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1 Combinatorial Analysis

1.1 The Basic Principle of Counting

Theorem 1.1 (The basic principle of counting). Suppose that two experiments are to be performed. Then
if experiment 1 can result in any one of m possible outcomes and if, for each outcome of experiment 1,
there are n possible outcomes of experiment 2, then together there are mn possible outcomes of the two
experiments.

Example 1.1 (Example 2a). A small community consists of 10 women, each of whom has 3 children. If one
woman and one of her children are to be chosen as mother and child of the year, how many different choices
are possible.

SOLUTION. From the basic principle that there are 10 x 3 = 30 possible choices. O

Theorem 1.2 (The generalized basic principle of counting). If r experiments that are to be performed are
such that the first one may result in any of n, possible outcomes; and if, for each of these ny possible outcomes,
there are nsy possible outcomes of the second experiments; and if, for each of the first two experiments, there
are ng possible outcomes of the third experiment; and if ..., then there is a total of nq - ny - --n, possible
outcomes of the r experiments.

Example 1.2 (Example 2¢). How many different 7-place license plates are possible if the first 3 places are
to be occupied by letters and the final 4 by numbers if repetition among letters or numbers were prohibited?

SOLUTION. By the generalized version of the basic principle, there would be 26-25-24-10-9-8-7 = 78,624, 000
possible license plates. O

1.2 Permutations

Theorem 1.3 (Permutations). Suppose that we have n objects, by the basic principle of counting, there
are n(n —1)(n —2)---3-2-1 = n! different permutations of the n objects.

Theorem 1.4 (Permutations among some indistinguishable objects). Suppose that there are n objects, of
which n; are alike, no are alike, ..., n, are alike, then there are

n!
nl!ng! . nr'

different permutations.
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1.3 Combinations

Theorem 1.5 (Combinations). Suppose that there are n objects, then the number of different groups of r

objects is
nn—1)n-2)---(n—r+1) n!

r! (n—=r)lrl’

where n(n —1)(n—2)--- (n—r+1) represents the number of different ways that a group of r items could be
selected from n items when the order of selection is relevant, and as each group of r items will be counted
r! times in this count.

Definition 1.1 (n choose k). We define (:), for r < n, by

(7) = o

and say (7;) represents the number of possible combinations of n objects taken r at a time.

Theorem 1.6 (Combinatorial identity).

()-()+ 05

= + .

r r r—1

Proof. Consider a group of n objects, and fix attention on some particular one of there objects — call it object

-1 . . . . . .
1. Now, there are Z_ 1) groups of size r that contain object 1 (since each group is formed by selecting

r — 1 from the remaining n — 1 objects). Also, there are (n ) groups of size r that do not contain object
1. As there is a total of (Z) group of size r. O

Theorem 1.7 (The binomial theorem).

(z+y)" = zn: <Z) akynk,

k=0

HINT: Proof by induction.

1.4 Multinomial Coefficients

Theorem 1.8 (Multinomial). A set of n distinct items is to be divided into r distinct groups of respective

T
sizes m1,na,...,n,, where > n; = n. There are

i=1

n n—ni n—my—--"Np_1

n N2 Ty
B n! (n—mnq)! (n—m1—ng—+-+—ny_q)!
 (n=n1)!n! (n —n1 — ng)ng (n—mn1 —mng--—n;)n,!

n!

nilng! - nl’

T
Definition 1.2 (Multinomial notation). If Y n; = n, we define ( " ) by
i=1 ny,na,...,Ny

n n!
Ny,Ng, ..., Ny nilng! - n,!
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ny,na,...,N
of respective sizes ny,no, ..., n,.

Thus, ( " ) represents the number of possible divisions of n distinct objects into r distinct groups
k) T

Theorem 1.9 (The multinomial theorem).

e n: n ni n2... Ny
(.%'1+.1'2+ +.TT) Z (nl,ng,...,nr> T1 T Tr
(n1,.ccsnp)ing+-+n,.=n

That is, the sum is over all nonnegative integer-valued vectors (n1,ns, . .., n,) such that n; +no+---+n, = n.

s =1\ ;. . e e
Proposition 1.1. There are <::L B 1) distinct positive integer-valued vectors (x1,xa, ..., x,) satisfying the
equation

r1+xo+--F+ax.=n x;>0,i=1,...,r.

s n+r—1\ ,. . . .

Proposition 1.2. There are 1 distinct nonnegative integer-valued vectors (x1,xo, ..., x,) satis-

fying the equation
T+ a2+ +xp =n.

2 Axioms of Probability

2.1 Sample Space and Events

Definition 2.1 (Sample space and events). The set of all possible outcomes of an experiment is known as
the sample space of the experiment and is denoted by S. Any subset F of the sample space is known as an
event. In other words, an event is a set consisting of possible outcomes of the experiment.

Definition 2.2 (Union and intersection). The event consists of all outcomes that are either in E or in F or
in both F and F' is called the union of the event E and F', denoted by F U F. Similarly, for any two events
E and F, the event consists of all outcomes that are both in E and F' is called the intersection of E and F,
denoted by EN F or EF. If EF does not contain any outcomes, it is called the null event, denoted by 0,
then E and F are said to be mutually exclusive.

Definition 2.3 (Generalized union and intersection). If Ey, FEs, ... are events, then the union of these events,

[oe]
denoted by |J E,, is defined to be that event which consists of all outcomes that are in E,, for at least one
n=1

oo

value of n = 1,2,.... Similarly, the intersection of the events E,,, denoted by ()] E,, is defined to be the
n=1

event consisting of those outcomes which are in all of the events E,,,n =1,2,3,....

Definition 2.4 (Complement, subset and superset). For any event E, we define the new event EB, referred
to as the complement of E, to consist of all outcomes in the sample space S that are not in E. That is, EC
will occur if and only if E does not occur. For any two events E and F, if all of the outcomes in E are also
in F, then we say E is contained in F, or F is a subset of F, and write F C F (or equivalently, F D E,
which we sometimes say as F' is a superset of E). If E C F and F C F, then E and F are equal and write
E=F.

Theorem 2.1 (Laws).

(1) Commutative laws: EUF =FUE, EF = FE.

(2) Associative laws: (EUF)UG =EU(FUG), (EF)G = F(EG).

(3) Distributive laws: (EUF)G = EGUFG, (EF)UG = (FEUG)N(FUQG).
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Theorem 2.2 (DeMorgan’s laws).

=1 i=1
n C n
i=1 =1

2.2 Axioms of Probability

Theorem 2.3 (Axioms of probability). Consider an experiment whose sample space is S. For each event
E of the sample space S, we assume that a number P(F) is defined and satisfies the following axioms:

(1) 0< P(E) < 1.

(2) P(S)=1.
(3) For any sequence of mutually exclusive events E1, Es, ... (that is, events for which E;E; = () when ¢ # j),
P (U E) =" P(E).
i=1 i=1

We refer to P(E) as the probability of the event E.

2.3 Some Simple Propositions
Proposition 2.1.
P(EY =1- P(E).
Proposition 2.2. If F C F, then P(E) < P(F).
Proposition 2.3.
P(EUF)=P(E)+ P(F)— P(EF).
Proposition 2.4.

P(E\UE,U---UE,)= Y P(E;)— Y P(E,E;,)+-
i=1 i1 <12
+(=)™* Y P(E,Ei,---Ei)+--
11 <t <-<ip
+ (=1)""'P(E\E;y--- E,)

n

=> (-1t 3" P(E,---E,).
r=1 i< <y
2.4 Sample Spaces Having Equally Likely Outcomes

Definition 2.5 (Probability of equally likely events). Consider an experiment whose sample space S is a
finite set, say, S = {1,2,..., N}, assume that all outcomes in the sample space are equally like to occur, i.e.,

P({1}) = P({2}) =--- = P({N}),
which implies that
1
P{i}) = N’i =12,...,N.
Then for any event E, we have

P(E) = number of outcomes in F

number of outcomes in S
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2.5 Probability As a Continuous Set Function

Definition 2.6 (Increasing/decreasing sequence). A sequence events {E,,n > 1} is said to be an increasing
sequence if
E1 CEQ C En CEn+l C-eey

whereas it is said to be a decreasing sequence if
EyDFE;,D---E,DE 41D
Definition 2.7. It {E,,,n > 1} is an increasing sequence of events, then we define a new event, denoted by

lim E,, by
n— o0

oo
Jim Bn = U B
i=1
Similarly, if {F,,,n > 1} is a decreasing sequence of events, we define lim E, by
n—oo
o0
lim B, =) Ei.
i=1
Proposition 2.5. If {E,,,n > 1} is either an increasing or a decreasing sequence of events, then
lim P(E,) = P(lim E,).
n—oo

n—oo

3 Conditional Probability and Independence

3.1 Conditional Probabilities
Definition 3.1 (i). For two events E and F', if P(F') > 0, then

P(E|F) = ];(g).

