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1 Introduction and some concepts

1.1 Binary operation

e A binary operation * on a set A is a function from A x A — A, written as *(x,y), usually write x x y.
o Punctilliation of Z: x xy = 2% + 2y — (z + 1)%
o Interesting properties a binary operation could have:

— Commutativity (like a xb = bx*a).

— Associativity (like (@ b) xc = ax (b*c)).

— Identity: element e € A with exz =2 *xe = x.

— Inverses: if x € A, and xy = yr = e, we say y is an inverse of x.

o Example:

1) A = set of all finite sequences of letters (standard English alphabets) including empty sequence, operation * is
concatenation: (acu) * (juw) = acujuw. It has associativity, and the identity is the empty sequence, but it does
not have commutativity and inverses.

2) @ on R defined by x ® y = zy + 1. We can conclude that it has commutativity, but it does not have associativity
since 00 (0 1) =1and (0© 1) ®1=2. Assume it has identity e, so e =1 — %, which depends on y, hence it is
not an identity, as a result, it does not have inverses.

3) zoy =x+y+1onR. It has commutativity and associativity. The identity e = —1, and the inverse of y is —y — 2.
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1.2 Group

e A group is a set G with a binary operation o satisfying:

1) o is associative.
2) o has an identity.
3) every element of G has an inverse.

o Define the function g from {4, B,C, D} — {A, B, C, D}: rotation by 90° counterclockwise (CCW).

g:A—-D—-C—-B—A

g% : A< C,D <« B(180°rotation)

g>: A= B —C— D — A(270° CCW or 90° CW)
e:A—- A B—B,C—C,D— D.

g* = e. Now let’s define reflection:
d: A C
k:B<+ D
h:A+- D,B+C
viAe B.DoC

Now let’s define the function composition as a binary operation o. Note: (z)f = f(x), (go f)(z) = f(g(z)) = x9/.
Hence, we have go h: B <+ D = go h = k. Hence, we have G = {e, g, 9%, ¢°, h, gh, g°h, g3h}, where g* = e, hg = g°h,
h? = e.

e Dihedral group. Ds,: symmetries of regular n-gon.

— Rotation: g by (%)O.

— Reflection: h through two fixed opposite vertices.

— Dy, = {e,9,6% - ,9" Y, h,gh,g?h,--- ,g" 'h}, where g" = e, h? = e, hg = g" 'h. Presentation: (g,h|g" =
e,h? = e,hg = g"~'h) ({ generator | relation )).

e Group: A set G with a binary operation o and an element e € G such that

1) zoe=ecoxz=ux.
2) For all z € G, there is a y € G with zy = yx = e.
3) o is associative.

« Examples

1) Z, Q, R, C under +.
2) Q, R, C under -.
3) Dihedral group: Dsy,,.
4) GL(n,C): group of all invertible n x n complex matrices under matrix multiplication.
) Qs = (i, 5, k, —1]i% = j2 = k% = —1,ij = k, ji = —k, jk = i, kj = —i, ki = j, ik = —j) = {=i, +j, £k, £1}.

Ut

o Symmetric group: Let X be a nonempty set Sym(X) is the group of all permutations of X (bijection from X to X)
with the operation of function composition. | Sym(X)| = n!, where n = |X|, if n < 0.

o Permutation group: subgroup of Sym(X).
o Cyclic group: one generator and one relation (finite) or no relation (infinite).

(glg™ =€), if finite,
{g]...) ={e,g9,9°% ...,97 ,9g72,...}, if infinite (countably many)

1) Z/nZ: arithmetic (addition) mod n on congruence classes Z(mod n), which is a finite cyclic group.
2) Z under + is an infinite cyclic group.
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e Lemma 1.5: Let G be a group and let a,b € G. Then there are unique solutions to the equation {aa: b
ya =

Proof. Let a, b be as given. Since G is a group, there is a z € G with az = za = e. Then x = zb satisfies ax = b, since
ax = a(zb) = (azb) = eb = b. Similarly, y = bz satisfies ya = b. To show uniqueness, since az’ = b for some z’ € G.
Then ax = az’, so z(ax) = z(ax’) = (za)x = (za)z’ giving x = 2.

e Corollary: The identity of a group is unique. The inverse of an element x € G is also unique.
o The inverse of = denoted as z~! under multiplication while —z under addition.
o Are Z/27 and (g|g? = €) same in the sense of group? Yes! (0(x + y) = 0(x)0(y))

e Isomorphism: Let G, H be groups. The function # : G — H is an isomorphism provided that 6 is a bijection and
0(zy) = 0(x)0(y).

— To show G is isomorphic to H, construct an isomorphism.
— If it is not, find the difference of the structure, e.g. Z/8Z is abelian (commutative) while Dg is non-abelian. Hence,
they are not isomorphic to each other.
— Rotational symmetries of a cube: 24 symmetries. Is this isomorphic to Doy? (exercise)
o Cayley’s theorem: G is isomorphic to a subgroup of Sym(G).
Proof. For € G, define r, : G — G by 1, : g — gz. (right-regular action)

— We claim 7, is a permutation of G.
— We next claim R = {r, : € G} is a group under function composition.

iG = Te, so R has an identity. Also, r, ory =74y € R, so R is closed under o. Then r; or,-1 = r,-1 07y = 1¢, SO every
element of R has an inverse. Therefore, R is a subgroup of Sym(G).

o Group G, R = {r, : ¢ € G} < Sym(G). Define § : G — R via 0(z) = r,. Clearly, 6 is sujective. To show injective,
suppose 0(z) = 0(y). Then r,(g) = r,(g), Vg € G, so gz = gy, which implies x = y. Lastly, 0(zy) = 15y =15 0 1y.

e Example: Dg = {e,g7g2,g3,h,gh,gh2,9h3}. Let ry be e — g,9 — 3%,0> = ¢%, 6> = e,h = ¢>h,gh — h,¢°h —
gh,g>h — ¢°h.

e Isomorphism is an equivalence relation on groups. G = H: “G is isomorphic to H” or “There is an isomorphism from
G to H”.

¢ Relation:

— reflective: G 2 G.
— symmetric: G = H < H = G. (Because inverse 6~ is also an isomorphism.)
— transitive: if G =2 H, H 2 K, then G = K. (Composition of isomorphism is an isomorphism.)

o Rotational symmetries of a cube v.s. Day.

— Rotational symmetries of a cube: at least 8 of order 3.
— Doy only 2 of order 3.

e Define: Let g € G. The order of g is the smallest natural number n satisfying g™ = 1. If no such n exists, we say the
order of g is co.

e« Lemma: Let H C G, H # (). Then H is a subgroup of G if and only if for all z,y € H, zy~! is also in H.

Proof. (=) If H is a subgroup of G, and z,y € H, then y~! € H, so zy~! must be in H.

(<) Suppose for all z,y € H, zy~! € H. The operation of H is the same as that of G, so it is associative. Since H is
nonempty, there is an € H. Then z2~' € H, so e € H. Lastly, since z,e € H, ez~ = 27! € H.

e+ Corollary 2.3: Let H be a collection of subgroups of G. Then D = [, H is a subgroup of G.

e Subgroups generated by subsets. Given X C G, we define (x) to be the smallest (inclusion) subgroup of G containing
X. X ={x1,22,...}, e, 2y, ... and product of them are in the group generated by X.
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o Convention: (f) = {1}.

o We can also think of () as the set of all finite products uq, ..., us,t € N, where u; or ui_1 € X.

o Example: Dg: {(g), (h) = {1,h}, (g%, h) = {1,¢% h,g?h} Given a group G and g € G, look at structure of (g).
o Corollary 2.5: (g) = {¢"|n € Z} (Cyclic group).

o Lemma 2.6: Let G = (g) and H # {1} a subgroup of G. Let ¢g" € H be the smallest natural number such that

(a) ¢™ € H if and only if n|m (n divides m).
(b) H = ({g").

Proof. (a) If n|m, clear. Conversely, suppose g"* € H. Using the division algorithm, m = ng + r,0 < r < n. Since
gm,g" € H,g"(¢g™)? € H, so g" € H. By the minimality of n, » must be 0. Therefore, n|m. (b) follows from (a).

e Corollary 2.7: Subgroup of cyclic groups are cyclic.

o Lemma 2.8: Let g € G, 0(G) =n < .

(a) g™ =1, if and only if n|m.
(b) g™ = ¢!, if and only if m = I(mod n).
(©) Kol =n,(9)={Ll.g,....g" '}

o A cyclic group is a group of the form (g), G = (g),¢™ € H.
o Correction: Lemma 2.6: H can be equal to {1}.

o Catch: If |G| is infinite and H = {1} then no such n exists.
e G=1{1,9,9%9% 9% ¢°}, H= {1}, pick n=6,95=1¢ H.
e Lemma 2.8: Let g € G, 0(g9) =n < o0,

(a) g™ =1iff. njm.
(b) g™ = g' iff. m = I(modn).
(c) [{g)] = n.

Proof. (a)Follows from 2.6 (a) using H = {1}.

(b) g™ = g' if and only if g™ ! = 1 if and only if n|(m — [). This is equivalent to m = I(modn).
(c) Every power of g is equal to one of g,¢%,...,¢g" ! by b. Futhermore, these must all be distinct (again by (b)).
Therefore |{g)| = n.

e Theorem 2.9: Let G be a finite order cyclic group of order n. Then G has exactly one subgroup of order d for each
dn.

« Given d|n, G = (g), a subgroup of G of order d is given by (g""/?).

o Euler’s totient function ¢(n): Let u, = {r € Z|0 < r < n,gcd(n,r) = 1}. Define ¢(n) = |u,| (on domain N).
o Example: ¢(1) =1, ¢(5) = 4.

o If pis prime, ¢(p) =p—1, ¢(p*) = p* —p* ', a € N.

o If the ged(a,b) = 1, then ¢(a,b) = ¢(a)p(b).

« Example: ¢(100) = $(4)$(25) = (4 — 2) - (25 — 5) = 40.

o Theorem 2.10: Let G be cyclic of order n, G = (g). Then G contains ¢(n) elements of order n.

Proof. Let r € {0,...,n—1} and suppose ged(r,n) > 1. Then d = ey <, and nlrd. So a(g") < d, since (g")? = 1.

Therefore (g") < n. Suppose ged(r,n) = 1. Let f be the least positive integer satisfying g/ € (g"). Then f|r. We
also know that g™ =1 € (¢"), so f|n. Then f must be 1, so (¢") = (g) implying o(g") = n. Therefore the number of
elements of order n in G is ¢(n).
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o Corollary: Let G be a cyclic group of order n. Then G has exact ¢(d) elements of order d for each d|n and 0 if d 1 n.

Proof. For each d|n, there is a unique subgroup of order d which has exactly ¢(d) elements of order d. And any elements
of order d must generate a subgroup of order d. So there are no others.

o Corollary: > ¢(d) =n.
d|n

o Example: > ¢(d) = ¢(1) +o(2) + ¢(5) + ¢(10) =1+ 1+ 4 +4 = 10.
d|10

o Centralizers: Let g € G, define Cg(g) = {x € G|zg = gz}.
« Example: Cp,(h) = {1,h,g?%, g*h}.
o Lemma 2.12: Cg(z) < G.

o Define center of G as Z(G) = [\ Cg(h).
neG

o Example: Z(Dg) = {1, ¢°}.

e Cu(z) <G. ForasetY, Cq(Y)= () Ca(x) <G. Z(G) =Cq(G) < G.
€Y

« Conjugation: For g,h € G, we define g" = h='gh. Then we have (¢")¥ = (h=1gh)* = k= h~'ghk = (hk)"1g(hk) =
hk
g,

e Automorphisms: An isomorphism from a group to itself is called an automorphism.

« Example: For {1,g,¢% ¢}, the automorphism ¢ can be defined as {1 — 1,9 — ¢3,9%> — ¢°, 9> — g}.

o Aut(G) = set of all automorphism of G, closed under composition, inverses, contains the identity map group!
o Note: Aut(G) = Sym(G).

o Inner Automorphisms: Let g € G. The map 6, : G — G defined by 6,(z) = 29 is an automorphism of G. (If G is
abelian, then 6, would be trivial, say it is identity map.)

« The set of all inner automorphism of G forms a group called Inn(G). Note: Inn(G) < Aut(G). Why? 6,60, = 0,,,0; " =

0,1,

Proof. Note that Inn(G) is nonempty, since 6; € Inn(G). Now let 0,,6,, € Inn(G). Then, for z € G, 0,(0,) " (z) =
0, (x9) = zoh = 0,n-1(z), since 0;, " = 0—1. Then 0,0, " € Inn(G). Therefore, Inn(G) < Aut(G).

o Example: Ds = {1,9,9% ¢, h,gh,g°h.¢°h}. 0, = {1 = 1,9 = 9,9° = ¢>,¢° = ¢°>.h — ¢°h.gh — g°h,¢°h —
h,g3h — gh} is an inner automorphism while 0, = {1 — 1,9 — ¢,9°> — ¢%,9° — ¢>,h — gh,gh — g¢*h,g*h —
g>h, g>h — h} is not an inner automorphism.

o Example: S5 = Sym({1,2,3,4,5}), Aut(G) = Inn(S5).
o Group U, where U,, = {a € Z|0 < a < n,gcd(a,n) = 1} under multiplication modulo n.
o Example: Us ={1,2,3,4}, Us = {1,5}, U1 = {1,3,7,9}, U2 = {1,5,7,11}.

o Let Z1g be arithmetic modulo 10 under addition. What is Aut(Z19)? We can construct automorphisms from Uyg. For
3 €10, define ¢ : Z1g — Z1o via ¢ : x — 3x is an automorphism.

o Aut(Zy9) 2 U,. Since the generators of U,, = {1,3,7,9} are in {0,1,2,3,4,5,6,7,8,9}.

o Example: Dg = {1,9,9% ¢° h,gh,g*h,g3h}, H = (g) - preserved by all automorphisms of Dg (as a subgroup).
K ={1,h}, 0,(K) = {1,¢9°h} # K.

o Characteristic: We H < G is characteristic in G provided that o(h) € Aut(G).
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Theorem: Z(G)charG.

