefore, we have
K.(Ms) = K.(Ma2) = K.(Mas) = + -+ — K, (Ma).

Hence, when * = 0, we have
X2, x2  x2 .1

Z—>Z—>~-~—>Z[§}.

It follows that
G, ng g %Gn ¢n_J>rl <= lim(Gy).
Then,
Ko(A® B) 2 [Ko(A) ® Ko(B)] @ [K1(A) ® K1 (B)](torsion free).


ljin1@uwyo.edu
https://en.wikipedia.org/wiki/Cuntz_algebra
https://arxiv.org/pdf/1511.09463.pdf
https://en.wikipedia.org/wiki/Completely_positive_map
https://en.wikipedia.org/wiki/Tensor_product
https://en.wikipedia.org/wiki/Ergodic_theory
https://en.wikipedia.org/wiki/Ergodic_theory
https://en.wikipedia.org/wiki/Partial_isometry#C*-Algebras
https://en.wikipedia.org/wiki/Grothendieck_group

Libao Jin (1jinl@uwyo.edu) MATH 5290 - Operator Algebras & K-Theory Lecture Notes 1 19

Definition 2.2. [0]o : Z[1] = Z[}] = {%,m,n € Z}. P-V six-term exact sequence,

[sigmalo

1—[o]o 1—
Ko(Ma) 5 [ (Mo ) = Ky (Mo ) %™ K (M) = K1 (Os) — Ko(Maw).

Then
1-[o]o 1—[sigmalo

Ko(Mas) =" Ko(Mas) = Ky (M) = 0—0— Ko(Mas).

(Further reading: Approximately finite-dimensional C*-algebra, AF-algebra, Supernatural number, Torsion
group)

Proposition 2.2. For a graph with only one vertex and an edge {p,v : vv* = p,v*v = p} = {v : v*v =

vo* =1} = C(T).
Definition 2.3. 7 : A — B(H) is irreducible if the only (closed) invariant subspace of H are {0} and {H}.
Theorem 2.1 (Schur). 7 is irreducible if and only if
[r(A)]" = C1,
where 7(A) = {C € B(H),[C,7(a)] =0,Va € A}.

Proposition 2.3. Let 7 : A — B(H) be irreducible, consider

then

In other words, 7 : £ — €%

Proposition 2.4. Now let’s look at a points with two vertices and two edges,

C*{Pl,PQ : P1 + P2 = 1,’[}11}1< = Pg,?}ik’ul = P17’U21};< = Pl,U;UQ = PQ}

- 1 ~ 0 - 0 - W0
L O R M
1. Find central element c of A.
2. Let w: A — B(H) be irreducible, consider m(c) = C1.
3.

(Further reading: Group action, Group action (UConn), Group actions (Brilliant), Irreducible representation,
Partial isometries, Partial isometry (Wikipedia))

Proposition 2.5. Assume that A is a unital C*-algebra. Let Vj(A) be the semigroup of the isomorphism
classes of f, g projection module, which is the direct summand of A@ - ® A = y(A"™). Then the Ky(A) is
an enveloping group of Vy(A), [p] — [¢]/ ~.

Definition 2.4. Consider B(H),

e || - || uniform convergence topolgy, i.e., a, — a <= Ve3dN such that ||a,(§) — a(§)|| < &,V€ €
B(H), [l = 1,¥n > N.

 Pointwise convergence: a,, — a pointwisely, i.e., V&, a,(£) = a(€) in || -||, that is, (a,(§) —a(&), an(§) —
a(§)) — 0. Equivalently, V&(an(€),m) — (a(§),m), Vn.

Definition 2.5. y C B(H) is a von Neumann algebra if p is closed under either strong operator topology
or the weak operator topology.
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Example 2.2. T € B(H),T =T* = T*T, and the spectral projection
T / NE().
sp(T)

C*(T,1) ={) _ enT"} = C(sp(T)).

Then

Thus,
oN(T) = L (sp(T).

Theorem 2.2. 1 € yn C B(H), then i is von Neumann algebra. Then
m=p" =)

Proposition 2.6. Let T' be a discrete group, £*(T) = {f : T — C,3_ p|f()]? < oo}, Let m : T —
B(¢*(T)) be the left shifting, i.e., v+ (v = £(r')) = (" — £(7'7)).

R(T) = ()", L(T) == m(T')" = R(I')' = L(I)".

Further, L(T') has a faithful trace, a — (a&.,&.).
Theorem 2.3. If T is an ICC group, then L(T") is a II;-factor.
Definition 2.6. p is a factor if u Ny’ = Cl1.
Proposition 2.7. If p is a factor, then

1. u= B(H).

2. p has a faithful trace, it is II; if the trace is bounded, 11, if the trace is unboudned.
Example 2.3. F,,n > 2, and S = J,, Sn-
Theorem 2.4. L(So)L(F,),Vn > N.

OPEN PROBLEM: L(F,) = L(F,,),m # n?
(Further reading: Faithful representation, Abelian von Neumann algebra, Infinite conjugacy class property,
A gentle introduction to von neumann algebras for model theorists)
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