Theorem 3.1 (The multiplication rule).
P(E1EyE3 -+ Ey) = P(E1)P(Eq|Eq) P(E3|E1Ep) -+ P(Ey|Eqy - -+ Ey1).
Theorem 3.2 (Bayes’s formula).
P(E) = P(EF) + P(EF®)
= P(E|F)P(F) + P(E|F®)P(F")
P(E|F)P(F) + P(E|F%)(1 - P(F)).
Definition 3.2. The odds of an event A are defined by
P(A) P4
P(AC)  1—P(A4)

That is, the odds of an event A tell how much more likely it is that the event A occurs than it is that it does
not occur.

Theorem 3.3. Consider a hypothesis H that is true with probability P(H), and suppose that new evidence
FE is introduced. Then the conditional probabilities, given the evidence F, that H is true and that H is not
true are respectively given by

P(E|H)P(H)
PE)
Therefore, the new odds after the evidence E has been introduced are
P(H|E)  P(H) P(E|H)
P(HY|E)  P(H®) P(E|HY)’

P(E|H®)P(H)

PHYE) = 26

P(H|E) =
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Proposition 3.1.
P(EFj;) P(E|F;)P(F;)
P(lj|E) = J . !

FE) S peip)pR)

3.2 Independent Events

Definition 3.3. Two events F and F' are said to be independent if P(EF) = P(E)P(F) holds.
Two events E and F' that are not independent are said to be dependent.

Proposition 3.2. If £ and F are independent, then so are E and FC.

Definition 3.4. Three events E, F, and G are said to be independent if

P(EFG) = P(E)P(F)P(G).
P(EF) = P(E)P(F).
P(EG) = P(E)P(G).
P(FG) = P(F)P(G).

Remark 3.1.

(a) Whereas the preceding argument established a condition on n and k that guarantees the existence of
a coloring scheme satisfying the desired property, it gives no information about how to obtain such a
scheme (although one possibility would be simply to choose the colors at random, check to see if the

resulting coloring satisfies the property, and repeat the procedure until it does).

(b) The method of introducing probability into a problem whose statement is purely deterministic has been
called the probabilistic method. Other examples of this method are given in Theoretical exercise and

examples.
Proposition 3.3.
(a) 0 < P(EIF) < 1.
(b) P(S|F)=1.

(¢) If E;,i=1,2,..., are mutually exclusive events, then
P (U E1-|F> = P(Ei|F).
1 1

4 Random Variables

4.1 Random Variables

Definition 4.1. The quantities of interest, or, more formally, the real-valued functions defined on the sample

space, are known as random variables.

4.2 Discrete Random Variables

Definition 4.2. A random variable that take can take on at most a countable number of possible value is
said to be discrete. For a discrete random variable X, we define the probability mass function p(a) of X by
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The probability mass function p(a) is positive for at most a countable number of values of a. That is, if X
must assume one of the values x1, o, ..., then

p(z;) >0 fori=1,2,...
p(z) =0 for all other values of x.

Since X must take on one of the values x;, we have
(oo}
> plxi) =1
i=1

4.3 Expected Value

Definition 4.3. If X is a discrete random variable having a probability mass function p(z), then the
expectation, or the expected value, of X, denoted by E[X], is defined by

E[X] = Z xp(x).
z:p(2)>0

In words, the expected value of X is a weighted average of the possible values that X can take on, each value
being weighted by the probability that X assumes it.

4.4 Expectation of a Function of a Random Variable

Proposition 4.1. If X is a discrete random variable that takes on one of the values x;,7 > 1, with respective
probabilities p(x;), then, for any real-valued function g,

Elg(z)] = Z g(wi)p(w;).

If @ and b are constants, then
ElaX +b] = aE[X] +b.

4.5 Variance

Definition 4.4. If X is a random variable with mean g, then the variance of X, denoted by Var(X) is
defined by
Var(X) = E[(X — p)?] = B[X?] - (B[X])*.

Proposition 4.2. For any constants a and b,

Var(aX + b) = a? Var(X).

4.6 The Bernoulli and Binomial Random Variables

Definition 4.5. Suppose that a trial, or an experiment, whose outcome can be classified as either a success
or a failure is performed. If we let X = 1 when the outcome is a success and X = 0 when it is a failure, then
the probability mass function of X is given by

p(0)=P{X =0} =1-—p,
p(l) = P{X =1} =p,
where p,0 < p < 1, is the probability that the trial is a success.

Definition 4.6. A random variable X is said to be a Bernoulli random variable (after the Swiss mathe-
matician James Bernoulli) if its probability mass function is given by the above equation for some p € (0, 1).
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Definition 4.7. Suppose that n independent trials, each of which results in a success with probability p
and in a failure with probability 1 — p, are to be performed. If X represents the number of successes that
occur in the n trials, then X is said to be a binomial random variable with parameters (n,p). Thus, a
Bernoulli random variable is just a binomial random variable with parameters (1,p). And the probability
mass function of a binomial random variable having parameters (n,p) is given by

p(i) = (”) p(1—p)" ' i=0,1,...,n

7

4.6.1 Properties of Binomial Random Variables

Proposition 4.3.

1=1
" (n—1 _ ) (i
_anZk 1(1]-) i 1(1_p)(n 1)—(i—1)
i=1
n—1 n 1 )
—npy (i+ 1) ( )pl(l —p)n Y
1=0

=npE[(Y +1)*71],
where Y is binomial random variable with parameters n — 1, p.
Proposition 4.5. Setting k£ = 1 in the preceding equation yields
E[X] = np.

That is, the expected number of success that occur in n independent trials when each is a success with
probability p is equal to np. Then let k = 2, we have

EIX?] = npE[Y +1] = np[(n — 1)p + 1].
It follows that
Var(X) = E[X?] — (E[X])* = np[(n — Dp+ 1] — (np)* — np(1 — p).

Proposition 4.6. If X is a binomial random variable with parameters (n,p), where 0 < p < 1, then as
k goes from 0 to n, P(X = k) first increases monotonically and then decreases monotonically, reaching its
largest value when k is the largest integer less than or equal to (n + 1)p.

4.6.2 Computing the Binomial Distribution Function

Definition 4.8. Suppose that X is binomial with parameters (n,p). The key to computing its distribution

function .
7

P{X<i}=)_ (Z) PPL—p Tk i=0,1,...,n,

k=0

is to utilize the following relationship between P{X = k + 1} and P{X = k}, where
p n—=k

P{X = 1} = —— P{X =k}.

(X=ktly =g g P =#
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4.7 The Poisson Random Variable

Definition 4.9. A random variable X that takes on one of the values 0,1,2,... is said to be a Poisson
random variable with parameter \ if, for some A >,

)\i
p(Z)IP{X:Z}:e_Aﬁ7 220’172’.7 (2)

Equation (2) defines a probability mass function, since

Zp(z) = Z T e et =1
i=0 i=0

Proposition 4.7. The Poisson random variable may be used as an approximation for a binomial random
variable with parameters (n,p) when n is large and p is small enough so that np is of moderate size. To see
this, suppose that X is a binomial random variable with parameters (n,p), and let A = np. Then

P{X =i}= (7) pi(1—p)ni

n!

~ g P

S Y -

n(n—l)(N—2)_--~(n—i+1) A\ (1_)\>ni

n’ 0!
nn—1)mn-2)---(n—i+1) N (1-\n"
nt i (1—=A/n)é"

Given that n is large enough and p is small enough to make np moderate, then we have the following

<1>\>”ze/\’ n(n—D(n-2)-(n—itl) .1 (1)\)1'%1'

n n' n
It follows that )
)\Z
P{X =i} = e
7!

In other words, if n independent trials, each of which results in a success with probability p, are performed,
then when n is large and p is small enough to make np moderate, the number of success occurring is
approximately a Poisson random variable with parameter A = np. This value A will usually be determined
empirically.