Proof. Let ¢ € Aut(G). Let h € Z(G). We first show ¢(h) € Z(G). Let w € G. Since ¢ is a bijection for some z € G.
Then we(h) = ¢(x)p(h) = d(xh) = ¢p(hx) = ¢(h)p(z) = ¢(h)z. Therefore, ¢p(h) € Z(G) proving ¢(Z(G)) < Z(G).
Using the same argument on ¢!, we also obtain ¢~1(Z(G)) < Z(G). Applying ¢, Z(G) = ¢~ 1¢(Z(G)) < ¢(Z(Q)).
So Z(G) = ¢(Z(G)).

Normal subgroup: We call a subgroup H < G normal in G if H is fixed (setwise) by every inner automorphism of
G. Equivalently, H <1 G provided that HY = H for all g € G.

Note: characteristic subgroups are also normal.

New groups from old: Given group H,G with operation o and %, we define a new group on H x G = {(h, g)|h €
H, g € G}, where the new operation (h1,g1)(h2, g2) = (h1 0 ha, g1%g2), the identity is the direct sum of their identities,
say (1H, lg).

Example: ZyxZy = {(0,0),(0,1), (1,0),(1,1)} is isomorphic to {1, g, g%, h, g?h} < Dg. Zyx Dg = {(0,1), (0, g), (0,g?), ...

Note: In an Abelian group, every subgroup is normal. Zs x Zs has the subgroup H = {(0,0), (0, 1)}, H << Zs X Zs
Is H charZy x Zs? No. Let 0 € Aut(Zg X Zy) where o(z,y) = (y,z), but o(H) # H.

Lemma 2.15: Let H be a subgroup of G, then H < G if and only if H9 < H for all g € G.

Proof. Let H < G and suppose H9 < G for all g € G. Then for all g € G,H9 ' < H. So (H9 )9 C HY, implying
H C HY for all g € G. Therefore, H = HY for all g € G.

Corollary: Let H < G, then H < G if and only if for each h € H, g € G, we have h9 € H.

Example: In GL(n,C), the subgroup SL(n,C) = {M € GL(n,C) with det(M) = 1}, SL(n,C) < GL(n,C). If
M € SL(n,C), N € GL(n,C), MY = N"'MN. det(M") = det(N~!) det(M)det(N) = 1.

Normal subgroup is not transitive. That is, it can happen that H < K, K <G, but H 4 G.
Note: K = {1,¢% h,g*h} < Dg, g *hg = ¢*h, H = {1,h} < K but H < G.

Lemma 2.16: Suppose H char N and N < G, then H < G.

Proof. Let g be a memeber of G (g € G), consider 6, € Inn(G) (inner automorphism). Since 8,(N) = N. 6,y is an
automorphism of N. Since H char N, (84|n)(H) = H. So HY = H implying H < G.

Theorem 2.17 Let G be any group. Then Inn(G) < Aut(G). Reason: 87 = 0,(,), for o € Aut(G).

Lemma: Let X,Y,Z C G and let H < G. Recall XY = {zy : z € X,y € Y}. Then (XY)Z = X(YZ). Also,
X CHX,and X C XH. Lastly, HH = H.

Proof. Note (XY)Z ={(zy)z:x € X,y e Y,z€ Z} ={x(yz) : v € X,y € Y,z € Z} = X(YZ). Next, note that
1€ H. Since H<G,s0 X ={lz:x€ X} Chx:hec Hxec X =HX. Similarly, we see X C XH. Lastly, by closure
HH C H. However, by the previous fact H C HH. Therefore, H = HH.

Lemma 2.18: Let H, K C G, then HK C G if and only if HK = KH.

Proof. (=) Assume HK < G, we have H, K C HK (by lemma). Closure implies that KH C HK. Let x € HK. Then
27! € HK, since HK < G, then 2~ = hk, for some h € H,k € K. Then © = k~'h~' € KH. Therefore, HK C KH,
forcing HK = KH.

(<) Suppose HK = KH. Clearly 1 € HK, so HK # 0. Let z,y € HK. Then x = hik1,y = hoks for hy,hy € H,
ki, ky € K. This gives xy~"' = hikiky *hy b = hy(kiks 'hyt). Note kiky 'hy' € KH = HK, so kiky 'hy ' = hsks for
some hz € H, k3 € K. Then zy~! = (hyh3)ks € HK. Therefore, HK < G.

Cosets: Let H < G. The right cosets of H are the sets Hg = H{g} for g € G. Left cosets: gH = {g}H for g € G.
Example: Ds = {1,9,9°,9°, gh, g*h, g°h}.
— H={1,h} = Hh $- Hg = {g,9°h} = Hg’h

- Hg? = {gQ,gzh} = Hg’h
— Hg® = {g°,gh} = Hgh

1,1

)
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Note: for h € H, H < G, Hh = H. Why? Clearly, Hh C H by closure. Let ¢ € H. Then GH™' € H, so
gh~*h =g € Hh.

e Lemma 2.20: Let H < G.

(a) If Hx N Hy # 0, then Hx = Hy.
(b) If tH NyH # 0, then 2 H = yH.

Upshot: right (left) cosets are disjoint or equal.

Proof. Note H(hx) = (Hh)x = Hx whenever h € H. Suppose g € Hx N Hy, then g = hx = h'y for some h,h’ € H. So
Hg= Hhx = Hx and Hg = Hh'y = Hy, which gives Hx = Hy.

Similar proof for left cosets.

e Lemma 2.22: Let H < G. Then all cosets of H have cardinality |H|. Why? Map H — Hg given by h +— hg is a
bijection.

o Definition: Index of H in G is the number of right (left) cosets of H. Denote: |G : H]|.
o Theorem 2.23 (Lagrange): Let H < G. Then |G| = |H||G : H|. In particular, if G is finite, |H| divides |G]|.
Proof. If |G| is finite, we have G is partitioned into |G : H| right cosets, all of order |H|. So |G| = |H||G : H]|.

+ Corollary 2.24: Let G be finite, g € G. Then, o(g) divides |G|. Also, gl¢l = 1.
Proof. We have (g) < G. So |{g)| divides |G|. Since |{g)| = o(g). So o(g) divides |G|. Then g!¢l = 1 follows 2.8(a).
o Fermat’s Little Theorem: If p is prime, p{ a, then a?~! = 1(mod p).

o Example: By Fermat’s Little Theorem, we know that 183'¢(mod 17) = 1, then we can conclude that 18333(mod 17) =
18316 . 18316 . 1831 (mod 17) = 183(mod 17) = 13.

e Recall for g € G, ¢(g)||G| and ¢!¢l = 1. Consider U, = {a € Z|0 < a < n and ged(a,n) = 1}, and known that |U,,| =
¢(n). Note: U, forms a group under multiplication modulo n. Say Us = {1,3,5,7} and U5 = {1,2,4,7,8,11, 13,14}
since ¢(15) = ¢(3)p(5) =2-4 = 8.

Euler’s theorem: If gcd(a,n) = 1, then a?(™ = 1(modn).

Proof. U, is a group, so a!U»! = 1(mod n).

« Example: 183!3(mod 15) = (183%)*183(mod 15) = 183(mod 15) = 3.
e Recall that normal subgroup H9 = H for g € G suffices to show HY9 C H for all g € G.
o Theorem 2.25: Let H < G, the following are equivalent (TFAE):

1) H<G.

2) Hg=gH.

3) Every left cosets is a right cosets.

4) Set of right cosets is closed under set multiplication.

= (2): Let g € G, then HY = H, so g~ 'Hg = H. Multiply by g on left, Hg = gH.
( ) = (3): Clear.
= (4): Let Hz, Hy be the right cosets of H. The left coset zH must be a right coset Hz, for some z € G by (3).
Then (Hz)(Hy) = (HzH)g = H(Hz)y = (HH)(zy) = Hzy.
(4) = (1): Let ¢ € G. Then Hg™ !, Hg are right cosets of H, so Hg"'Hg = Hz for some z € G. Note that
1€ Hy 'Hg = Hz where Hg *Hg = {h1g ‘hag : h1,ha € H}, so Hz = H. Considering H(g 'Hg) = H, so
g 'Hg C H since X C HX. Since HY = g 'HgC H forall g € G, H < G.

« Examples:

(1) Dsandlet H = {1,h}. Wehave H = {1,h}, Hg = {g,¢°h}, Hg* = {¢®, g*h}, Hg® = {¢®,gh}, gH = {g,gh},g°H =
{9?,9°h},g°H = {g?, g°h}.
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(2) Let H ={1,¢?}. Then H = {1,¢°}, Hg = {9, ¢*}, Hh = {h, g*h}, Hgh = {gh, g*h}, HgHh = {gh, g°h} = Hgh.
(3) Let K ={1,9,9% ¢*},hK = {h,g*h,g*h, gh}, Kh = {h, gh, g*h, g*h}.

e Corollary 2.26: Swap words “left” to “right” in Theorem 2.25.
e Quotient group: Let H <1 G, we define G/H = {Hg : g € G}with operation of set multiplication.

e Theorem 2.27: If H<G, G/H is a group with identity. H and with (Hg)~! = Hg~! and multiplication HxHy = Huxy.

Proof. We have closure by theorem 2.25, associativity by our lemma ((XY)Z = X (Y Z)). So set multiplication is
an associative binary operation on G/H. By theorem 2.25 HxHy = «tHHy = xHy = Hay. Also, HHx = Hz and
HxH = HHx = Hzx, so H is the identity. Lastly, for any coset Hx, Hz~! is a coset, and HxHx~' = H-1= H. So
(Hz)™' = Ho™ L.

e Theorem 2.28: Let N <G, H < G. Then NH = HN, and so HN < G. Futhermore, if H <G, then HN < G.

Proof. We have HN = |J hN = |J Nh = NH. By the previous result (theorem 2.18), HN < G. Now suppose
heH heH
H <G as well. Then for g € G, (HN)Y = HINY = HN.

o Normalizers: Ng(X) = {g € G|X9 = X} where X C G.

o Lemma 2.29: We have Ng(X) < G. If X <G, then X < Ng(X).

Proof. Note 1 € Ng(X), so Ng(X) # 0. Let g,h € Ng(X). Then X9 ' = (X9)h™ = Xxh™" = (xh)h™' = xhh™" =
X. Lastly, if X < G, then X9 = X for any g € X by closure. So X < Ng(X).

o Corollary 2.30: Let H < G. Then H << Ng(H) and for any K < G with H < K, we have H < K if and only if
K < Ng(H).

o Corollary 2.31: Let H, K < G. If K <Ng(H), then HK = KH,so HK < G.
Proof. KH= |J kH= \J Hk=HK.
keEK kEK

d Example: DS = {13gvgzagg,hvghag2hvgsh}' NDs({g3vgh}) = {1792} NDs({g}) = {179792793}'

e Group Theory Software:

— GAP (by Alexander Hulpke, free)
— Magma (free in US for 2 years)
— Sage

o Shorthand for Sym({1,...,n}) is Sy.

o Take a tetrahedron for example. We get as reflections: (12),(13),(14). Notice that (123) = (12)(13), (23) =
(12)(13)(12). Sy = ((12), (13), (14)).

o Denote K = {e, (12)(34), (13)(24), (14)(23)}, K forms a subgroup of Sy. Called Klein-4 group.

« Compute Ng, (K), K < Ng,(K). K12 = {e, (12)(34), (14)(23), (14)(23)}, since (12)[(12)(34)](12) = (12)(34). And
same for K% = K, K4 = K so (12), (13), (14) € Ng, (k). Henceforth, Ng, (K), so K <Sy.

« Example: H = ((1234)), denote N = Ng, (H), 4||N|. Since (1234)3% = (24)(1234)(24) = (1432), etc., we have
HCY = {e,(1432),...} = ((1432)) = H. Note that H% is also a cyclic group of order 4 and H = H(>*, This show
(24) € N as well, so [N| > 4. So |N| = 8,12,24. We claim (HU{(24)}) has order of 4. Note (HU{(24)}) = ((1234), (24))
and H is a subgroup. Let’s find |[(HU{(24)} : H|. Cosets: H, H(24). What is H(24)(1234)? I claim (24) € H(24)(12).
Note that H < (H U {(24)}) since (H U {(24)}) < N. H(24)(1234) = (24)H(1234) = (24)H = H(24). So H, H(24) are
the only cosets of H in ((24), (1234)), so |((24), (1234))| = 8. Lastly, let’s consider H(1?3) = (132)(1234)(123) = (1423),
so |[N| =# 24, hence |[N| =8, and N = ((24), (1234),...).
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2 Chapter 3

2.1

Group homomorphism
A map ¢ : G — H is called homomorphism if ¢(a,b) = ¢(a)p(b).
Example: note that C* = {z € C|z # 0} is a group under multiplication.
Example: ¢ : GL(n,C) — C* define by ¢p(M) = det(M).
Kernel of a homorphism: ker ¢ = {z € G|¢(x) = 1}.
Example: For ¢ given on GL(n,C), ker ¢ = SL(n,C).
Example: ¢ : G — Inn(G), ¢(g) = 0,, ker ¢ = Z(G), since 0,(z) = x, we have 29 = g~ lzg = v = xg = gz.
Example: ¢ :Z — Z,. ¢(z) = x(modn), then ker ¢ =nZ = {nz:ax € Z}: nZ,nZ + 1,nZ+2,...,nZ+ (n—1).