Example 4.1. Some examples of random variables that generally obey the Poisson probability law are as
follows:

(a) The number of misprints on a page (or a group of pages) of a book.

The number of people in a community who survive to age 100.

The number of wrong telephone numbers that are dialed in a day.

The number of packages of dog biscuits sold in a particular store each day.

)
)
)
(e) The number of customers entering a post office on a given day.
) The number of vacancies occurring during a year in the federal judicial system.
)

The number of a-particles discharged in a fixed period of time from some radioactive material.
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Proposition 4.8. The expected value and the variance of a Poisson random variable.

L ie AN
EX]=Y" -

1!
i=0

To determine its variance, we first compute E[X?]:

R R
Ex?=3""% A

7!
i=0

_ i ) e_)‘)\z
7/\)\z 1

ie
- )\Z (i—1)!
(i—1+1e ANt
(i —1)!
(i +1)e M\

il

z; ) _?\)\l + Z 6_)t)\l>

1=0

|>\/
'M81

«
Il
-

I
F%g

s
Il
=]

= A\ +1).
It follows that
Var(X) = E[X?] — (E[X])2 = A\ +1) = 2 =\

Definition 4.10 (Poisson Paradigm). Consider n events, with p; equal to the probability that event i occurs,
i=1,...,n. If all the p; are “small” and the trials are either independent or at most "weakly dependent”,
then the number of these events that occur approximately has a Poisson distribution with mean Z?Zl Di-
4.7.1 Computing the Poisson Distribution Function

Definition 4.11. If X is Poisson with parameter A, then

P{X=i+1} X/ +1)! A 5
P{X =i} e N/l i+l 3)

Then starting with P{X = 0} = e~*, we can use (3) to compute successively
P{X =1} = A\P{X =0},

P{X =2} = %P{X =1},
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P{X =i+1}= H%P{X =i}.

4.8 Other Discrete Probability Distributions
4.8.1 The Geometric Random Variable

Definition 4.12. Suppose that independent trials, each having a probability p, 0 < p < 1, of being a
success, are performed until a success occurs. If we let X equal the number of trials required, then

P{X=n}=0-p)" 'pn=12,.... (4)

Equation (4) follows, in order for X to equal n, it is necessary and sufficient that the first n — 1 trials are
failures and the nth trial is a success. Equation (4) then follows, since the outcomes of the successive trials
are assumed to be independent. Since

[e’e) e’ el p B
;P{X:n}:p;(lfp) Lmq.

It follows that, with probability 1, a success will eventually occur. Any random variable X whose probability
mass function is given by (4) is said to be geometric random variable with parameter p.

4.8.2 The Negative Binomial Random Variable

Definition 4.13. Suppose that independent trials, each having probability p, 0 < p < 1, of being a success
are performed until a total of r successes is accumulated. If we let X equal the number of trials required,

then
P{X:n}:(?_i)pr(l—p)"T,n:r,r+1,.... (5)

Equation (5) follows because, in order for the rth success to occur at the nth trial, there must be r — 1
successes in the first n — 1 trials and the nth trial must be a success. The probability of the first event is

(=)

and the probability of the second is p; thus, by independence, Equation (5) is established. To verify that a
total of r successes must eventually be accumulated, either we can prove analytically that

S (=

n=r

> P{X =n}=

Any random variable X whose probability mass function is given by (??) is said to be a negative binomial
random variable with parameter (r,p). Note that a geometric random variable is just a negative binomial
with parameter (1,p).

4.8.3 The Hypergeometric Random Variable

Definition 4.14. Suppose that a sample of size n is to be chosen randomly (without replacement) from an
urn containing N balls, of which m are white and N —m are black. If we let X denote the number of white

balls selected, then
() (=)
1 n—1i
P{IX=i}=—-L—>—2i=0,1,.
x=4 L
n

A random variable X whose probability mass function is given by Equation (6) for some values of n, N, m
is said to be a hypergeometric random variable.

.n (6)
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Remark 4.1. Although we have written the hypergeometric probability mass function with 4 going from 0
to n, P{X = i} will actually be 0, unless 7 satisfies the inequalities n — (N —m) < ¢ < min(n, m). However,
r

3 is equal to 0 when either £ < 0 or r < k.

(6) is always valid because of our convention that (

4.8.4 The Zeta (or Zipf) Distribution
Definition 4.15. A random variable is said to have a zeta (sometimes called the Zipf) distribution if its

probability mass function is given by

P{X =k} = k=1,2

g Ly ooy

ka+1’

for some value of @ > 0. Since the sum of the foregoing probabilities must equal 1, it follows that

-[£07

The zeta distribution owes its name to the fact that the function

C(5)=1+<;>S+<;)s+--.+(i>s+...

is known in mathematical discipline as the Riemann zeta function (after German mathematician G.F.B.
Riemann). The zeta distribution was used by the Italian economist V. Pareto to describe the distribution of
family incomes in a given country. However, it was G.K. Zipf who applied zeta distribution to a wide variety
of problems in different areas and, in doing so, popularized its use.

4.9 Expected Value of Sums of Random Variables

Proposition 4.9. For a random variable X, let X (s) denote the value of X when s € S is the outcome of
the experiment. Now, if X and Y are both random variables, then so is their sum. That is, Z = X + Y is
also a random variable. Moreover, Z(s) = X(s) + Y (s).

Proposition 4.10.

For random variables X, X5, ..., X,,

4.10 Properties of the Cumulative Distribution Function

Definition 4.16. Recall that, for the distribution function F' of X, F'(b) denotes the probability that the
random variable X takes on a value that is less than or equal to b. Following are some properties of the
cumulative distribution function (c.d.f.) F:

1. F is a non-descending function; that is, if a < b, then F(a) < F'(b).
2. limp_yo0 F(b) = 1.
3. limp, oo F'(b) = 0.

4. F is right continuous. That is, for any b and any decreasing sequence b,,n > 1, that converges to b,
lim,, o F(bn) = F(b).
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5 Continuous Random Variables

5.1 Introduction

Definition 5.1 (Continuous random variables). X is said to be a continuous random variable if there exists
a nonnegative function f, defined for all real € (—o0,o0), having the property that, for any set B of real
numbers,

P{XEB}:/Bf(z)do:,

where the function f is called the probability density function of the random variable X. Note: the probability
that a continuous random variable will assume any fixed value is zero. Hence, for a continuous random
variable,

P{X<a}:P{X§a}:F(a):/_a f(z)dx.

Proposition 5.1. The relationship between the cumulative distribution F and the probability density f is
expressed by

F(a) = P{X € (—0,a]} = / f(x)dx.
Differentiating both sides of the preceding equation yields

d
- Fla) = f(a).

That is, the density is the derivative of the cumulative distribution function. A somewhat more intuitive
interpretation of the density function maybe obtained from the following equation

P{angb}z/bf(x)dm.

as follows
€

P{a—%§X§a+§}=/a f(z)dx ~ ef(x),

when ¢ is small and when f(-) is continuous at © = a. In other words, the probability that X will be
contained in an interval of length e around the point a is approximately ¢ f(a). From this result we see that
f(a) is a measure of how likely it is that the random variable will be near a.

5.2 Expectation and Variance of Continuous Random Variables

Definition 5.2. If X is a continuous random variable having probability density function f(x), then, because
f(z)de = P{z < X < x4+ dz} for dz small,

it is easy to see that the analogous definition is to define the expected value of X by
E[X]:/ xf(x)dz.

Proposition 5.2. If X is a continuous random variable with probability density function f(z), then, for
any real-valued function g,

EMXH:/ o) (z) d.

— 00

Lemma 5.1. For a nonnegative random variable Y,

E[Y] = /Ooo P{Y > y}dy.
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If @ and b are constants, then
ElaX +b] = aE[z] + ).

Definition 5.3. If X is a random variable with expected value p, then the variance of X is defined (for any
type of random variable) by

Var(X) = E[(X — u)?] = E[X?] - (E[X))".

5.3 The Uniform Random Variable
Definition 5.4. A random variable is said to be uniformly distributed over the interval (0, 1) if its probability
density function is given by

f(x):{1 0<z<l,

0 otherwise.

In general, X is said to be a uniform random variable on the interval («, 3) if the probability density function
of X is given by
1

0 otherwise.

it follows from the preceding equation that the distribution function of a uniform random variable on the
interval (a, ) is given by

0 a < a,
Fa) =4 §=% a<a<p,
1 a>p.

5.4 Normal Random Variables

Definition 5.5. X is said to be a normal random variable or simply that X is normally distributed, with
parameters u and o2 if the density of X is given by

1
f(z) = Te_(””—“)2/2‘727 —00 < x < 00.
o

This density function is a bell-shaped curve that is symmetric about u.

Proposition 5.3. If X is normally distributed with parameters p and o2, then Y = aX + b is normally
distributed with parameters ay + b and a’c2.

Proposition 5.4. If X is normally distributed with parameters p and o2, then Z = (X — ) /o is normally
distributed with parameters 0 and 1, which is said to be a standard, or a unit, normal random variable.

Proposition 5.5. If X is a normal random variable with parameters ;1 and o2, then
E[X]=pu, Var(X)=o>

Definition 5.6. It is customary to denote the cumulative distribution function of a standard normal random

variable by ®(z). That is,
1 ¢ 2
@ €Tr) = —— e_y /2d .
(@)= 7 /_ _ y

Proposition 5.6. By the symmetry, we have

That is,
P{Z < —z}=P{Z>z}, —-oco<zx<o0.
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Since Z = (X — u)/o is a standard normal random variable whenever X is normally distributed with
parameters u an o2, it follows that the distribution function of X can be expressed as

FX(a):P{Xga}:P<X;“§“_“>:cb(“_“>.

g g

5.4.1 The Normal Approximation to the Binomial Distribution

Theorem 5.1 (The DeMoivre-Laplace limit theorem). If S,, denotes the number of successes that occur
when n independent trials, each resulting in a success with probability p, are performed, then, for any a < b,

P{a< S’n—np<b} — ®(b) — ®(a) as n — oo.
np(1 —p)
5.5 Exponential Random Variables

Definition 5.7. A continuous random variable whose probability density function is given, for some A\ > 0,
by

fz) =

Ae ™ if ¢ >0,
0 if z <0.

is said to be an exponential random variable (or, more simply, is said to be exponentially distributed) with
parameter A. The cumulative distribution function F(a) of an exponential random variable is given by

F(a) = P{X < a} :/ e Mdr=1—e2, a>0.
0
Proposition 5.7. Let X be an exponential random variable with parameter A. Then

E[X"] = /Oo 2" f(x) dv

— 00

= / z"Ne M dz
0

—I—/ e Mz ldx
0

o0

= 2/ "N dx

A Jo

_ ﬁ n—1
= ZB[x"].

Let n =1 and n = 2, follows that E[X] = 1/)\ and E[X?] = 2/)\%. Then

Var(X) = E[X?] — (E[X])? = 1/)\2.
Definition 5.8. A nonnegative random variable X is said to be memoryless if
P{X >s+t|X >t} = P{X > s},Vs,t > 0.

It turns out that the not long is the exponential distribution memoryless, but it is also the unique distribution
possessing this property.

Definition 5.9. A variation of the exponential distribution is the distribution of a random variable that is
equally likely to be either positive or negative and whose absolute value is exponentially distributed with
parameter A\, A > 0. Such a random variable is said to have a Laplace distribution, and its density is given
by

1
f(z) = 5)\6_>‘|‘T‘, —00 < T < 00.
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Its distribution function is given by

Flay = 12 oo 2 e r<0, [l z<o,
%ffoo AN dr + 5 [ Ae M dr x>0, 1—3e ™ z>0.

5.5.1 Hazard Rate Functions

Definition 5.10. Consider a positive continuous random variable X that we interpret as being the lifetime
of some item. Let X have distribution function F and density f. The hazard rate (sometimes called the
failure rate) function A(t) of F' is defined by

At) = 1];((?)’ where F =1 F.

To interpret A(t), suppose that the item has survived for a time ¢ and we desire the probability that it will
not survive for an additional time dt. That is, consider P{X € (¢,t + dt)|X > t}. Now,

P{X € (t,t+dt), X >t}
P{X >t}

 P{X e (t,t+dt)}

T P{X >t}

f(®)

~ —=dt.
F(t)

P{X € (t,t+dt)|X >t} =

Thus, A(t) represents the conditional probability intensity that a t-unit-old item will fail. Suppose now that
the lifetime distribution is exponential. Then, by the memoryless property, it follows that the distribution
of remaining life for a t-year-old item is the same as that for a new item. Hence A(t) should be constant. In
fact, this checks out, since

t A — At
A = SO Ay
F(t) e
Thus, the failure rate function for the exponential distribution is constant. The parameter A is often referred
to as the rate of the distribution. It turns out that the failure rate function A(¢) uniquely determines the

distribution F. To prove this, note that, by definition,

dF(t)/dt
C1-F(t)°

()

Integrating both sides yields

log(lF(t))—/Ot)\(T)dTJrk — 1F(t)—ekexp{/0t)\(7')d7'}.

Letting t = 0 shows that & = 0; thus,
t
F(t)=1—exp {—/ A(T) dT} .
0

Hence, a distribution function of a positive continuous random variable has a linear hazard rate function —
that is, if
A(t) = a+ bt,

then its distribution function is given by
Ft)=1- e—at—bt2/27
and differentiation yields its density, namely,
F(t) = (a+bt)e~@H07/2) ¢ > ¢

When a = 0, the preceding equation is known as the Rayleigh density function.
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5.6 Other Continuous Distributions
5.6.1 The Gamma Distribution

Definition 5.11. A random variable is said to be a gamma distribution with parameter (a, A), A > 0, > 0,
if its distribution function is given by

)\efkw()\:c)afl
fy = T T
0 x <0,

where T'(a), called the gamma function, is defined as

o
F(a)z/ e Yy ldy.
0

Integration of I'(«) by parts yields
INa) = feyyo‘fl‘ +/ e Y(a—1)y* 2dy
0 0

=(a— 1)/ e vy 2 dy

=(a—1I'(a—-1).

Since I'(1) = fooo e *dzx =1, it follows that, for integral values of n,

L(n)=(n—1).

When « is a positive integer, say, & = n, the gamma distribution with parameters (a, A) often arises, in
practice as the distribution of the amount of time one has to wait unitl a toal of n events has occurred. More
specifically, if events are occurring randomly and in accordance with the three axioms, then it turns out that
the amount of time one has to wait until a total of n events has occurred will be a gamma random variable
with parameters (n, A). To prove this, let T,, denote the time at which the nth event occurs, and note that
T, is less than or equal to t if and only if the number of events that have occurred by time ¢t is at least n.
That is, with N(¢) equal to the number of events in [0, ],

> ) 2 e M)
P{T, <t} = P{N(t) > n} = Y P{N(t) = j} = Z i

j=n

where the final identity follows because the number of events in [0, t] has a Poisson distribution with parameter
At. Differentiation of the preceding now yields the density function T),:

= e MDA SN AT M) AT I Ae M (AT dem M (M)
R/ BEiaD Dhy vy el Dl ey (s VR

j=n j=n

Hence, T), has the gamma distribution with parameters (n, \). (This distribution is often referred to in the
literature as the n-Erlang distribution.) Note that when n = 1, this distribution reduces to the exponential
distribution. The gamma distribution with A = 1/2 and a = n/2, n a positive integer, is called the x2
(chi-squared) distribution with n degrees of freedom. The chi-squared distribution often arises in practice
as the distribution of the error involved in attempting to hit a target in n-dimensional space when each
coordinate error is normally distributed.

5.6.2 The Weibull Distribution

Definition 5.12. A random variable whose cumulative distribution function is given by

0 z <,
Fla) = {1 fexp{f (u)ﬁ} T >,

(03


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edu) MATH 5255 - Math Theory of Probability Lecture Notes 1 18

is said to be a Weibull random variable with parameters v, « and . Differentiation yields the density:

f@) =4 T
€Tr) =

2=zt e {= (=0)"} @
The Weibull distribution is widely used in engineering practice due to its versatility. It was originally
proposed for the interpretation of fatigue data, but now its use has been extended to many other engineering
problems. In particular, it is widely used in the field of life phenomena as the distribution of the lifetime
of some object, especially when the “weakest link” model is appropriate for the object. That is, consider
an object consisting of many parts, and suppose that the object experiences death (failure) when any of
its parts fail. It has been shown (both theoretically and empirically) that under these condition a Weibull
distribution provides a close approximation to the distribution of lifetime of the item.