Theorem: Let ¢ : G — H be a homomorphism, then

(a) (1) =1, p(2)~! = g(a™").
(b) kerop < G.
(c) ¢(z) = ¢(y) if and only if N, = Ny (z = ny for some n € N), where N = ker ¢.
(d) ¢ is injective if and only if ker ¢ = {1}.
Proof
(a) We have ¢(1) -1 = ¢(1) = ¢(1-1) = ¢(1) - (1), then ¢(1) - ¢(1) - (1) Multiplying by ¢(1)7! we get

BT 1 = (1) I, 50 91y = 1. Aisor ora-1) = as1) = 6(1) = 1. 50 by untgueness o
inverses ¢(x~!) = ¢(x71).

(b) Let z € N, g € G, then ¢(29) = ¢(g71zg) = ¢(97 1) d(z)d(g9) = ¢(97 ) p(g ) =1. Sox9 € N,so N <aG.

(c) Suppose ¢(z) = é(y), then ¢(xy~!) = 1. So 2y~ € N. Then zy~! = n for some n € N. So x = ny.Then
Nz = Nny = Ny. Conversely, suppose Nz = Ny. Then y = nz, for some n € N. Then ¢(y) = ¢(nz) =
p(n)d(x) = ().

(d) If N # {1}, then |[N| > 2, so clearly ¢ is not injective. Suppose N = {1}, let 2,y € G with ¢(z) = ¢(y). Then
d(ry~!) =1,s0 zy~* € N. So xy~! = 1 implying x = y.

Corollary 3.2: The normal subgroups of G are precisely the kernel of homomorphism from G to other groups.

Proof. From 3.1, kernels are normal. Let N <<G. Define ¢ : G — G/N via ¢(x) = Nz. (Called canonical homomorphis-
m). This is a homomorphism. Since ¢(xy) = Nzy = NaeNy = ¢(z)¢(y). We have (Ker)¢p = {x € GINx =N} = N.

Theorem 3.3 (First Isomorphism Theorem): Let ¢ : G — H be a surjective homomorphism. Then H = G/ ker ¢.
Furthermore, there is a unique isomorphism 6 : G/ ker ¢ — H such that 70 = ¢, where 7 : G — G/ ker ¢ is the canonical
homomorphism.

Proof. Let ¢ : G — H be surjective homomorphism. Let 7 : G — G/N be the canonical homomorphism, N = ker ¢.
If 70 = ¢, we must have 0(w(z)) = ¢(z), so 6(Nz) = ¢(x). We claim § : G/N — H defined by (Nz) = ¢(x) is
an isomorphism. We first show 6 is well defined. Suppose Nx = Ny. Then ¢(z) = ¢(y) by 3.1 (c). To show it’s a
homomorphism, note that for Nz, Ny € G/N, 0(NxNy) = 0(Nzy) = ¢(zy) = ¢(x)p(y) = 0(Nx)8(Ny). The map 0
is surjective because ¢ is surjective. Lastly, the kernel of 0, kerf = {Nz : ¢(z) =1} = {Nz:2 € N} = {N}. So 0 is
injective. Therefore, # is an isomorphism and G/N = N.

Example: GL(n,C)/SL(n,C). Define ¢ : GL(n,C) — C* via ¢(M) = det(M). ker ¢ = SL(n,C). Note: ¢ is surjective
so GL(n,C)/SL(n,C) = C*.

Corollary: Let ¢ : G — H be a homomorphism, then G/ ker ¢ & image of H.
ForUCG,VCH,¢:G— H,p(U)={¢(z):x€U}. ¢~ 1(V)={x € Glp(z) € V}, 7 ({1}) = ker ¢.
Lemma 3.5: Let ¢ : G — H be a homomorphism.

(a) If U <@, then ¢(U) < H.
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(b) f V<H, ¢V < G with ker ¢ < (b‘l(V).
Proof.

(a) Since U # 0, ¢ # 0. Let ¢(z),d(y) € ¢(U). Then ¢(x)d(y)~1 = ¢(zy~!) € ¢(U) since zy~1 € U. So ¢(u) < H.
(b) Note the identity 1 € ¢=1(V), so ¢~ 1 (V) # 0. Let z,y € ¢~1(V). Then, ¢(zy~!) = ¢(z)p(y)~* € V, since
é(x),0(y) € V. Soxy=t € ¢ 1(V). So ¢~1(V) < G. Lastly, since ¢(ker ¢) = {1} C V, we have ker ¢ C ¢~ (V).

o Theorem 3.6: Let N< G, H<G. Then HNN <H and H/HNN = NH/N.

Proof. Let # : G — G/N be the canonical homomorphism. Let ¢ = 7|y. Note that now ¢ is a homomorphism
from H to G/N. Note that img(¢) = {Nz:x € H} = {Nyzx : y € Nyo € H} = {Nz:z¢€ NH} = NH/N. So
H/ker ¢ = im(¢) = NH/N. Lastly, we compute ker¢p ={z € H: Nt =N}=HNN. So H/HNN = NH/N.

e Theorem 3.7 (Correspondence theorem): Let ¢ : G — H be a surjective homomorphism, N = ker¢. Let
S={UIN <U<G}, T={V|V < H}. Then ¢,¢ ! defines inverse bijection between S and T. Furthermore, that
maps repsect containment, indices, normality, and factor groups. In other words, ¢(U;) = Vi, ¢(Uz) = V.

— U <U &V <V,
- |U2 : U1| = |V2V1|
— Ui «U; it Vi V5.
— Uy /Uy 2 Vo /V7.

Proof. By 3.5, ¢, $~! are maps between S and T. We will show they are inverses of each other. Let U € S. Clearly,
U C ¢ 1(p(U)). Let g € ¢~ H(¢p(U)). Then ¢(g) € ¢(U). So Ng = Nu for some u € U (¢(9) = ¢(u) for some
u € U). Therefore, g € Ng = Nu C U. Since u € U,N C U. Therefore, p~1(¢p(U)) = U. Let V € T. Clearly,
#(¢p~ (V) C V. Let v € V. Since ¢ is surjective, 3g € G with ¢(g) = v. Then, g € ¢~ 1(V), so v = ¢(g) € ¢(¢~1(V)).
So ¢(¢p~1(V)) = V. Therefore, ¢, =1 are inverse bijections form S to T. Clearly, ¢, ¢! respect containment. Let
Up <Us < G. Let z € ¢(Us), then z = ¢(x) for some z € Uy (surjectivity), so ¢(Ur)¢p(z) = &(UT) = ¢(Ur), so
¢(U1) < ¢(U2).

e S={U<G,ker¢ CU}, ¢:G— H surjective, T = {V < H}, ¢,¢~ L.

e Suppose U1,Uy € S, Uy < Us, ¢(U1) <¢(Us). Let & € Up. Then ¢(UT) = ¢(U)*®) = ¢(Uy), since ¢(x) € ¢p(Us). Since
d(UT) = &(Ur), and UF, Uy € S, and ¢ is a bijection from S to T, we must have U¥ = U;. Therefore, U; < Us.

o Let Uy < Uy, V1Va = ¢(Ur)¢(Uz) respectively. Note Vi < Va.

o Let 7 : Vo — V,/V] be the canonical homomorphism, let ¢’ be the restriction of ¢ to Us. Let § = ¢'m. So 6 : Uy — Vo /V].
Note 0(Usz) = n(¢'(Uz)) = 7(¢p(Uz)) = w(Va) = Vo /Vi, so 0 is surjective. Lastly, ker 0 = {z € Us|w(¢'(2)) =V1} ={z €
Us|Vig/ () = Vi} = {x € Us|¢'(x) € V1 } = Uy. Therefore, Us/U; = V5 /V;. Lastly, we show indices are preserved. Let
Uy < U, U1,Uz € S, and Vi = ¢(Uy), Va = ¢(Uz). We construct a bijection from {Uyz|z € Us} to {Viyly € Va}. We
use ¢p(Urx) = Vig(x). We first show this map is surjective. Let z € Vo, so V12 is a coset of V4. Then z = ¢(z) for some
X in Us, so ¢(Urz) = Viz. To show it’s injective, suppose ¢p(Urz) = ¢(Ury), where z,y € Uy. Then Vié(z) = Vio(y),
so ¢(z)p(y)~t € V1. Then ¢(axy~t) € Vi, s0 2yt € ¢~ 1(V4) = Uy. So Uyz = Usy. Therefore, the map is bijective, and
‘UQ : U1| = H/vg : ‘/1|

o Corollary 3.8: Let N << G. Every subgroup of G/N has the form H/N for a unieq subgroup H < G with N < H.

Proof. Let m : G — G/N be the canonical homomorphism. So by the correspondence theorem, subgroups of G/N
correspondent to subgroups of G containing ker(¢) = n. So given M < G/N, we have a unique subgroup H with N < H,
p(H)y=Mand H/IN=ZM/{1} 2 M. (N<H<G=7(N)<n(H)<n(G)) and n(H)=H/N ={Nz:x2 € H}.

o Corollary 3.9: Let N < M <G and N <G. Then (G/N)/(M/N)=G/M.
Proof. Let 7 : G — G/N be the canonical homomorphism. We have M <G, N < M, and so m#(M) = M/N <7(G) =
G/N. By 3.7, G/M = (G/N)/(M/N).

« Exercise: Show Inn(G) cannot be nontrivial cyclic group.

« Definition: Define ¢ : G — Inn(G) via ¢(g) = 6,. We have ker(¢) = Z(G). So by the last isomorphism theorem,
G/Z(G) = Inn(G). Note: ¢ is clearly surjective. By way of contradiction, suppose G/Z(G) is nontrivial and cyclic.
Then G/Z(G) = (Z(G)x) = {Z(Q)x',i € Z}. Therefore, every element of G has the form zz® where 2z € Z(G),i € Z.
This forces G to be abelian, so Z(G) = G, so Inn(QG) is trivial cyclic.
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 Definition: Define the commutator of # and y to be [r,y] = 2~ 'y lxry. Note: x commutes with y if and only if

[z,y] = 1. Commutator group denoted as G’ = ({[z,y] : z,y € G}).

o Example: Dg = {1,z,22, 2% h,zh,2?h,z3h}, then D} = {1,22}. Note: for a homomorphism, ¢([z,y]) = [¢(x), d(y)].
If ¢ : G — H is an isomorphism, then ¢(G’) = H'. In particular, G’ char G, so G’ <G. Note: G is abelian iff G’ = {1}.

o Theorem 3.10: Let N <<G. Then G/N is abelian iff G’ C N.

Proof. Let m : G — G/N be canonical homomorphism. Suppose G/N is abelian. Then 7 ([z,y]) = [r(z),n(y)] = 1.
m(G") = {1}. So G’ < ker(¢) = N. Conversely, suppose G’ C N. Then, n(G’') = 1, so 7([z,y]) = 1 for all z,y € G.
Since 7 is surjective, we have (G/N) = ({[n(z,y)] : z,y € GI}) = {1}. So G/N is abelian.

o Corollary 3.11: Let ¢ : G — A be a homomorphism from G to an abelian group A, then G’ < ker(¢).
Proof. We have im(¢) < A is abelian and im(¢) = G/ ker(¢), so G’ < ker(¢) by the previous theorem.

e Corollary 3.12: Let G’ < H < G, then H < G.

Proof. Since G/G’ is abelian, H/G’' <<G/G’. By the correspondence theorem, using canonical homomorphism ¢ : G —
G/G, then H < G.

o Example: {1,22,y,2%y} < Ds.

Commutator of S, (symmetric group which has n elements) is A,, (alternating group on n elements)
o Definition: A permutation group is a subgroup of Sym(X) for some nonempty set X.
o Example: {¢, (1432), (13)(24), (1234), (14)(32), (24), (12)(34), (13)}, Ds < S4, D2, < S,,.
o Example: H = ({(12),(345)}) < S5 = {¢, (12), (345), (354), (12)(345), (12)(354)}. C, = {(12---n)).
o Definition: Let G be a permutation group on a set X, & € X. The orbit containing « is the set O, = {(a)-g: g € G}.
o If a permutation group has only one orbit, we call it transitive. That is, for each o, 8 € X, 3g € G with («) - g = 5.

o Definition: S = Stabp,(1) = {¢, (24)}, its cosets are

- 5= {l,xy}
- Sz = {xvy}
— Sp2 = {22, 23y}
— Sps = {23, 2%y}
o Definition: One definition of a group G acting on a set X is a homomorphism ¢ : G — Sym(X).

o Example: Dg = {1, 2,22, 23, h,xh, 2%h, 23h}, let dy, ds be the group action on Dg gives {¢, (12), ¢, (12), (12), ¢, (12),¢},
kernel of this group action is {1, 22, zh, 23h}.

o Definition: Let G be a group, Q a set with Q # (). Suppose for all o € Q, g € G, there is an operation defined with
a-g € Q (that is, - is a function from 2 - G to Q) satisfying

(a) a-1=aforall a €.
(b) (a-g)-h=a-(gh)for g,h € G,a € Q.

e Right reqular action of G on itself: Vx € G, g € GG, we have x - g = xg.

e Conjugation action of G on itself: Vx, g € G, we have x - g = 9.

e Action on cosets of H < G for a coset Hx € G, g € G, we have Hx - g = Hzxg.
o Kernel of a group action: {g € Gla-g = «,Va € Q}.

o Let G be a group, Q a set. A homomorphism ¢ : G — Sym({2) defines a group action via « - g = (a)¢(g).
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o Lemma 4.2: Let G act on Q. For g € G, define g : Q@ — Q with (a)7rg = a-g. Then g € Sym(Q2) and 6 : G — Sym(Q)
via §(g) = 14 is a homomorphism whose kernel is the kernel of the action.
Proof. We have (a)(mgmp) = (a- g)th = (- g) - h = a - (gh) = (@)7gn. So mgmp = Tgp. Also (a)m = -1 =« for all
a. So 7y is the identity. Similarly, m,-17y = 7. So 74 has left and right inverse, imply it is a bijection (permutation).
So mg € Sym(2). Lastly, 0(gh) = mgp, = mgm, = 6(g)0(h) so 6 is a homomorphism.

o Corollary 4.3: Let G act on €, N be the kernel of this action. Then, N << G and G/N is isomorphic to a subgroup
of Sym(Q).
Proof. Let 6,1, be as given in previous proof. Then 0 : G — Sym(§) with kernel N. Therefore, im(¢) = G/N, where
im(G) < Sym(Q).

o A group action is called “faithful” if the kernel is {1}.

o Definition: Define a group G is simple if the only normal subgroup of G are {1}, G.

o Procedures: Take G, and maximal normal subgroup N. Compare G/N, this is simple. Take a maximal normal subgroup
Ny of Nj. Get N1 /Ny simple, keep repeating, G/N1,N; /N, No /N3, ..., which is called composition factors.