5.6.3 The Cauchy Distribution

Definition 5.13. A random variable is said to be a Cauchy distribution with parameter 6, —oco < 6 < oo,

if its density is given by
1 1

@) = T e —op

-0 < T < O00.

5.6.4 The Beta Distribution

Definition 5.14. A random variable is said to be to have a beta distribution if its density is given by

f(x) _ %l’ail(l — .T)b71 0 <zr< ].,
0 otherwise,

where )
B(a,b) = / 22711 —2)" L da.
0

The beta distribution can be used to model a random phenomenon whose set of possible values is some
finite interval [c,d] — which, by letting ¢ denote the origin and taking d — ¢ as a unit measurement, can be
transformed into the interval [0,1]. When a = b, the beta density is symmetric about 1/2, giving more and
more weight to regions about 1/2 as the common value a increases. When b > a, the density is skewed to
the left (in the sense that smaller values become more likely); and it is skewed to the right when a > b. The
relationship

Bla.y) — D@r®)

I'(a+b)

can be shown to exist between .
B(a,b) :/ 2271 — z) " da.
0

and the gamma function.

5.7 The Distribution of A Function of A Random Variable

Suppose that we known the distribution of X and want to find the distribution of g(X). To do so, it is
necessary to express the even that g(X) <y in terms of X being in some set.

Theorem 5.2. Let X be a continuous random variable having probability density function fx. Suppose
that g(z) is a strictly monotonic (increasing or decreasing), differentiable (and thus continuous) function z.
Then the random variable Y defined by Y = ¢g(X) has a probability density function given by

d

Ixlg™ W49 (W)

0 if y # g(x) for all z,

if y = g(x) for some x,

fr(y) =

where g7 (y) is defined to equal that value of x such that g(z) = y.


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edu) MATH 5255 - Math Theory of Probability Lecture Notes 1 19

6 Jointly Distributed Random Variables

6.1 Joint Distribution Functions

Definition 6.1. For any two random variables X and Y, the joint cumulative probability distribution function
of X and Y by
F(a,b) = P{X <a,Y <b}, —o0<ab<o.

The distribution of X can be obtained from the joint distribution of X and Y as follows:
Fx(a)=P{X <a}
=P{X <aqY < oo}
:P(lim{Xﬁa,Yﬁb})
b— 00

= lim P{X <a,Y <0}

b—oco
= lim F(a,b)

b—oco
= F(a, o).

Similarly, Fy(b) = P{Y < b} = lim,— o F(a,b) = F(o0,b). The distribution function Fx and Fy are
sometimes referred to as the marginal distributions of X and Y.

Proposition 6.1. The joint probability that X is greater than a and Y is greater than b is

P{X>aY >bl=1-P{X >aY >b}’)
=1-P{X>a®u{y >p}%
—1-P{X <a}u{Y <b})
=1-P{X<a}-P{Y <b}+P{X <a,Y <)}
=1- FX(CI,) — Fy(b) + F(a,b)
Proposition 6.2.
P{a1 <X < (127(71 <Y < b2} = F(ag,bQ) + F(al,bl) — F(al,bg) . F(az,bl),
whenever a1 < as, by < bs.

Proposition 6.3. When X and Y are both discrete random variables, it is convenient to define the joint
probability mass function of X and Y by

p(z,y) = P{X =12,Y =y}.

The probability mass function of X can be obtained from p(z,y) by

px(@)=P(X=2}= 3 pla.y)

y:p(z,y)>0

Similarly,

py(y)=P{Y =yt= > plzy)

z:p(z,y)>0

Definition 6.2. The random variables X and Y are jointly continuous if there exists a function f(x,y),
defined for all x and y, having the property that, for every set C' of pairs of real numbers (that is, C' is a set
in the two-dimensional plane),

P{(X,Y)e(C} = // f(z,y) dz dy.

(z,y)eC
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The function f(zx,y) is called the joint probability density function of X and Y. If A and B are any sets of
real numbers, then, by defining C = {(x,y) : € A,y € B}, we have

P{XEA,YGB}:/B/Af(x,y)dxdy.

Proposition 6.4. If X and Y are jointly continuous, they are individually continuous, and their probability
density functions can be obtained as follows:

P{XecA}=P{X €AY € (—o0,00)}

- [ [ rewdyas
Z/Afx(x)dff

x)=/0;f(x,y)dy

is thus the probability density function of X. Similarly, the probability density function of Y is given by

/O;f(w,y)dx

Definition 6.3. The joint probability distributions for n random variables in exactly the same manner as
we did for n = 2. For instance, the joint cumulative probability distribution function F'(aq,as,...,a,) of
the n random variables X1, X5, ..., X, is defined by

F(ai,as,...,an) = P{X1 <a1,Xs < ag,..., X, <an}.

where

Further, the n random variables are said to be jointly continuous if there exists a function f(z1,zo,...,z,),
called the joint probability density function, such that, for any set C' in n-space,

P{(Xl,XQ,...7 GC}—// / (asl,xg,...,mn)dmldx2-~-d:vn.
11,11?2, 7:En

In particular, for any n sets of real numbers A;, A ..., A,,

P{X1EAl,XgeAg,...,XneAn}:/ / flzr, 29, 2pn)day - - - dep_1dx,.
A A,
6.2 Independent Random Variables

Definition 6.4. The random variables X and Y are said to be independent if, for any two sets of real

numbers A and B,
P{X € AY € B} = P{X € A}P{Y € B}. (7)

In other words, X and Y are independent if, for all A and B, the events E4 = {X € A} and Fg = {Y € B}
are independent.
It can be shown by using the three axioms of probability that (7) will follow if and only if, for all a, b,

P{X <a,Y <b} = P{X < a}P{Y < b}.
Hence, in terms of the joint distribution function F' of X and Y, X and Y are independent if
F(a,b) = Fx(a)Fy(b) for all a,b.
When X and Y are discrete random variables, the condition of independence (7) is equivalent to

p(z,y) = px(x)py (y) for all z,y.

In the jointly continuous case, the condition of independence is equivalent to

fla,y) = fx (@) fy(y) forall z,y.


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edu) MATH 5255 - Math Theory of Probability Lecture Notes 1 21

Proposition 6.5. The continuous (discrete) random variables X and Y are independent if and only if their
joint probability density (mass) function can be expressed as

Ixy(zy)=hx)gly) —oco<z<o00,—00<y< 0.
Definition 6.5. In general, the n random variables X7, X5, ..., X,, are said to be independent if, for all sets
of real numbers Ay, Ao, ..., Ay,

P{X, €A, Xo€ Ay,.... X, €A} = HP{Xi € A}

i=1
As before, it can be shown that this condition is equivalent to
P{X) <a1,Xy<ag,...,Xp<ap}t= HP{Xi <a;} forall aj,as,...,a,
i=1

Finally, it can be shown an infinite collection of random variables is independent if every finite subcollection
of them is independent.

6.3 Sums of Independent Random Variables

Definition 6.6. Suppose that X and Y are independent, continuous random variables having probability
density functions fx and fy. The cumulative distribution function of X + Y is obtained as follows:

Fx+y ) P{X+Y<CL}

- / Fx (@) fy (y) da dy

z+y<a

:/ / (y)dzdy
:/ /a U z) dz fy (y) dy

= [ Pxa—uivtay
— 00
The cumulative distribution function Fxyy is called the convolution of the distributions Fy and Fy (the

cumulative distribution functions of X and Y, respectively). By differentiating the above equation, we find
that the probability density function fxiy of X +Y is given by

fx4v(a = / Fx(a—y)fy(y)dy
- / L -y
:/jo Fx(a—y)fv(y)dy

6.3.1 Identically Distributed Uniform Random Variables

Example 6.1 (Sum of two independent uniform random variables). If X and Y are independent random
variables, both uniformly distributed on (0, 1), the probability density of X 4+ Y is

a 0<a<l,
fx+v(a / fx(a—y)fy(y dy—/fxa— dy=42—-—a 1l<a<2,
0 otherwise.

Because of the shape of its density function, the random variable X + Y is said to have a triangular distri-
bution.
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Proposition 6.6. Suppose that Xi, Xs,...,X,, are independent uniform(0, 1) random variables, and let
F.(x)=P{X;:+ -+ X, <z}.