¢ Classification theorem of finite simple groups: over 100 authors and over 1000 pages. Answer: there are three
infinite families:

1) A,,n>5;

2) Z,, p is prime;

3) Group of Lie type (matrix groups);

4) 26 sporadic examples (monster). (using software called “Cog”).

o Theorem 4.4: Let H < G, |G : H| =n < co. Then there is normal subgroup N in G with

(a) N<H.
(b) |G : N||n!. In particular, if n > 1, |G| n!, then G is not simple.

Proof. Let G act on the cosets of H. Let N be the kernel of this action. Note: N < H. Then, there is a homomorphism
from G to S = Sym({Hz : © € G}) with kernel N, and G/N is isomorphic to a subgroup of G. Since the order of
a subgroup divides the order of the group, |G/N| divides |S|. So |G : N||n! (where n = |G : H|). If n > 1 and G is

simple, we must have N = {1}, so |G/|n!.
o Example: Let G be a group of order 100 with a subgroup H of order 25. Can G be simple?
No. |G : H| =4, but G 14!

o Example: Dg = {1,z,2% 2 h,zh,2?h,23h}, define {(Dg); = g € Dg : (1) - g = 1}, called the stabilizer of 1 in Ds.
For H = (Dg)1 = {e,zh}

— H ={e,zh};
- Hr = {1'7}1};
— Ha? = {22, 23h};
— Ha3 = {23, 2%h}.

o Corollary 4.5: Let H < G, G finite and |G : H| = p where p is the smallest prime divisor of |G|, then H < G.

Proof. Let G act on the cosets of H. If |G||p!, |G| = p, so H = {1} < G. If |G| { p!, then the kernel N of this action
is a nontrivial (N # {1}) subgroup of H. Let |H : N| = m. Then |G : N| = |G : H||H : N| = pm. So pm|p!, giving
m|(p — 1)!. This forces m = 1 by the minimality of the prime divisor p. Therefore, H = N < G.

e Theorem 4.7: Let H < G, N the kernel of the action of G on right cosets of H. Then

(a) N =yeq H"-
(b) If M <G and M < H, then M < H.

Proof.
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(a) Let N, G, H be as given, we have g € N if and only if Hx = Hxg for all z € G iff " 'Hx = 2 *HagVx € G iff
H*=H*gvx c Giff ge H*Vx € G iff g € (), H".
(b) Suppose M < H, M <G. Then M = (., M* C (e H* = N.
 Definition: Coreq(H) = (1,.o H” the largest normal subgroup of G contained in H.
o Definition: Let G action on ©, « € , then the stabilizer is Stabg (o) = Go = {g € G|(a) - g = a}.

o« Example: Let G = S5, G5 = 4.

— For G acting on cosets of H, Gy = H.
— For G acting on the power set of G, 2, by conjugation. By convention, ®9 = &,Vg € G. For z € Q, X9 = {h9]h €
X}

Suppose we have h € G, G, = Gy = Cg(h). For X C G, G, = Ng(X). If you want the set of elements of G that fix
each element of X, then Cg(X) is pointwise stabilizer of X.

o Definition: For a € Q, we define O, = {a9]g € G}, called the orbit containing a.
o Suppose § € O,. What is the relationship between O, and Og? They are same.
e« Lemma 4.8: The orbits of G acting on 2 partition .

Proof (Sketch): Define a relation « ~ g if 8 € O,. This is an equivalent relation.

e Theorem 4.9: Let G act on 2 with O an orbit. Let € O and H = Ga. Then there is a bijection between O and
the cosets of H.

Proof. Let f: O — {Hz|x € G} be defined as follows. For § € O, we have f(8) = Hxz provided that a-z = . We
need to show f is well-defined. Suppose f(3) = Hz, f(3) = Hy. Then a-2 = =a-y. So a- (zy~!) = a implying
2y~ ! € H. Therefore, Hr = Hy. So f is well-defined. It is clear f is surjective, since a-z € O for any = € G, and
fla-x) = Hz. Lastly, suppose f(8) = f(v) for 8,7 € O. Then § = a-x,7 = a-y for some z,y € G. Then f(8) = f(v)
implies Hx = Hy, so 2y~ ! € H. We have a = a(xy~!) so a -y = a - x, giving 3 = 7. Therefore f is a bijection from
O to the cosets of H.

o Theorem 4.10 (Fundamental Counting Principle): |O| = |G : G| where O is an orbit of G acting on Q, o € O.
If G is finite, |O| = |G|/|G4l. In particular, |O|]|G].

o Example: Stabilizer of vertex 4 isin Sy. Let H = {¢, (123), (132)}. Then the corresponding cosets are H(1234), H(13)(24), H (14
o Corollary 4.10: Let G act on §, where G is finite, O be an orbit, & € O. Then |O| = |G|/|G4|.
« Definition: The conjugacy class containing g € G is cl(g) = {g" : h € G}.

o Example: Dg = {1,x,2% 23 h,zh,2?h,23h}. cl(Dg) : {e}, {z, 23}, {22}, {h,22h}, {zh, 23h}. Note: with G acting on
itself by conjugation O, = cl(g). The size of conjugacy class | cl(g)| = |G|/|Cc(9)|- Na(g9) = Calg) = g" = g.

o Corollary 4.11: we have |cl(g)| = |G : Cg(g)|.

o Example: |G|=n<oo,l,n—1=n=2.

o Corollary 4.17: Let H, K < G, where H, K are finite: |HK| = ,gggl‘

Proof. Let K act on the right cosets of H in G. Let O be the orbit of this action containing the coset H. We have
|HK| = |Ugex Hyl = |H[|O].

_ K|
[HNK]’

o Example: The group actions are as follows: H, Hz, Ha'. The stabilizer in H in this action is H N K, so |O|

therefore, |HK | = ngﬁ\

o Definition: The permutation character of a group action is the map x : G — C(NU {0}) be defined by x(g9) = [{« €
Q:a-g=a}
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o Theorem 4.18 (Cauchy-Frobenius theorem): Let G act on 2, where G, ) are finite. Let n be the number of orbits
of this action satisfies: n = ﬁ > x(g) = average value of the permutation character.
geG

Proof. Let G act on €2, both G and § are finite. Let S = {(a,9) : a € Q,9 € G,a- g = a}. We have |S| = > and

acl)
1S|= "3 x(9)- So > =x(g9) = 3 |Gal. This gives
geG geG ae

1 _ b _ |Gal
‘G‘g;x(g) |G‘Z\Ga| Z\GI

aeQ a€e)

1 1 .
— O%S:Z TN = Z Z 5= Z 1 = number of orbits.

distinct orbits O acO distinct orbits O

o Example: a merchant makes 10 necklaces with 10 beads each, chosen from 5 different colors. How many different
necklaces are possible?

o Definition: An “ordered necklace” is a circular arrangement of 10 beads (where order of beads matters) where there
is a clearly labeled first bead, second bead, ..., etc. and labels increase clockwise. Consider different if beads in position
1 are different for some i.

e Solution: We calculate the character of the dihedral group.

e 510 h 5%
T 5 zh 56
x? 52 z2h 55
3 5 x3h 56
x* 52 z*h 5°
x® 55 x2°h 56
8 52 25h 5%
z’ 5 zTh 56
8 52 | 28h 5P
z? 5 2%h 56

Then, by Cauchy-Frobenius theorem, we have
1

50 (5" +4-544-5°+5"+5-5"+5-5%.

o Theorem 4.19: Let G be a finite group acting transitively on 2, where |Q2] > 1. Then there is an element g of G that
fixes no element of G (that is, x(g) = 0).

Proof. Since the action is transitive, ﬁ >~ x(g) = 1. So the average value of x(g) is 1. However, x(1) = || > 1, which
geG
is above average. Then there is a g where x(g) is strictly below the average. This forces x(g) = 0. Since x(g) € NU{0}.

3 Sylow Subgroups
e Freshman Arithmetic: Let p be a prime. Then

(x4 1)P = 2P + 1(mod p).

Proof. Since .
|
(@+1) ,;O(k)“’ and (k) i — B!

Therefore, the coefficients of x* is divisible by p for all 0 < k < p.
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Lemma 5.1: Let n = p*m where p is a prime. Then

n
= mmod p.
(pa) P

Proof. We have (z + 1)P" = 2P" + 1(mod p) by repeatly using Freshman arithmetic. We have
(41" = (x+1)P"™ = (2" +1)"(mod p).

We compute the coefficient of 2P on both sides. We have

(z4+1)" = no (Z) F

k=

and .
@ =3 () @

The coefficient of zP” are <;) and (m

1) = m, respectively. These must be congruent, so

(2) - wtonin

p

Theorem 5.2: Let G be a finite group of order n = p*m where p® t m. Then G has a subgroup of order p®.

Proof. Let Q be the set of all subsets of G with cardinality p*. Note |Q| = (;) . Let G act on §2 by right multiplication.

n

We have |Q] = p“) =m # 0(mod p) (by lemma 5.1). So p1|Q|, implying that some orbit O satisfies p t |O]. We have

|G| = |0||G.|, where z € O. Since p®||G|, pt|0O|, we have p“’|Gw|, so p* < |G,|. Note that for any h € G, Xh = X.
So XG, = X, implying that zG, C X for any z € X. Therefore, |G| = |2G;| < |X| = p®. So |G| = p®. Hence G, is
the desired subgroup.

Original proof.

1) If G satisfies Sylow E, for some p show all its subgroups do too.
2) Show that GL(n,p), p is prime satisfies Sylow E (direct construction).
3) Use a form of Cayley’s theorem to show any finite group is a subgroup of GL(n,p) for some large enough n.

Example: Show there is no simple group of order 100. By the Sylow-E theorem, G must have a subgroup H of order
25. Let G act on the 4 cosets of H. Let N be the kernel of the action. If G is simple, N = {1}. N can’t equal G since
G acts transitively on the cosets of H. Then G/N must be isomorphic to a subgroup of S4. So 100|4!, a contradiction.

Corollary 5.4 (Cauchy): Let G be finite with p| |G|, where p is prime. Then G has an element of order p.

Proof. Let p® be the biggest power of p dividing |G|. Then G has a Sylow subgroup H of order p*. Let g € H, g # 1.
Then |g|‘p“. So |g| = p° for some 1 < e < a. We have g e H, g7 #£1, (gpe*l)p =1, so |gp5*1| =p.

Sylow(G) = set of all Sylow-p subgroups of G. Notation: n,(G) = [Syl,(G)|.
Midterm Exam:

1) Facts/short proofs. Example: Let |G| = 168, |H| = 24. Suppose there is a g € G with H9 = H, and the g = 7.
Is H <1G? Explain. Solution: We have Ng(H) < G. Also, H < N¢(H), therefore, 24||Ng(H)|. Also, g € Ng(H)
so |g| = 7 divides [Ng(H)|. We must have |[Ng(H)| = 168. Hence H < G.

2) Computations. For example, given a concrete group, compute Cg(z), counting using Cauchy Frobenius theory,
etc.

3) Generic proofs. Subgroup tests, show a subgroup is normal, isomorphism/non-isomorphism, homomorphism.

4) Tentative test date: 11:00 AM - 01:00 PM MST, March 24, 2017, Friday. Place remains to be decided.
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o Definition: A group is called a p-group (p is prime) if every element of G has order a power of p.

o Corollary 5.5: A finite group is a p-group if and only if its order is power of p. |G| = p®m, where p is prime, and
ptm.

o Theorem 5.6 (Sylow D): Let G be finite, P C G be a p-subgroup where p||G|. Then there is an S € Syl (G) with
PCS.

o Theorem 5.7 (Sylow C): Let G be finite, p“G\. Then the set Syl,(G) is a single conjugacy class of subgroups of G.

+ Theorem 5.8: Let G be finite, P a p-subgroup of G. Let S € Syl,(G). Then there is an z € G with P C S*.