Whereas a general formula for F),(x) is messy, it has a particularly nice form when z < 1. Indeed, we now
use mathematical induction to prove that

Because the proceeding equation is true for n = 1, assume that
znfl

—_— 0<x<1.
(n—1)1" -

Fn—l(a:) =

Now, writing
n

n—1
S = S X+ X,
i=1 i=1
and using the fact that the X; are all nonnegative, we see that, for 0 < z <1,

Fo(z) = /0 Fooi(z—y)fx, (y)dy = ﬁ /Ox(f” —y) Ty = %

which completes the proof.

6.3.2 Gamma Random Variable
Proposition 6.7. It is known that the density of a gamma random variable has the form

Ae M (y) !
fly) = T7
Then if X and Y are independent gamma random variables with respective parameters (s, A) and (¢, A),

then X +Y is a gamma random variable with parameters (s + ¢, A). It is now a simple matter to establish,
by using the preceding proposition and induction, that if X;,i =1,...,n are independent gammma random

0<y<oo.

n n
variables with respective parameters (¢;,A),7 =1,...,n, then > X,is gamma with parameters <Z ti, )\>.
i=1 i=1

n
Proposition 6.8. If 7y, Z,, ..., Z, are independent standard normal random variables, then Y = > Zf is
i=1
said to have the chi-squared (sometimes seen as x?) distribution with n degrees of freedom. Let us compute
the density function of Y. When n = 1,Y = Z2, we see that its probability density function is given by

L2 12e7¥P(y/2)'27)

fz2(y) fz(Vy) + fz2(=vv)] = mﬁe /r

1
2y
We can recognize the preceding as the gamma distribution with parameters (1/2,1/2). But since each Z?

is gamma(1/2,1/2), it follows that the x? distribution with n degrees of freedom is the gamma distribution
with parameters (n/2,1/2) and hence has a probability density function given by

%@*9/2 (%)n/Qfl - e—y/2yn/2—1

fx2 (y) = - 9 Yy > 0
r'(3) 2"/°T (3)
6.3.3 Normal Random Variables
Proposition 6.9. If X;,i =1,...,n, are independent random variables that are normally distributed with
n n
respective parameters y;,02,i = 1,...,n, then > X; is normally distributed with parameters > p; and
i=1 1=1

2
o;.
=

K2
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6.3.4 Poisson and Binomial Random Variables

Proposition 6.10. If X and Y are independent Poisson random variables with respective parameters Ay
and Ao, the distribution of X + Y has a Poisson distribution with parameter Ay + As.

Proposition 6.11. Let X and Y be independent binomial random variables with respective parameters
(n,p) and (m,p). Then X + Y has a binomial distribution with parameters (n + m, p).

6.3.5 Geometric Random Variables

Proposition 6.12. Let Xq,..., X, be independent geometric random variables, with X; having parameters
p; for i =1,...,n. If all the p; are distinct, then, for k > n,

Sy =k} =3 pial [

i=1 £t

6.4 Conditional Distributions: Discrete Case

Definition 6.7. If X and Y are discrete random variables, define the conditional probability mass function
of X given that Y =y by

x|y (zly) = P{X = z|Y =y}
P X =u2Y =y}
o P{Y =y
_ P{X =a}P{Y =y}
Py =y
_ p(z,y)
py(y)’

for all values of y such that py (y) > 0. Similarly, the conditional probability distribution function of X
given that Y = y is defined, for all y such that py (y) > 0, by

Fxy(zly) = P{X <[V =y} = pxpy(aly).
a<lz
6.5 Conditional Distributions: Continuous Case

Definition 6.8. If X and Y have a joint probability density function f(x,y), then the conditional probability
density function of X given that Y = y is defined, for all values of y such that fy(y) > 0, by

Ixy(zly) =

To motivate this definition, multiply the left-hand side by dx and the right-hand side by dxdy)/dy to obtain

flxy)dedy Ploa<X<z+de,y<Y <y+dy}
fr(y)dy Ply<yY <y-+dy

fxpy (zly)de = =Pz <X <a+dzly <Y <y+dy}.

The use of conditional densities allows us to define conditional probabilities of events associated with one
random variable when we are given the value of a second random variable. That is, if X and Y are jointly
continuous, then, for any set A,

P{X € AlY =y} = /A Fxiy (aly) dr.
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6.6 Order Statistics

Definition 6.9. Let X7, X5,..., X, be n independent and identically distributed continuous random vari-
able having a common density f and distribution function F'. Define

X(1) = smallest of X7, Xy,..., Xy,
X(2) = second smallest of X1, Xs,..., Xy,

X = ™ smallest of X1, Xo,..., Xn,

X(n) = largest of X1, Xo,..., X,.

The ordered values X, m < X, @2 < < X (n) are known as the order statistics corresponding to the random
variables X1, Xo,..., X,. In other words, X(y),...,X(,) are the ordered values of X1,...,X,. The joint
density function of the order statistics is obtained by noting that the order statistics X(y),..., X(,) will take
on the values x1 < x9 < --- <z, if and only if, for some permutation (1,12, ...,4,) of (1,2,...n),

X1 :xil,Xg :J)iz,...,Xn :.%‘in.

Since, for any permutation (i1, ...,%,) of (1,2,...,n),
€ € € €
P{xil — 5 < X1 < Tj, + 5,...,:172'” — 5 < Xn <z, + 5} =~ €an1,__.Xn(93i1,...,l‘in)

=e"f(wyy) - flwi,)
=e"f(z1) - fzn),

it follows that, for z1 < x5 < ... < z,,

P{xl—%<X1<x1+§7...,xn—§<Xn<xn+%}:nlanf(xl)n-f(xn).

Dividing by €™ and letting ¢ — 0 yields

fX(l),.‘.7X(n) (.T],JJQ, L )xn) = n'f(.'L']_) o f(xn)7 Z1 < Z2 << Tn,

which argues that in order for the vector (X(i),... X)) to equal (z1,... , T ), it is necessary and sufficient
for (Xi,...,X,) to equal one of the n! permutations of (z1,...,2,). Since the probability (density) that
(X1,...,X,) equals any given permutation of (x1,...,x,) is just f(z1) - f(x,).

6.7 Joint Probability Distribution of Functions of Random Variables

Definition 6.10. Let X; and X5 be jointly continuous random variables with joint probability density
function fx, x,. It is sometimes necessary to obtain the joint distribution of the random variables Y7 and
Y5, which arise as function of X; and X5. Specifically, suppose that Y1 = ¢1(X1, X5) and Y3 = go(X1, X5)
for some functions g; and go.

Assume that the functions g; and go satisfy the following conditions:

1. The equations y; = g1(x1,z2) and ya = g2(x1,z2) can be uniquely solved for z; and z9 in terms of y;
and yo, with solutions given by, say, 1 = h1(y1,¥2), 2 = ha(y1, y2).

2. The functions g; and go have continuous partial derivatives at all points (21, x2) and are such that the
2 x 2 determinant

o) o)
T = |G e | = 991092 991 09
nggi nggi 81‘1 8%‘2 81‘2 6%‘1

at all points (x1,x2).
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Under these two conditions, it can be shown that the random variables Y; and Y5 are jointly continuous with
joint density function given by

Fvive (U1, v2) = fxu x0 (21, 22)|J (21, 22) |7,

where 21 = h1(y1,92), 22 = ha(y1, y2).

Definition 6.11. When the joint density function of the n random variables X3, Xs,..., X, is given and
we want to compute the joint density function of Y7,Y5,...,Y,,, where

legl(Xla"'aXn)a YQZQZ(Xla"'aXn)a"'a Yn:gn(X17~~'aXn)7

the approach is the same — namely, we assume that the functions g; have continuous partial derivatives and
that the Jacobian determinant.

991 91 .. 9q1

o1 Ox2 Ty

992 992 ... 9g2

oxq Oxo Oy,

J(.Tl,...,l‘n): . . . . 750,

Ogn 9gn . 9gn

Oz Oxo Oy,
at all points (z1, ..., z,). Furthermore, we suppose that the equation y1 = g1(x1,...,2n),¥2 = g2(21,. .., ZTn), . ..
gn(21,...,2y,) have a unique solution, say, 1 = hi(y1,---,Yn),---,Tn = hn(y1,...,yn). Under these as-

sumptions, the joint density function of the random variables Y; is given by
le,...,Yn(yhyQa DR 7yn) = le,...,Xn(xlu DR 7xn)|J(x17 RS 71'n)|_17

where z; = hi(y1,. .., Yn)-

6.8 Exchangeable Random Variables

Definition 6.12. The random variables X, X, ..., X,, are said to be exchangeable if, for every permutation
i1,...,14, of the integers 1,...,n,

P{X;, <x1,X;, <wo,...,X;, Sapp=P{X1 <21, X <w2,..., X, <2},

i S
for all x1,xo,...,x,. That is, the n random variables are exchangeable if their joint distribution is the same
to no matter in which order the variables are observed. Discrete random variables will be exchangeable if

P{X” :xl,XZ-2 :x27...,Xin :SIJn}:P{Xl :xl,ngxg,...,Xn:xn},

for all permutations 41, . ..,7, and all values x1,...,x,. This is equivalent to stating that p(z1, zo,...,z,) =
P{X, =x,...,X, = x,} is a symmetric function of the vector (z1,...,z,), which means that its value
does not change when the values of the vector are permuted.

Proposition 6.13. If X, X,,..., X,, are exchangeable, then each X; has the same probability distribution.
For instance, if X and Y are exchangeable discrete random variables, then

P{X=2}=> P{X=x,Y=y}=) P{X=yY=u}=PY =2}

7 Properties of Expectation

7.1 Introduction

Proposition 7.1. Since E[X] is a weighted average of the possible values of X, it follows that if X must
lie between a and b, then so must its expected value. That is, if

Pla< X <b} =1,

then
a < E[X] <b.

s Yn =
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7.2 Expectation of Sums of Random Variables

Proposition 7.2. If X and Y have a joint probability mass function p(z,y), then

If X and Y have a joint probability density function f x,y), then

9(X,Y)] / / g(z,y) f(z,y) dedy.

Proposition 7.3. Suppose that E[X] and E[Y] are both finite and let g(X,Y) = X +Y. Then, in the
continuous case,

EX+Y]|= /_0; /_Z(x—ky)f(a:,y)dxdy

:/_O;/_fo(x,y)dxdy+/_Z/_ny(xay)dxdy
/Z/O;g;f(x,y)dyd;z:+/Z/o;yf(x,y)dxdy

[ee] (oo}
— [ atx@det [ vy
—o0 —o0
= E[X]+ E[Y].
The same result holds in general; thus, whenever E[X;],i = 1,2,...,n are finite,

E[Xl + - —I—Xn] = E[Xl] + - +E[Xn].

7.2.1 Obtaining Bounds from Expectation via the Probabilistic Method

Proposition 7.4. The probabilistic method is a technique for analyzing the properties of the elements of
a set by introducing on the set and then studying an element chosen according to those probabilities. Let f
be a function on the elements of a finite set S, and suppose that we are interested in

=)

A useful lower bounds for m can often be obtained by letting S be a random element of S for which the
expected value of f(S) is computable and then noting that m > f(S) implies that

m > E[f(S)],
with strict inequality if f(S) is not a constant random variable. That is, E[f(S)] is a lower bound on the

maximum value.

7.2.2 The Maximum-Minimums Identity

Proposition 7.5. For arbitrary numbers x;,7 =1,...,n,
. 1. .
max r; = Zml Zmln (@i, 25) Z min(z;, zj, x5) + -+ (—1)" M min(zq, ..., z,).
i<j i<j<k
Proposition 7.6. For any random variables X1,..., X,
. 1. .
max X; = ZXi - me(Xi,Xj) + oo (=)™ min(Xy, ..., X,,).
7 1<J

Taking expectations of both sides of this equality yields the following relationship between the expected
value of the maximum and those of the partial minimums:

{maXX} ZE ZE[min(Xi,Xj)} +"'+(*1)”+1E[min(X1,...,Xn)].

i<j
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7.3 Moments of the Number of Events That Occur

Proposition 7.7. For given events Ay, ..., A,, find F[X], where X is the number of the number of these
events that occur. The solution then involved defining an indicator I; for event A; such that

I - 1, if A; occurs,
o 0, otherwise.

Because

we obtained the result
n n

E[L] = P(4).

i=1

EX]=E

n
> -
i=1 i

Now suppose we are interested in the number of pairs of events that occur. Because I;1; will equal 1 if both
A; and Aj occur, and will equal 0 otherwise, it follows that the number of pairs is equal to ), _ ;1il;. But
because X is the number of events that occur, it also follows that the number of pairs of events that occur

is (f) . Consequently,

()2(> => L,

1<j

where there are <g> terms in the summation. Taking expectations yields

E[(é)]::E:EUﬂﬂ::E:P@%AQ,

i<j i<j
o X(X - 1)
PECS I
i<j
giving that
E[X’| - E[X]=2) P(Ai4),
i<j
which yields E[X?], and thus Var(X) = E[X?] — (E[X])?. Moreover, by considering the number of distinct
subsets of k£ events that all occur, we see that

X
11 <ia<---<ip
Taking expectations gives the identity

E{()]jﬂ: > ElnL,--LJ)= Y P(Aj A, Ay).

11 <t <--<1k 1 <to<---<ik

7.4 Covariance, Variance of Sums, and Correlations

Proposition 7.8. If X and Y are independent, then, for any functions A and g,

Definition 7.1. The covariance between X and Y, denoted by Cov(X,Y), is defined by

Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] - E[X]E[Y].
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Proposition 7.9. (i) Cov(X,Y) = Cov(Y, X).
(ii) Cov(X, X) = Var(X).
(iii) Cov(aX,Y) =aCov(X,Y).

n

NE!

Xi ) = 3 30 Cov(X,, Y)).

i=1 j=1 i=1j=1

(iv) Cov(

Proposition 7.10.
Var (Z Xi> = ZVar(XZ-) +2 Z Z Cov(X;, X;).
i=1 i i<j

Definition 7.2. The correlation of two random variables X and Y, denoted by p(X,Y’), is defined, as long
as Var(X) Var(Y) is positive, by

Cov(X,Y
p(X,Y) = Xy __
Var(X) Var(Y)
It can be shown that
-1<p(X,)Y) <L

7.5 Conditional Expectation
7.5.1 Definitions

Definition 7.3. If X and Y are jointly discrete random variables, then the conditional probability mass
function of X, given that Y = y, is defined, for all y such that P{Y =y} > 0, by

p(z,y)
Py (¥)

pxy(zly) = P{X = 2|V =y} =

It is therefore natural to define, in this case, the conditional expectation of X given that Y = y, for all values
of y such that py (y) > 0, by

EX|Y =y =) aP{X =z|]Y =y} =Y apx|v(z[y).

Similarly, if X and Y are jointly continuous with a joint probability density function f(z,y), then the
conditional probability density of X, given that Y = y, is defined, for all values of y such that fy(y) > 0, by

f(z,y)
Ixiv(zly) =
) =)
It is natural, in this case, to define the conditional expectation of X, given that Y =y, by
BIX)Y =y = [ afay(ely)do

We also have
L 9(@)p x|y in the discrete case,
Blo(X)|Y =y = S I |
S 9(x) fx)y (z|y) dz  in the continuous case.

and
n

= ZE[Xi|Y =y

i=1

E

Y XY =y
i=1
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7.5.2 Computing Expectation by Conditioning

Proposition 7.11.
E[X] = E[E[X]|Y]].

If Y is a discrete random variable, then the above equation states that
E[X] =) E[X|Y =y|P{Y =y},
Yy

whereas if Y is continuous with density fy (y), then the equation states
E[X] =/ EX]Y =yl fy(y) dy.

7.5.3 Conditional Variance

Definition 7.4. The conditional variance of X given that Y = y is defined by
Var(X[Y) = E[(X - E[X|Y])’|Y] = E[X?|Y] - (E[X|Y])*.
Proposition 7.12. The conditional variance formula

Var(X) = E[Var(X|Y)] + Var(E[X|Y]).

7.6 Conditional Expectation and Prediction

Proposition 7.13.
E[(Y —g(X))] > E[(Y — E[Y[X])?].

7.7 Moment Generating Functions

Definition 7.5. The moment generating function M(¢) of the random variable X is defined for all real
values of ¢t by

Z e p(x) if X is discrete with mass function p(x),
o T

M(t) = E[e!¥] = .
/ e f(z)dr if X continuous with density f(z).

— 00

We call M (t) the moment generating function because all of the moments of X can be obtained by successively
differentiating M (t) and then evaluate the result at ¢ = 0. For example,

doixy_ |4 x| _ X
th[e ]E{dte = E[Xe.

M'(t) =
In general, the nth derivative of M (t) is given by
M"™(t) = E[X"e™], n>1,

implying that
M™(0)=E[X"], n>1.