Proof. Let G, P, S be as given. Let Q = {Sz : x € G}. Let P act on Q by right multiplication. Then || = |G : S|
which is not divisible by p. So some orbits has size not divisible by p, meaning the size of this orbit is 1. So P stabilizes
some coset Sz. Then Sxg = Sz for all g € P. So S*g = S* for all g € P, forcing P C S*.

o Corollary 5.9: Let P € Syl (G). Then n,(G) = |G : Ng(P)|. In particular, n,(G)||G|. In other words, |G| = p®m,pt
m, then n,(G)|m.

o Sylow Subgroups: |G| =p°m,ptm,e > 1.

— Sylow E (power e): There is a subgroup of order p°.

— Sylow C (conjugate): All Sylow-p subgroups are conjugate.

— Sylow D (development): Every p-subgroup is containted in a Sylow-p subgroup, n,(G) = number of Sylow-p subgroups.
Syl,(G) = set of Sylow-p subgroup.

B S/ B

where S = Syl ,(G) and n,(G)|m.
o Corollary 5.10: Let S € Syl,(G). The following are equivalent:

1) S«G.

2) S is the unique Sylow-p subgroup of G, (n,(G) = 1).
3) S contains every p-subgroup of G.

4) ScharG.

Proof.

1) = 2) We have n,(G) = |G : Ng(S)|=|G: G| =1.

2) = 3) Let P C G be a p-subgroup. Then P C S? for some x, so P C S, since S* is equal to S (5% is a Sylow-p
subgroup t00).

3) = 4) Let o be an automorphism of G. Then ¢ (S) is a Sylow-p subgroup of G, in particular, o(S) is a p-group, so
o(S) C S. Since |S| = |0(95)|, we have S = ¢(5). Therefore S char G.

4) = 1) All characteristic subgroups are normal.

e Lemma 5.12: Let |G| < oo, S € Syl,(G). Let P be a p-subgroup of Ng(S). Then P C S.
Proof. We have S € Syl ,(Ng(5)), and S < Ng(S), so S contains every p-subgroup of N¢(S5).

e Theorem 5.11: Let |G| = pm, ptm. Then n,(G) = 1(mod p). In fact, n,(G) = 1(mod p*) if p* <|S: SNT| for all
S, T €Syl (G), S#T.

Proof. Let P € Syl,(G), and let P act by conjugation on Syl,(G). We note {P} is an orbit of size divisible by p. Let
S € Syl,(G), S # P. Let O be the orbit containing S. So |O| = |P : Np(S)|. We have Np(S) < Ng(S) and Np(S5)
is a p-subgroup of Ng(S). So Np(S) < SN P. Noting S9 = S for each g € SN P, we have Np(S) = SN P. Since
|O| = |P : PN S| which is a (proper) power of p. So p||O|. Therefore, the orbits partition Sylp(G) into sets of size a
multiple of p together with {P}. The fact that n,(G) = 1(mod p) follows.

e Lemma 5.16: Let |G| = p%m, ptm, m > 1. If G is simple,

1) ny(G)|m.
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3.1

2) n,(G) = 1(mod p).
3) Gl|(ny (G

Proof. We show condition 3. let G act on Sylp(G) by conjugatoin. Since G is simple, the kernel of the action is {1}
and G. If the kernel is G, n,(G) = 1, so there is a normal Sylp(G). If kernel is {1}, we have that G is isomorphic to a
subgroup of Sym(Sylp(G)). So |G||(ny(G))\.

Example: 1,000,000 = 2655, n5(G)|25, n5(G) = 1(mod 5), so n5(G) = 1,16, 10° { 16!.

finite p-groups
Lemma 5.20: Let P be a finite p-group acting on 2. Let Q¢ = {a € Q|a - 2 = o,V € P}. Then |Q| = |Q|(mod p).

Proof. The set Qg is the set of orbits of size 1. All other orbits must have size a mutiple of p. Since the orbits partition
Q, we have |Q] = |Qo|(mod p).

Theorem 5.21: Suppose {1} < N < P, P is a finite p-group. Then N N Z(P) > {1}.

Proof. Let P act on N by conjugation. Let Ng be the set of elements of N fixed by every element of P. Note that
9 =z for all g € P if and only if x € Z(P). Then No = NN Z(P). So |N| = |Ng| = |NNZ(P)| = (mod p) by Lemma
5.20. So p||N N Z(P)|, implying N N Z(P) > {1}. Letting N = P, we sce that Z(P) > {1}.

Corollary 5.22: If P is a finite simple p-group, then |P| = p. In particular, P is prime cyclic.

Proof. If P is not abelian, its center is proper nontrivial and normal, so P is not simple. Suppose P is abelian. Then P
contains an element g of order p. If (g) # P, then (g) is a proper normal subgroup of P, so P is not simple. If (g) = P,
P is prime cyclic.

Corollary 5.23: Let P be a finite, nontrivial, p-group. Then P has a subgroup of index p. Furthermore, this subgroup
is normal.

Proof. Let N be a maximal-normal subgroup of P (meaning there is no normal subgroup M < P with N < M < P).
Then P/N must be simple (by the corresponding theorem). Since P/N is a p-group, it must have order p. Therefore,
|P: N|=p.

Corollary 5.24: Let |G| be finite and p°||G|. Then G has a subgroup of order p°.

Proof. Let |G| = p*m where p f m. Then G has a subgroup S of order p®. Repatedly using Corollary 5.23, we see S
has a subgroup of order p°.

Permutation groups

Recall Sym(X) is the collection of all permutations of X. And S, is the permutation of number 1,..., n.
Disjoint cycle decomposition: (123)(378)(192)(765) = (2657839).

Lemma 6.3: The order of a permutation is the least common multiple of its disjoint cycle lengths.
Example: (12345)(2%) = (23)(12345)(23) = (13245).

Lemma 6.4: If g is an m-cycle, then g™ is an m-cycle for any permutation h. Furthermore, if g = (a4, ..., @), then
g" = (a1h,azh,. .., anh).

Example: (123456)(%0) = (125463).

Example: Let z = (12)(345), y = (52)(143) and we can find g = (153) such that y = 29.
Example: (123)(5789)357) = (125)(7389). And (12)(345)" = (35)(124) we have z = (13)(254).
Theorem 6.5: Two elements of S, (Sym(X)) are conjugate iff they have the same cycle structure.

Example: For S5, we have
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Conjugate class number

€ 1
(12) (g — 10

(123) 2. 5) =20

(12)(34)
(1234)
(12)(345)
(12345)

o Corollary 6.6: For n >3, Z(S,) = {1}.

Proof. Let z € Z(S,). Then z = 29 for all g € S,,. If z # ¢, then z has some cycle of length > 2. So = 2z =
(o1, 0,--+) -+ Since n > 3, there is an a3 # a1, ay. Consider 2(*2%3) = (ay,as,...)---. However, z, 2(*>%) don’t
map a; to the same element, so z # 2(92:93) a contradiction. So Z(S,,) = {e}.

e Definition A transposition is a 2-cycle.

o Lemma: Every element of S, (Sym(X)) is a product of transposition.

Why? (a1, @, .. ) = (a1, @) (a1, a3) -« (a1, am)-
o Corollary: S, is generated by transposition. In fact, it is generated by (12), (13),...,(1n) (n — 1 total).
o Example: (1234) = (12)(13)(14).

e Definition: We call a permutation even if it can be written as a product of an even number of transposition. Odd if
it can be written as an odd number of transpositions. Note: even cycle are odd, and odd cycles are even.

e Lemma: The identity can only be written as a product of an even number of transpositions.

Proof. We use the following identities:

(ab)(adb) = ¢

(ac)(ab) = (ab)(bc)

(be)(ac) = (ab)(be)

(cd)(ab) = (ab)(cd)
Let € = 5182+ - B, where f1,..., 3, are transpositions. We show r is even by induction. If » < 2, then r is even since
clearly » # 1. Assume the assertion holds for r < k for some integer k, where k > 3. Suppose ¢ = (1, B2, .., B.

Consider fS;—1 3, and some a moved by ;. Using the identities, we can replace fi_1 5k with 3,_, 3},, where a does not
appear in §;. If 8, | = B, then € = 1 --- Br_2, forcing k — 2 to be even (induction hypothesis). Hence k is even.
If not, a must be moved by 5;,_; and € = 5152 --- f;._, 8,,- We now repeat this on S;_2/;_,. Either they cancel, and
we're done by induction, or we can replace them with 8;,_,58;/_,, where 8;_, fixes a, but 5,_, does not. Repeating

this process, either there is cancellation at some point, forcing k to be even, or we have e = B{85 --- 8)/_, )., where

5., Br_y and fy, all fix a, but ] does not. Then 3] maps a to some other element b, but no other transpositions
maps to anything to a. So 8155 - - - 8}, does not fix a, a contradiction. So, by induction, if € is a product of transpositions,

then there must be an even number of them.

e Theorem 6.8: A permutation of S,, is even or odd, but not both.

Proof. Let g € S, and g = t1to - - t,, = 81 -+ -8 wherety,to, ..., tm,S1,...,5 are transpositions. Then t1to ..., tys 81 =
€, 5o m + | must be even. This forces m = I(mod 2).
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o Corollary 6.10: Let n > 1, then the set of even permutations in S,, form a norm subgroup of index 2 (note: called
Ap).
Proof. Note € € A,, so A, # 0. Let z,y € A,. Then z,y can be written as a product of an even number of
transpositions. Therefore, zy~! can be written as a product of an even number of transpositions. So zy~! € A,.
Therefore, A, < S,. Let h,g ¢ A,. Then ;,hg~! can be written as a product of an even number of transpositions. So
hg=t € A, implying A, h = A,,g. Then the only cosets of A,, are A,,, A, g for some g ¢ A,. Therefore, |5, : 4,| = 2.
Lastly, let g € S— N, h € A,,. Then g~'hg is a product of an even number of transposition, so g~thg € A,,. Therefore,
A, <S,. (Also, the index |S,, : A,| =2 = A, <S5,.)

1, ifg(i)=j

o Permutation matrix: Given g € S,,, we define a matrix Py = (a;;) where a;; = )
0, otherwise.

o Example: g = (12345) € S5, then

01000
00100
P,=10 0 0 1 0
00001
10000

Let e; be the ithe elementary basis vector as a row vector in R", then e; Py = e2, e2P; = e3. Can see that Py P, = Py,
and Py = (P;' = PJ. We have {P, : g € G} < GL(n,R). Let ¢ : S, = GL(n,R) be defined by ¢ : g — P,. This is
a homomorphism, injective ker = {e}. Therefore, S,, 2 GL(n,R) < GL(n,R). Let ¢ : GL(n,R) — R, (M) = det M.
Consider ¢ -1 : S,, — R. The image of ¢-4 is {1, —1}. In fact, ¢-(t) = —1 for any transportations, so ¢-1(g) =1 for
every even permutation g, ¢ -1(g) = —1 for every odd permutation g. Forcing |S,, : A, | = 2 and since A,, = ker(¢ - ),
A, <8,.

e Corollary 6.11: Let G act on ) and suppose g induces an odd permutation on 2. Then there is a normal subgroup
A of G with |G : A] = 2.

Proof. Let ¢ : G — {1,—1} be defined by ¢(g9) = det(P,). We have image(¢) = {—1,1} (since ¢(g) = —1). So
G/A >~ {-1,1} where A =ker¢. Then A <G, |G: Al =2.

o Example: The permutation (123)(1435)(87921)(375621) is even! We just look at the number of odd permutations. If
the number is odd, then the permutation is odd, otherwise, the permutation is even.

e Theorem 6.17: A, is simple for n > 5.
Note: A4 is not simple, {¢, (12)(34), (13)(24), (14)(23)} < A4. As is simple, A3 = Z3. Az = {€} is also simple.

e In 1800s, Holder came up with the idea:
1) Find all finite simple groups (Done).
2) Use this to find all finite groups (Very unrealistic).
Chapter 7 Direct product
o Recall that H, K are groups, H x K = {(h,k) : h € H,k € k}, i.e. (h1,k1)(h2,k2) = (h1ha, k1ke).
e When is a group isomorphic to a direct product of groups?

o Example: Zg = {0,1,2,3,4,5} (modulo under addition), and Zs x Zs = {(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)} =
((1,1)). So Zg = Za x Z3 (just by mapping the generator of Zg to the generator of Zs x Z3.)

e How can we tell in general? In H x K define
H={(h,1):he H},K ={(1,k) : k € K}.
Note: H = H, K =~ K. We also have

HNK={(1,1)}and HK = H x K and H,K < H x K.
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e Idea: Given a group G, look for subgroup H, K satisfying

HK<GHK =G HNK = {1}.

o Example: In Zg, take H = {0,3}, K = {0,2,4}.

If G has two such subgroups, we say G is the internal direct product of H and K. We write G = H ® K.

o Lemma 7.1: Let M, N 9G, M NN = {1}. Then mn = nm for each m € M and n € N.

Proof. Let m € M,n € N. And the commutator [m,n] = m™in=tmn = (n=1)"™n = m~tm". Since M, N < G,

(n~H™n inN, m~'m™ € M, so [m,n] € M N N. This forces [m,n] = 1. Note: hikihoks = hihokiks.

e Lemma 7.2: If G = H x K, then G = H® K. Also, if ' = M x N, then ' = M x N.
Proof. (2nd part) Let 8 : M x N — T via 6((m,n)) = mn. We have

9((m1,n1)(m2,n2)) = 9((7’)117%2,711712)) =M1MaN1N2 = M1N1M2Ny = 0((m1, nl))ﬂ((mg,ng)).
So 6 is a homomorphism. Since I' = M N, 0 is surjective. Lastly,
ker§ = {(m,n),m € M,n € n, and mn = 1}.

If mn = 1, then m = n~%, so m € M N N, forcing m = 1. Similarly, n = 1. So kerf = {(1,1)}. Therefore, 6 is an
isomorphism as desired. Note: in general, internal direct product factors are not unique.

o Example: Zy x Zy = ((1,0)) ® ((0,1)) = ((1,0)) ® ((1,1)).

o Lemma 7.3: If G=M ® N, then M = G/N and N = G/M.
Proof. We have G/N = MN/N 2 M/MNN =2 M.

e Lemma 74: f G=MGON=MQ®L, then N = L.

o More than two factors: G x H x K = {(g,h,k): g € G,h € H, k € K}. Internal direct product: group I', subgroups
n
My, Ms, ..., M, with My, Ms,..., M, <G. Hence G = [] M; and each element of G can be written uniquely as a

=1
product my,...,m,, where m; € M; for each 1 <17 < n.

o (h, )98 = (h9,1%) = (h9,1) € H.
o (External) direct product: I' = X,c;H, = {(h1,ha, ..., ha,...) : ho € Hy}.
n
o (Internal) direct product: G = [[ M; which means My, Ms,..., M, <G, G = M --- M, every element of G has

i=1
a unique representation as my - - - m,, where m; € M;.

e Theorem 7.5: Let My,...,M, <G, [[ M; = G, the following are equivalent,
i=1

) [[M=¢
2) M, ] M, = {1)
e

Proof.

n n
1) = 2). Suppose G = [] M;, by way of contradiction, assume M; N [[ M; > {1}, let g be an element of this
i=1 j#i
intersection, g # 1. Then g = m; for some m; € M;. Also, g = m;»x;m; where m; € M;. This violates the
uniqueness of the representation of g.
2) = 3). Obvious.
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3) = 1). Assume 3) holds. Let g € G, where g =1 ---x,, = y1 - - - Yy, Where z;,y;, € M, for 1 <i < n. By way of con-
tradiction, assume x; # y; for some i, where 7 is the largest such index. Then z1 ---x; = y1 - - - y;. We have :r:iyfl =

i—1
(@ily 2y ey ) (ye - yio1) € H Mj. Since (x;y--ay 'ay )1y Yio1) = yiay yaxy gzl by

Lemma 7.1. Then, z;y; " € M; N (H M) = {1}. So z;y; ' = 1, giving z; = y;, contradiction. Therefore, each

element has a unique representation so

e« Lemma 7.1 G = [[ N;, N; = [] M,;, then G = [[ M;;.
j=1 i

i=1

Proof. Clear G = HM” Since the Njs all centralize each other. M,; <1 G for ¢,j. Suppose g = Hm” [Twsj-
2% ,J ]
Let u; = H.Z‘Zj e N;, v; = Hy” € N;, 80 g = Hul HvZ forcing u; = v1,...,u, = v,. For each i, u; = v;, so

HQZU = Hyw eN,; = HM”, forcing x;; = yj. Therefore G HM”

()

e Theorem 7.12: Let G be a finite abelian p-group. Let C' be a cyclic subgroup of max possible order in G. Then
G = C x B for some B < @.

Proof. If C = G, B = {1}, then we’re done. Suppose C' < G, we precede by induction on |G|. Choose z € G — C,
where o(z) is as small as possible. We have o(aP) < o(x), forcing 2? € C. Note (2P) # C (|(zP)| < [{x)]). So aP
is a nongenerator of C. So 2P = yP for some y € C. Then zy~ ! ¢ C, (xy~1)? = 2Py™? = 2P(y?)~! = 1. And
o(z) <o(zy™!) =p, so o(z) = p. Let X = (), ¢ : G — G/X be the canonical homomorphism. We have | X| = p and
X £ C,not |[CNX|=1. Then ¢|c : C — ¢(C) is isomorphism. So ¢(C) is a cycle in G/X of the same size as C. Then
#(C) is a cycle of largest order in G/X. By induction, G/X = ¢(C) x ¢(B), where B < G with X < B. We claim
G = C x B. Note that CB =G, C,B<1G and CN B = {1}. (Since ¢(CNB) Cd(C)Ne(B)={1},s0CNB <X
and C N X = {1}). Therefore, G = C x B. Repeating on B, we can write G as a indirect product of cyclic p-group.

e Theorem 7.10: Every finite abelian group is an internal direct product of cyclic p-groups.

Proof. Let G be finite abelian group with p,...,p, the distinct primes dividing |G|. Then G = H S; where S; is a

Sylow p;-subgroup of G. By theorem 7.12, each group 5; is an internal direct product of cyclic p- group By 7.11, G is
an internal direct product of cyclic p-groups.

e Corollary: Every finite abelian gp is isomorphic to a direct product of cyclic p-groups.

o Example: Abelian groups of order of 8, Zo X Zo X Zgo, Zo X Zy, Zs. Note: Two abelian groups are isomorphic if and
only if they have the same cyclic p-group “factors” in some order.

« Example; List all nonisomorphic abelian groups of order 200 = 23 - 53. Syl, = Zy X Zg X Zg = Za X Z4 = Zg and
Syly = Zs X Zs = Zas. Then there are six possibilities:

Zio X Uiy X Dy X L5 X L
Zig X Ly X Ly X Loy

Lo X Ly X L X L

Lo X Ty X Zigs

Zg X L5 X Zs

Zg x Las

We have that if ged(m,n) = 1, Zyxn = Zpym X Zy,. Hence Zg X Zss is the only isomorphic abelian group.
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mulplication addition

T-r== T+ax =22
T —z

1 0

6 Rings and Ideals
e From now on, we’ll write abelian groups additively.
» Protypical example: M, (C) - the set of all n x n complex matrices under addition and matrix multiplication.

Definition: Let R be a set with two binary operations + and -, we call R a ring if

1) Ry is an abelian group.

2) - is associative.

3) r(s+1t)=rs+rt.

4) (s+t)r =sr+tr.

5) There is an element 1 € R such that 1 -7 =1r-1=1rVr € R. Note: this element must be unique.

1) Multiplication may not be commutative.

2) Elements may not have multiplicative inverse.

3) Multiplication cancellation may not hold.

4) If R satisfies 1 — 4 but not 5 call it a rng.

5) Commutativeness of addition is implied by other axioms:

(r+s)1+1l)=r4+r+s+s=r+s+r+s=r+s=s+r.
o Example:

1) Z,Q,R,A,C,H — quaternion are rings.
2) H={a+bi+cj+dk:a,b,cd€eR}, where i? = j?> = k? = —1, ij = k, ji = —k. Now consider

(a+bi)(j + k) = aj + ak + bij + bik = aj + ak + bk — bj = (a — b)j + (a + b)k.

3) H is a division ring: every nonzero element has a (multiplicative) two sided inverses, not commutative.
4) M, (R) - ring of all n x n matrices with entries from a ring R.
5) External direct sums of rings,

Rl@R2@~-@Rn:{(r17r2,...,rn):7“1ERl,T2€R27...rnERn}.

6) Polynomial rings: R[z] - ring of polynomials with coefficients from the ring R, (assume multiplication commutes).
Usually, require R is commutative.
7) Z®Z is a ring with the multiplicative identity (1, 1).

e Subrings: S C R is called a subring if S forms a ring under the operations of R.

o Example: S={0} ®Z = {(0,a),a € Z}, S is a subring of Z @ Z, but it has a different multiplicative identity (0, 1).
o Example: Let Zg denote the ring of integers (mod 6), S = {0,2,4} is subring of Zg with the identity 4.

e Subring: S C R is called a subrng if S forms a rng under the operations of R.

o Example: 27 is a subrng of Z.

e Lemma 12.3: For a € R, recall that —a is the additive inverse of a. In a ring we have:
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1) 0-r=0=7r-0,Yr € R.
2) (—r)s = —(rs) =r(-s),Vr,s € R.
3) —(-r)=r,¥reR.

Proof.

1) Let r € R, we have
r-0=r-(04+0)=r-0+r-0.

Then,
—(r-0)4+r-0==(r-0)+7r-04+r-0,

implying 0 =7 -0. 0 -7 = 0 is similar.
2) Let ;s € R, then 0 =0-s=[r+ (—r)]-r =7 s+ (—r)---s. This implies —(rs) = (—r)s. Similarly, we have

r(—s) = —(rs).
e Definition: I C R Iis called an ideal of R if

1) I is an additive subgroup of R.
2) Vael,r € Ryrael and ar € I.

o Example: 27 is an ideal of Z. Note: an ideal is a subrng with the absorption property Va € I,¥Vr € R,ar,ra € I. Put
another way: r1 C I, Ir C 1.

o Example:

1) Zlz), I ={f € Z[z]: f(1) =0} = {(x — 1)g : g € Z|[x]}, this ideal has the form (z — 1)Z[z].
2) Let J = {g € Z[x] : g(0) is even.}, ideal, not principal.

e If R is commutative ring and a € R, then aR is the ideal of R. Called principal ideals.

e In non-commutative rings, we can weaken the definitoin of ideal, replacing the absorption property with either Va €
I,re Rjar e I orVa € I,r € R,ra € I called right and left ideals respectively.

o Example: In M, (R), let S be the set of upper triangular matrices. Is S an ideal?
e Definition: Ring homomorphism is a map 6 : R — S satisfying
{a(s 1) =0(s)+0(r)
O(sr) = 0(s)0(r)
and ker(f) = {r € R|6(r) = 0}.

e Lemma 12.4: Let 6 : R — S be a ring homomorphism with ker(6) = I. Then I is an of ideals of R.

Proof. Since 0 is also a group homomorphism, it’s clear that ker = I is an additive subgroup of R. Let a € R and
r € R. Then 6(ar) = 0(a)f(r) =0-6(r) =0. So ar € I. Similarly, ra € I. Therefore, I is an ideal of R.

« Examples:

1) (Trivial): 0 : R — S,0(z) =0,z € R.
2) 0:7Z — Zg via 6(z) = z(mod 6).
3) 0: M,(C) — C via §(A) = det(A), this is not a homomorphism.
4) 0 : M, (C) — C via §(A) = tr(A), this is not a homomorphism as well.
5) 6 :R[z] — R via 6(f) = f(2) is a homomorphism, called evaluation homomorphism.
6) Let T be the set of n x n upper triangular complex matrices, it forms a ring. Let 6 : T'— T via
Ty, 0 -~ 0
0 Ty, -+ 0
0T)=1|. . :
0 0 --- 0

Yes, it is a ring homomorphism.
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o Definition: Quotient (factor) rings. Let R be a ring, I an ideal of R. R/I - set of additive cosets of I with the
operation
r+I+s+I=(r+s)+1 and (r+D(s+I)=rs+1.

o Example: In Z, 5Z is an ideal. Then Z/5Z = {5Z,1 + 5Z,2 + 5Z,3 + 5Z,4 + 57}.

o Lemma 12.5: R/I is a ring.

Proof. From our work with groups, we know R/I is an additive group. We show the multiplication defined on R/T is
well-defined. Suppose r +I=7"+Tand s+1=s"+1I,thenr =7"+u, s =5 +v for u,v € I. We have

(r+D(s+I)=rs+1
=" +u)(s'+v)+1
=7r's +r’'v+us’ +uv+1
=7’ +1
="+ 1) +1)
Lastly, the distributive law, associativity, multiplication are clear, and 1 + T is the multiplicative identity of R/I.
o The canonical homomorphism 6 : R — R/I defined by 8(r) = r + I, ker(0) = I.
o Corollary 12.6: The ideals of R are precisely the kernels of homomorphism from R to (other) rings.

e Lemma 12.7: Let 6 : R — S be a surjective homomorphism. Let I = ker(f). Then S = R/T (ring isomorphism).

Proof. Define ¢ : R/I — S via ¢(r + I) = 0(r). We already showed in 3.3 that this is well-defined group isomorphism.
We now show

d((r+D(s+D)=p(r+Dop(s+1)=¢(rs+1)=0(rs) =0(r)0(s) = o(r + (s + I).

o Corollary: Let 6 : R — S be a ring homomorphism, ker(f) = I. Then R/I = 6(R).

e Definition: Unit in a ring. We call x € R a unit if there is an element y € R with zy = yr = 1. Note 0 is only a unit
of R = {0}.

« Example:

1) Units in M,,(C) are GL(n,C) not subring, subrng.
2) Units in Z is £1.

e Definition: A division ring is a ring where every nonzero element is a unit.
e Definition: A commutative division ring is called a field.

o Lemma 12.8 (Correspondence theorem for rings): Let § : R — S be surjective ring homomorphism. Then 6
determines a bijection between additive subgroups of R containing ker(#) and additive subgroups of S. Furthermore,
under this correspondence, ideals of R containing ker(6) correspondent to ideals of S. Similarly, for left/right ideals.

o Notes: In general, if 0 is surjective, I C R is an ideal, so is 0(I). Also, if I is an ideal, so is 8~ 1(I) (surjectivity is not
needed).

e Definition: An element z € R is said to be a unit of R provided that there is some y € R such that xy = yx = 1.

e Can also have elements with inverse on one side ab = 1 - right inversie of a, Ax with za = 1. Suppose ab = bc = 1,
a = a(bc) = (ab)e = c. So if an element has a left and right inverse in a ring, they are the same and it’s a unit.

o Given R a ring the set of units in R, denoted U(R) is a group under multiplication -.

n
e Group ring. Let G be a multiplicative groups, finite. Let F be a field. Form set R={>_ a;9; : a; € F,i=1,...,n}.
i=1
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o Example: Z3 written multiplicatively: 1, g, 9%, g% = 1. Let F = R. New ring: {a + bg + cg?,a,b,c € R}. Now consider
(a4 bg +cg®)(a +b g+ g%) = (ad' + b + cb) + (ab’ + ba' + cc')g + (ac’ + b + ca')g>.

e Lemma 12.10 Let I be a one-sided or two-sided ideal. Then I = R if and only if I contains a unit.