Proposition 7.14.
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p(x) M(t) Mean Variance
Binomial(n, p) <Z) p*(l—p)n—* (pe' +1—p)" np np(1 —p)
Ail)
Poisson(\) e_)‘g exp[A(e! —1)] A A
¢
. o pe 1 1—p
Geometric(p) p(1 —p)*—t —a—pe » e
_ t T 1—
Negative Binomial(r, p) <Z - 11) pr(l—p)" [1(]1)61))615] % ( e p)

7.7.1 Joint Moment Generating Functions

It is also possible to define the joint moment generating function of two or more random variables. This is done

as follows: For any n random variables Xi,..., X,,, the joint momment generating function, M (ty,...,t,),
is defined, for all real values of t¢q,...,t,, by

M(ty,... t,) = E[erXaitFinXa],
The individual moment generating functions can be obtained from M(ty,...,t,) by letting all but one of

the ¢;’s be 0. That is,
My, (t) = E[e'*] = M(0,...,0,t,0,...,0),

where the ¢ is in the ith place. It can be proven that the joint moment generating functoin M (t1,...,t,)
uniquely determines the joint distribution of Xi,..., X,. This result can then be used to prove that the n
random vairables X7,..., X,, are independent if and only if

M(ty, ... tn) = My, (t1) - Mx., (t,).

7.8 Additional Properties of Normal Random Variables
7.8.1 The Multivariate Normal Distribution

Let Z1,...,Z, be a set of n independent unit normal random variables. If, for some constants a;;,1 <7 <
m,1 <j<n,and p;,1 <1< m,

Xi=anzZi+---+andy +
Xo=anZi+ -+ a2y + p2
Xi=anZ1+ -+ ainZn + pi

Xm - amlzl +--- angn + My

then the random vairables X, ..., X, are said to have a multivariate normal distribution. From the fact
that the sum of independent normal random variables is itself a normal random variable, it follows that each
X is a normal random variable with mean and variance given, respectively, by


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edu) MATH 5255 - Math Theory of Probability Lecture Notes 1 31

Let us now consider
M(tl, . ,tm) = E[exp{thl + e + thm}],

m

the joint moment generating function of Xi,..., X,,. The first thing to note is that since > ¢;X; is itself a
i=1

linear combination of the independent normal random variables Z1, ..., Z,, it is also normally distributied.

Its mean and variance are
m m
By tiXi] =) tim,
i=1 i=1

and
m m

Var (f: thz> = Cov itiXi,zm:thj = Zztltj COV(XZ',X]').
i=1 i=1 7j=1

i=1 j=1

Now, if Y is a normal random variable with mean p and variance o2, then
E[e¥] = My (t)]=y = "7 /2,

Thus,
m 1™
M(tl,...,tm):exp Ztiui+§zztitjCOU(Xi7Xj) s
=1

i=1 j=1

which show that the joint distribution of Xi,...,X,, is completely determined from a knowledge of the
values of E[X;| and Cov(X;, X;),4,j = 1,...,m. It can be shown that when m = 2, the multivariate normal
distribution reduces to the bivariate normal.

7.8.2 The Joint Distribution of the Sample Mean and Sample Variance

Let Xi,...,X,, be independent normal random variables, each with mean p and variance o?. Let X =
Z;;l X;/n denote their sample mean. Since the sum of independent normal random variables is also a
normal random variable, it follows that X is a normal random variable with expected value p and variance
02 /n. Now recall that

Cov(X,X; —X)=0,i=1,...,n.

Also, note that since X, X; — X, Xo— X, ..., X,, — X are all linear combinations of the independent standard
normals (X; — p)/o,i = 1,...,n, it follows that X, X; — X,i = 1,...,n has a joint distribution that is
multivariate normal. If we let Y be a normal random variable, with mean p and variance o?/n, that is
independent of the X;,i=1,...,n, then Y, X; — X,i=1,...,n also has a multivariate normal distribution
and, indeed, because of the above equation, has the same expected values and covariance as the random
variables X, X; — X,i = 1,...,n. BUt since multivariate normal distribution is determinded completely by
its expected values and covariance, it follows that Y, X; — X,i=1,...,nand X, X; —X,i = 1,...n have the
same joint distribution, thus showing that X is independent of the sequence of deviations X;—X,i=1,...,n.

Since X is independent of the sequence of deviation X; — X,i = 1,...,n, it is also independent of the sample
n

variance S? = > (X; — X)?/(n —1).

=1
Since we already know that X is normal with mean p and variance o2 /n, it remains only to determine the
distribution of S2. To accomplish this, recall, the algebraic identity

n n

(n—1)82 = 30X = X)? = 37X — w)? = n(X — )2,
i=1 i=1
Upon dividing the preceding equation by o2, we obtain

) 5 ()

=1
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Now,

> (B

is the sum of the squares of n independent standard normal random variables and so is a chi-squared random
variable with n degrees of freedom. Hence, its moment generating functoin is (1 — 2t) —n/2_ Also, because

X -u\’

o/vn
is the squre of a standard normal variable, it is a chi-squared random variable with 1 degree of freedom, and
so has moment generating function (1 — 2t)_1/ 2. Now we have seen previously that the two random variables

on the left side are independent. Hence, as the moment generating function of the sum of independent
random variables is equal to the product of their individual moment generating functions, we have

E[et(n—l)Sz/az](l . 2t)_1/2 _ (1 o Qt)_n/Q,

or
E[et(n—l)sz/az] _ (1 _ 2t)—(n—1)/2.
But as (1—2t)~(»=1/2 is the moment generating function of a chi-squared random variable with n—1 degrees

of freedom, we can conclude, since the moement generating function uniquely determines the distribution of
the random variable, it follows that that is the distribution of (n — 1)S?/02.

Proposition 7.15. If X4,..., X,, are independent and identically distributed normal random variables with
mean 4 and variance o2, then the sample mean X and the sample variance S? are independent. X is a
normal random variable with mean p and variance o2 /n; (n—1)5?/o? is a chi-squared random variable with
n — 1 degrees of freedom.

7.9 General Definition of Expectation

Expectation for random variables that are neither discrete nor continuous. Let X be a Bernoulli random
variable with parmeter p = 1/2, and let Y be a uniformly distributed random variable over the interval [0, 1].
Furthermore, suppose that X and Y are independent, and define the new random variable W by

x ifx =1,
|y X #£1

Clearly, W is neither a discrete (since its set of possible values, [0, 1], is uncountable) nor a continuous $(since
P{W =1} = 1/2) random variable.

In order to define the expectation of an arbitary random variable, we require the notion of a Stieltjes intergral.
Before defining this intergral, let us recall that, for any function g, ff g(z) dz is defined by

b n
/ g(z)dx = limZg(xi)(xi —Ti_1),
a i=1

where the limit is taken over all @ = 29 < 21 < 22 < -+ < ®p, = b as n — oo and where max;—; . »(z; —
.1'1;1) — 0.

For any distribution function F', we define the Stieltjes integral of the nonnegative function g over the interval
[a,b] by

b n
/ o(@) dF () = 1im Y g [F(w:) = P,

where, as beofore, the limit is taken over alla = ¢ < 21 < --- < x,, = basn — oo and where max;—=1 ., (z;—
2i—1) — 0. Further, we define the Stieltjes integral over the whole real line by

%) b
| sw@ape) = jim_ [ o) ir)
B b—too @
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Finally, if ¢ is not a nonnegative function, we define g+ and g~ by

_Jg(@) ifg(z) >0,
9" (@) {0 if g(x) < 0.

_._Jo if g(z) > 0. — g(z)
g (@)= {if g(z) <0,

Because g(z) = g7 (x) — g~ g(x) and g™ and g~ are both nonnegative functions, it is natural to define

| sware = [ grarw - [ g arw),

— 00 — 00 — 00

and we say that [*_g(x)dF(z) exists as long as [*._ g™ (2) dF(z) and [, g~ (x) dF () are not both equal
to +o0.

If X is an arbitrary random variable having cumulative distribution F', we define the expected value of X
by

BIX] = /oo 2 dF(z).

—00

It can be shown that if X is a discrete random variable with mass function p(x), then

[ wtr@ = Y wpta,

- z:p(x)>0

whereas if X is a continuous random variable with density function f(z), then

/_o;xdF(x) - /_Z 2f (@) da.
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