Proof. Let I C R be (left/right) ideal. Without loss of generality, assume I has the left absorption property, i.e.
r1 C I,¥r € R.

(=)IfI=R,1€1,so0 I contains a unit.
(<) If I contains a unit u, and x € R, we have (zu=')I C I, so zu~'u € I, implying z € I. Therefore I = R.

o Corollary 12.11: Let R be a nontrivial ring (note: R = {0} is trivial). The following are equivalent:

1) R is a division ring.
2) The only right ideals are O, R.
3) The only left ideals are O, R.

Proof.

1) = 2), 3): Lemma 12.10.

2) = 1). Suppose R is a rignt whose only right ideals are O, R. Let a € R,a # 0. We have aR is a right ideal. Since
a € aR, aR # {0}, so aR = R. Then 1 € aR, so 3b € R with ab = 1. Repeating with bR, we see there is an
element ¢ with bc = 1. So a = ¢, and ab = ba = 1, implying a is a unit. Therefore R is a division ring.

e Definition: An ideal I C R is called proper if I # R. We say [ is a maximal ideal if I is proper and whenever J is an
ideal with I C J C R, then J =1 or J = R. (That is, no proper ideal of R properly contains I).

o Corollary 12.12: A commutative ring R is a field if and only if {0} is a maximal ideal.

o Partial orders: relation < on a set A.

1) z < x (reflective).
2) z <y,y <z ==y (anti-symmetric).
3) x <y,y < z= 1z <z (transitive).

o Example: subset relation on some power set. {1,3} and {2,3} are incomparable.
o Fields: Q[i] = {a+ bi,a,b € Q,i2 = -1}, Q[v2] = {a + bv/2,a,b € Q}.
o Partial ordering is called total ordering if it also satisfies
4) Vz,y € A, we have x <y or y < z.
e A chain of a poset A is a totally ordered subset of A.

« Example:

1) Let N be a set, P is the power set of N. P is partially ordered by C.
2) {0,{1},{1,2},{1,2,3},...} is a chain.

e Let A be a poset, B C A, we say u € A is an upper bound for B provided that Vo € B,z < u.
o Example: A =R, B =(0,1), an upper bound for B is 1.,

e Definition: An element m of B is called maximal if m is an upper bound for B and m € B. That is, Vx € B, m € x
implies m = .

e Zorn’s Lemma: If A is a nonempty poset and every chain of A has an upper bound, then A has a maximal element.
That is, 3m € A such that Vo € A, m < z implies m = z.

Proof. Equivalent to Axiom of Choice.

o Example: A =(0,1) ordered by <1 — %? No, doesn’t have maximal element.
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« Example:

1) N ordered by divisibility call a < b means a|b. 2 < 10, 2 £ 5 (incomparable).
2) N, P is the power set of N, the maximal element is N.

e Lemma 12.13: Let R be a rinig, and I C R a proper ideal. The [ is contained in a maximal ideal of R.

Proof. Let I be a proper ideal and P the set of all proper ideals containing I, partially ordered by inclusion. Let C be
a chain in P. Let J = J .- A. We claim J is also a proper ideal of x,y € K, for some K € C. Then z —y € K C J.
So J is an additive subgroup of R. Let z € J, r € R, then x € K for some K € C' and rx,xr € K C J, since K is an
ideal. Therefore, J is an ideal. However, J is proper since 1 ¢ K for any K € C, implying 1 ¢ J. By Zorn’s Lemma,
P has a maximal element. The theorem follows.

e Corollary 12.14 If R is nontrivial commutative ring, then there is a surjective homomorphism from R to a field.

Proof. {0} is an ideal of R, so it is contained in a maximal ideal of R. Call this ideal I, by the correspondence theorem,
the ideal of R/I corresponds to the ideals of R that contain I. Since I is maximal, the only ideals of R contain I are
R,I. So the only ideals of R/I are {1} (the trivial one) and R/I. Since the trivial ideal is maximal in R/I, R/I is a
field.

o Definition: A ring is called simple if its only 2-sided ideals are R, {0}.
e Theorem 12.15: Let D be a division ring. Then M,,(D) is simple.
Proof. Suppose I C M, (R) is a nontrivial ideal, that is, I # {0}. Then 34 € I, A # 0, say A;; # 0. Then

1
Aij

0if j #k

ewiAej; = ey for k, 1, e; e = {6'1 =k
; =

So ey € I for all k,1, so I = M, (D).

o Example: Some polynomial rings.

[i] = {a+bi:a,be Q}, provided that Q[z] is polynomial ring.
V2] = {a+ bﬂ a,b € Z} for the polynomial ring Z[z].

[v/2] {a +bV2+ C\/ZI a,b, c € Z} for the polynomial ring Z[z].
[i] =

D) D
ol

Q
y/
Y/
R

I N

)
)
)
)

« Suppose we want all solutions to y? = 22, where x,y € Z. The only solution is z = y = 0.

Proof. Suppose z,y are solutions, =,y # 0. Without loss of generality, =,y > 0, we have the following prime factoriza-

tion,
n b1 b bim
T=pUpst s Y =40
where p;,q;,t =1,2,...,n,7 =1,2,...,m are primes and a;,% = 1,2,...n and b;,j = 1,2,...,m are integers. Hence,
y . 2x 2b1 q2b2 . qyznl?m — 2 p2a1p2a2 . pian.

Since the order of 2 is odd, hence this does not hold.

e Fermat’s last theorem: a" +b" =c", n > 3,n € Z.
e 22 —x =y’ = x(xr —1) =y, this gives z = 0,1, y=0. Suppose x > 1, GCD(z,2 — 1) =1. Sox = n3, 2 — 1 = m3,
but n > m3, note that
(m+1)2%=m?+3m*+3m+1>m®+1=an’.
This yields, (m + 1)® > n® > m?, which is impossible. Similar for z < 0.

« Find all integer solutions: 3® = 22 + 2, we have x = 45,y = 3. We can find the unique factorization “irreducibles”.
= (z+V2)(z — V2) € Z[V-2].

o Example: Z[v/—d] has unique factorization if and only if d = 1,2,3,7,11,19, 43,67, 163 where d is square-free.


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edu) MATH 5550 - Abstract Algebra Lecture Notes 1 27

7 Chapter 16: Commutative rings

Integral domain: for Va,b € R, if ab =0 when ¢ = 0 or b = 0 (commutative).

Example: Z, is an integral domain, where p is prime.

Definition: An ideal of a (commutative) ring is called principal if it is of the form (a) = {ar : r € R}.
Z:(2),(3),... every ideal of Z is principal “principal ideal ring” (PIR), “principal ideal domain” (PID).
Z[z], this is an integral domain. Is it a PID? No. I = {f € Z[z] : f(0) is even. }. Not a principal ideal.

Lemma 16.1: Let S be a unitary overing in R (contains R, has same multicative identity). Then the map ¢ : R[z] — S
via ¢(f) = f(s) is a homomorphism. ¢ : Q[z] — C by ¢(f) = f(i), and the image of ¢ is Q[i]. The kernel of ¢ is
(2 4+ 1). By isomorphism theorem, we have Q[z]/(x? + 1) = Q[i].

Degree of nonzero polynomial: the order of the highest degree term.

Example:

1) deg(3z" —5z) = 7.
2) In Zg, we have deg([(2z + 3)(3z + 5)]) = 1, deg([(3z + 3)(2z + 2)]) = 0.

Lemma 16.2: Let f, g € R[z]| have degrees m,n and leading coefficient a,b. If a,b # 0, the deg(fg) = m + n. Also,

1) If R is a domain, so is R[z].
2) If f, g are monic (leading coefficient 1), then so is fg.

Lemma 16.3 (Division algorithm): Let f,g € R[z], f # 0. Assume the leading coefficient of f is a unit. Then there
exist ¢, € R[z] with g = fg + r where r = 0 or deg(r) < deg(f). Note if R is a field, leading coefficient of f is always
a unit Q[x].

Example: g =23 +2, f=2(z— 1), then 23 + 2 =1(z? + 2+ 1)-2(z — 1) + 3.
Definition: We say a € R is a zero divisor provided that a # 0 and there is a,b # 0 with ab = 0.

Lemma 16.4: Let F be a field, then F[z] is a PID.

Proof. By 16.2, we know F[z] is a domain. Let A be an ideal of F[z]. If A = {0}, done. If not, let f be a polynomial
in A of smallest possible degree. Let g € A, then there are ¢,r € Flx] with g = fg + r and deg(r) < deg(f) or r = 0.
We cannot have deg(r) < deg(f) by the minimality of f. So r =0 and g € (F). This implies A = (f).

Definition: An element a € R is called irreducible if a is not a unit and whenever a = be, we must have b is a unit or
c is a unit.

Example:

1) Irreducibles in Z: £p where p is a prime number.
2) Irreducibles in C: degree 1 polynomials.
3) Irreducibles in R[z]: degree 1 polynomials and degree 2 polynomials with complex roots.

Lemma 16.5: Let a,b, z,y be elements of R where R is a domain.

1) If ax = ay,a # 0, then x = y.
2) If alb and b|a, then b = au for some unit u. Note: a|b means that b = ak for some k € R. Only used for a # 0.

Proof.

1) If ax = ay, then a(x — y). Since a # 0, R is a domain, we have z —y = 0.
2) Suppose a|b, bla, then b = ak,a = br for k,r € R. Then b = brk, so 1 = rk. So b = ak where k is unit.

Definition: An element p € R is called prime if p is a nonzero, non-unit and whenever p|ab then p|a or p|b.

Example: In Q[z], is 22 + 1 prime? Yes.
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e Lemma 16.8: Let R be a domain.

1) If a is prime, then a is irreducible.

2) If a is prime, and a|by - - - by, then a|b; for some i.

3) Suppose aj ---a, = uby---b,, where a;s are prime, and b;s are irreducible, u a unit. Then, after reordering,
a; = b;u; for a unit u;, and n = m.

Proof.

1) Let a € R be prime, b,c € r be such that a = be. Since ala, so a|bc. Since a is prime, alb or alc. Without loss of
generality, alb, then b = ak for some k € R. So a = akc. Then 1 = kc. So ¢ is a unit.

2) Easy induction.

3) By 2), since aq|ub; - - - by, we must have ay |b; for some i, (a1 cannot divide u, since only units divide units.) Then,
without loss of generality, a;|by. We have by = aju;, where u; must be a unit, since b; is irreducible. Cancelling,
we obtain as - --a, = (ul_lu)bg -+ +by,. Now use induction.

+ Note:

1) irreducible: nonzero, non-unit a, if @ = be, then b or ¢ is a unit.
2) prime: nonzero, non-unit a, if a|be, then alb or alc.

e A ring is noetherian if every ascending chain of ideals in R is eventually constant. That is, if Iy C Iy C Is C ---. Then
for some k, I,, = I}, for all n > k.

o Example: (k) =kZ. If nZ C mZ C kZ, n|m|n.
e Theorem: A ring is noetherian if and only if every ideal is finitely generated.

Proof. (<) Asumme every ideal is finitely generated. Let Iy C Iy C - - - be an ascending chain of ideals. Let I = |J I,
k=1

oo
then I is an ideal, so I is finitely generated, meaning I = (ay,as,...,ay,), for some a,as9,...,a, € R. Since I = |J I,
k=1
I, C I, C .- there is some m with a1,...,am,...,a, € I;,. Then I C I, C I,y forcing I = I, = I;p41 = -~

Therefore, R is noetherian. (=) Suppose R is noetherian. Let I be an ideal, and form an ascending chain as follows.
Pick ay € I, define Iy = (a1). If I, = I, I is finitely generated. If not, pick ag € I — Io, define Iy = (a1, asz). If Is =1,
then T is finitely generated. If not, pick az € I\Is, define Is = (a1, az2,a3). Eventually, this chain must end (because
noetherian). So for some n, I = (aq,...,a,) meaning it is finitely generated.

e Definition: Let I € R be an ideal. We say [ is finitely generated if T here are elements ai,...,a, such that
I={ayr1+agra+ -+ anry:rm1,72,...,7 € R}. We write I = (ay,...,an).

o Example: Not noetherian rings: Z[x1, o, ..., 2], (1) C (z1) C (z1,22) C -+ -

e Lemma 16.6: Let R be noetherian, then every element of R is O, a unit, or a product of irreducibles.

Proof. Let X C R be the set of all nonzero, non-unit that are not product of irreducibles. By way of contradiction,
assume X # 0, let $ = {(z) : * € X}. Also, { musst contain a maximal element, since R is noetherian. (maximal in J).
Call the maximal element (m). Since m € X, m is not a product of irreducibles, so m = ab where a,b are not units
and not irreducible. So m € (a), so (m) € (a) implying (m) = (a). So a|m,m|a, implying m = an, where u is a unit.
So b in a unit, contradiction.

e« Lemma 16.9: Let R be a PID, and let a € R and a # 0. The following are equivalent:
1) a is prime.
2) a is irreducible.
3) (a) is maximal.

Proof.

1) = 2) Lemma 16.8 a)
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2) = 3) Let a be irreducible, since a is not a unit, 1 ¢ (a), so (a) is proper. Let I be an ideal, (a) C I. Since R is a
PID, I = (b) for some b € R. Since a € (b), a = bx for some xz € R. Since a is irreducible, either b or n is a unit,
b=ax"! € (a),so (b) C (a). Then (a) = (b). Therefore (a) is maximal.

3) = 1) Suppose (a) is maximal, then (a) is a nonzero, nonunit (else (a) = R). Let a|zy. Since (a) is maximal,
R/(a) is a field. Note that (z + (a))(y + (a)) = vy + (a) = (a). Since R/(a) is a field, it is an integral domain, so
z+ (a) = (a) or y + (a) = (a). Therefore, alz or aly.

o Definition: A domain is UFD (unique factorization domain) provided that

1) Every nonzero, non-unit is a product of irreducibles.
2) This factorization is unique, in that ajas---a, = biby - - by,, where aq,as,...,an,b1,ba,..., b, are irreducibles,
implies that, after reordering, we have n = m and b; = a;u; for units uy, ..., Up,.

o Example: Z[z], Z[v/—1],Z]/—2] are UFDs, however, Z[/—5] is not.
e Theorem 16.10: Let R be a PID, then R is a UFD.

Proof. Note that every ideal of R is principal, hence finitely generated. So R noetherian. This implies that every nonzero
non-unit of R is factorable into irreducibles. Suppose aias---a, = biby---b,,, where ay1,as,...,a,,b1,ba,...,b, are
irreducibles. Then ay,...,an,b1,...,b, are all prime by Lemma 16.9, so 16.8 ¢ show that n = m, (after reordering),
a; = bju; for i < i < wu. Therefore, R is a UFD.

o Example: Z[z] is a UFD, but not a PID. Also, Z[z1, 2, ...] is UFD, not noetherian, for countably infinitely number
of variables.

e Lemma 16.11: Let R be a UFD. Then, irreducibles are prime.

Proof. Let a € R be irreducible and R a UFD. Suppose a|zy for z,y € R, z,y # 0, z,y not units. (if z is a unit, then
aly). Then xy = ab for some b € R. Note that b is also a nonzero, nonunit (since a is irreducible). So z,y,b can be
written as products of irreducible, aby ---b, = x1---xsy1 - Y. Since R is a UFD a = u;x;, a = u;y; for some unit u;.
Then a|z or a|y implying a is prime.

e Definition: An ideal of a ring R is called prime if it is proper and whenver zy € I we have x € I or y € I. Note: The
principal ideal (a) is prime if and only if a is prime.

o Lemma: Let I C R be an ideal. Then R/I is an integral domain if and only if I is prime.

Proof. = Suppose R/I is a domain, let ab € I. We have (a+I)(b+ 1) =ab+I=1. Thena+1I=1or b+ 1 = I since
R/I is a domain. Then a € I or b € I, so I is prime.

 Field of Fractions: Let R be an integral domain. For a,b € R,b # 0, create a “fraction” ¢ (formally ordered pair
(a,b)). Define equivalence on fractions, where ad = be. This is an equivalence relation. Let F' be the set of inequivalent

fractoins under the operations:

a ¢ ad+bc a c
pTaT e MMy d T w
Then F is a field, called the field of fraction of R.

ac

o Example: field of fractions Q[z] and Q(z) (rational functions).
o Theorem 16.12: If R is a UFD, so is R|x].

o Example: Z, Z[z]. 32% — 27 = 3(z + 3)(z — 3).

e Theorem 16.17: Similarly, so is R[x1,xa, ..., Zy].

¢ Definition: Let R be a UFD. A primitive polynomial f is a polynomial such that the only elements of R dividing f
are the units of R.

o Example: 322 — 15z + 2, 2% + x + 2.

o Lemma 16.13: Let R be UFD, a primitive nonconstant polynomial in R[] is irreducible if and only if it cannot be
factored into two constant polynomials of lesser degree.

o Definition: R - UFD: irreducibles in R[z] are
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— irreducibles of R.
— primitive, nonconstant polynomials that can’t be factored into lesser degree polynomials.
— Units of R[z]: units of R.

e Lemma: Let R be a UFD. The product of primitive polynomials is also primitive.

Proof. Let f,g € R[x], f, g primitive. Suppose f,g = ah, where a € R, a irreducible (hence prime). Let R = R/(a).
Then R is an integral domain. Define ¢ : R[z] — R[z] so that ¢(a,2™ + an_12" "1 + -+ ag) = (a, + (a))z™ + - +
(ao + (a)). This can be seen to be ring homomorphism (routine). We have ¢(fg) = 0, so ¢(f)¢(g) = 0. Since R is an
integral domain, so is R[z], implying ¢#(f) = 0 or ¢(g) = 0. This means a|f or alg, this contradicts the fact they are
primitive.

o Lemma 16.14: R-UFD. Let f be a nonconstant polynomials in R[z]. Then f = ag, where a € R, g is primitive.
Let R-UFD. Then every nonzero, nonunit is a product of irreducibles that are eithter in R or nonconstant, primitive,
irreducible polynomials.

o Theorem 16.16: Let R be UFD, 7 is prime in R[z]. Then 7 is prime in R[z].

Proof. Suppose 7|fg, fg nonconstant. Then fg = ab(f’g’) where f’¢’ is primitive so 7|ab, forcing 7|a or 7|b. Then 7| f
or 7|g.

o Lemma 16.18: Let R be a UFD. F the field of fractoins of R. Let f,g € R[z], f primitive. Suppose f|g in F[z]. Then
flg in Rlz].
Proof. Let g = fh,h € F[z], g, f as given. Then, rh € R[z] for some r € R. Let k = rh, so we have rg = fk, where
r,g, f,k € R[z] (r € R). Let n be the number of the irreducible (hence prime) factors of r. If n = 0, r is a unit, and
g = fkr=t kr—! € R[z] showing f|g in R[z]. If n > 0, let m be a prime factor of r. Then 7|fz. Since 7 is prime in
R, it is also prime in R[z], so 7|f or 7|k. Since f is primitive,we must have 7|k, so k = pik;, for some k; € R[z]. We
divide by 7 to obtain r1g = fky where r; € R and has n — 1 prime factors. We repeat until we have no prime factors
left. This gives f|g in R[z].

« Example: 22 — 1 see if divisible by = — 1.

o Lemma 16.19 (Guass’s Lemma): Let R be a UFD with field of fractions F'. Suppose f # 0, f € R[z], and f = gh
for g,h € F[z]. Then there is an o and € F with go = ag, hg = Bh where go, ho € R[z] and f = goho.

Proof. First we find an a,b € R, so that agy = bg, where g is primitive in R[z]. Let o = g, B=3,a,8=F. We have
f = (ag)(Bh) = go(Bh). By Lemma 16.18, we must have go|f in R[z]. Therefore, hg = Sh € R]x].

« Example: (22 —z—6) = (32 -2)(32+3)=2(32-2)2(32+3) = (z — 3)(z + 2).
o Theorem 16.12: If R is a UFD, so is R|x].

Proof. Note that R[z] is an integral domain, and every element factors into irreducibles (true for R, for polynomials
factor until degrees are minimal.) We wish to show irreducibles are prime in R[z], then 16.8¢ gives us unique factor-
ization. Note: true for irreducibles in R, since primes of R are also primes of R[z], so suppose deg(f) > 0 and f is
irreducible. Note f must be pirme, and cannot be factored into two polynomials of lesser degree. Suppose f|kl, where
k,l € R[z]. Consider f as a member of F[z], where F is the field of fractions of R. Since F[x] is a PID, f must be prime
in F[x] (note, not a unit, since deg(f) > 0, also f is irreducibles in F'[z] since it can’t be factored into two polynomials
of smaller degree). From Lemma 16.19, so f|k or f|l in F[z]. By 16.18, f|k or f|l in R[z]|. Therefore, f is prime. Note:
If f € Z[z] is nonconstant and primitive, then it’s irreducible in Z[z] if and only if it’s irreducible in Q[z].

o Irreducible polynomials: How do you find them? Degree 1, primitive = irreducible. In F[z], when is a degree 2 or
3 polynomial irreducible? If and only if the polynomial has a root in F. Higher degree? z* + 222 + 1 in Q[z], no roots
but zt + 222 + 1 = (22 + 1)2.

o Theorem 16.21 (Eisenstein): Let R be a UFD, F field of fractions. Let f € R[x], f(x) = apa™ + -+ + a1z + ao.

Then f is irreducible in F[z] if there is a prime 7 with

1) © fay,.
2) 7l|a; for 0 <i < n.
3) 7'('2 /{Iao.
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o Prime ideal: a proper ideal I such that a,b € I implies a or b € I. Note: if a € R is prime, then (a) is a prime ideal.
(2,2) = {2a + xb} is prime in Z[z], but not principal.

o Lemma: Let I C R be an ideal, I # R. Then I is a prime ideal if and only if R/T is an integral domain.
Proof.

(<) Suppose this is an integral domain. Suppose ab € I. We have (a+ I)(b+1) = ab+ I = I. Since R/I is an integral
domain, a4+ 1 =1 or b+ I = I. Therefore, a € I or b € I. This shows [ is prime.

(=) Suppose that I is prime. If (a+ I)(b+I) = I, then ab € I, forcinga € T or b€ I. Then,a+I=1,b+1=1
implying R/I is an integral domain.

o Addendum to Corollary 12.14: Let M C R be a proper ideal. Then M is maximal if and only if R/M is a field.
Proof. By the correspondence theorem, ideals of R/M, corresponds to ideals of R containing M. By Corollary 12.12,
R/M is a field if and only if its only ideals are { M} and R/M. This occurs if and only if the only ideals of R containing
M are R, M. This is equivalent to M being maximal.

e Corollary: Maximal ideals are prime.

Proof. Let M be a maximal ideal. Then R/M is a field. Since fields are integral domains. R/M is an integral domain.
So M is prime.

o Example of a prime ideal that is not maximal: (x) in Z[z], Z[z]/(z) £ Z, (x) < (z,2) < Z[z].

o Example: InZ, 6 = 2-3 = (—2)(—3), 6 € (2Z)(3Z), 30 € (2)(3)(5). Find collections of prime ideals so that each
nonzero, nonunit is in a unique product of some of these prime ideals.

e Summary of commutative rings:

ID, PID, Noetherian, UFD, Field, Field of fraction elements, 0, unit, prime, irreducible, zero divisor, primitive
polynomial.

ID: prime = irreducible.

— Noetherian: nonunits factor into irreducibles.

UFD: irreducible < prime.

PID: UFD, a irreducible < a is prime < (a) is maximal < (a) is prime.

— Flz]: is a PID (F a field).

Fields

e Characteristic of a field: smallest n € N such that 1+ 1+ --- 41 = 0. Say it is characteristic 0 if no such n exists.
~—_———

n times
e Theorem: The characteristi of a field is either 0 or a prime.

o Example: C = R[z]/(2? + 1).

o Field growing recipe: Take I} construct F[z]. Find irreducible polynomial f(x) in F[z]. Construct quotient F[z]/(f)
- new field, contains original field as constants.

o Example: Start with Zy, 2% + z + 1 is irreducible over Zy. Try Zo/(2? + 2 + 1):

(22 + 2 +1)

L+ (2> +x+1)

r+ (@2 +2+1)

l+z+ (22 +2+1)
o Examples:

1) A field grows into a bigger field: R C C.
R[i] = {a+bi:a,be R} =C,
where i2 = —1. It is a field, e.g. 1 + 24, there is multiplicative inverse can be obtained by
1—2¢ 1

1= 2% erp).

(1+20)(1-20) =5= (1+2)— —

Also, C can be regarded as an ordered pair (a,b).
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2) Q[v2] = {a+bv2:a,bc Q}, which is a field. Q C Q[v/2]. Again, Q[v/2] is a 2-dimensional vector space.
3) Q[V/5] = {a+b¥/5+cV/25: a,b,c € Q}. Tt is a field and 3-dimensional vector space.
4) Q[r] ={ap+ a1+ asm® + -+ a 7" + -+ ,a; € Q,i € N}. It is not a field. Note: Q[n] = Q[x].

o Defintion: Dimension is denoted by |E : F|.

o Definition: If FF C F, we say a € E is algebraic over F if there is a polynomial in F[z] which has « as a root.

e Defintion: If « is not algebraic, then it is called trancendental.

o If F C E, can construct a new field by taking o € E/F, « is algebraic over F and constructing F[a].

o Formal equivalent (not assuming F exists). Take field F, take polynomial f in F[x] with f irreducible (degree at least
2). Let E = Flz]/(f)-

o Is E afield? F[z]is a PID, so f is irreducible < (f) is maximal (Lemma 16.9). F[z]/(f) is a field since (f) is maximal.

o Does E contain F'? Sort of. Treat constants ¢ + (f) where ¢ € F as elements of F'. Using this construction, |E : F| =
deg((f)), which is degree of field extension.

« Example: Find a field of order 16 = 2*. Need degree 4 irreducible polynomial over Z. z* + 23 4+ = + 1 does not
work, when we plug x = 1, turns out = = 1 is the root of the polynomial. Hence it does not work. Take a look at
2t + 22 +1 = (22 + v+ 1)%2. Now we cannot factor 2* + 2 + 1 into product of two polynomials of degree 2. Then
construct

Zolx]/(z* + 2+ 1) = {ap + a17 + agz® + azz® + 2* + 2+ 1:a; € Zy,i =0,1,2,3}.

Change point of view, u satisfying pu* + u + 1 = 0, we have
{ag +a1p+ asp® +asp® : a; € Zo,i =0, 1,2,3}.

o Starting from Z,, we can get a field of size of p™ for any n € N.
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