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1 Outline

o Lebesgue measure on R (R™) and Lebesgue integral.
o Abstract measure and Lebesgue integral.

o Convergence theorems: lim f, = lim [ f,.
n—oo n—oo

« Differentiation and density theorem.
¢ Recommendation for point set topology: Basic Topology by Armstrong.

2 Lebesgue measure (concrete measure) on R (R")

o Question: what is the measure/magnitude of the following objects?

— m([0,1]) =
(10.1)) =

() —o.

(square with side equals 1) = 1.
(rectangle whose width and length are 1 and 2 respectively) = 1.
(circle with radius 1) = 1.
(Q =07

(10.1\Q) = 17

(Cantor set) = 07

(higher dimensional Cantor set) = 07

|
533335333

SN N =

K|
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2.1 Elementary sets
e Definition:
— Interval: I = [a,b], (a,b), (a,b], [a,b), which allows a = b, that is to say, single point is an interval, so is empty
set. The measure (length) of I: |I| =b— a.
— Box: B=1; x Iy x I3 x --- x I, CR" (the product of finitely many intervals). The measure (volume) of B:
Bl = [Li] X 2] X [I3] X - x| L.
— Elementary set: an elementary set is a finite union of intervals (R) or boxes (R).
o Lemma: Let E = J;_, I,, be an elementary set.

1) FE can be written as disjoint union of finitely many intervals (R) or boxes (R™).
2) If
E=LUIlLUI3U---Ul;,
E=J1UJoUJsU---UJy,
then
m(E) = |E| = [Li] x [Io| x [I3] x - - X |L] = [a] X [Ja| X |3

X
X
&

2.2 Jordan measure

¢ Definition: Let £ C R™ be a bounded set.

— The Jordan inner measure m, (5 (E) of E is defined as

my (g)(E) = sup m(A).
CE,A elementary

— The Jordan outer measure m*(”)(E) of E is defined as

*7(J) [ 1
m (E) ' BDE,Blefllefmentarym(B).
— If my () (E) = m*Y)(E), then we say that E is Jordan measurable, and call m(E) := m, 5)(E) = m*/)(E) the
Jordan measure of E.

« Examples

1) Elementary sets are Jordan measurable.

2) FE is a sector of circle. To show E is Jordan measurable, need to show Ve > 0,34 C E C B,m(B) — m(A) < ¢,
where A and B are both elementary sets. The methods is something similar to Riemann sum, m(B) — m(A) =
S = FE+ G = FG A+ -+ () = f()] = 5[f(0) = f(1)] = 0 as n — oo (telescoping sum).

o Lemma: F is Jordan measurable if and only if Ve > 0, there are elementary sets A C E C B such that m(B\A) =
m(B) — m(A) < ¢, if and only if Ve > 0, there is an elementary set A such that m*(/)(EAA) < ¢, where EAA =
(E\A) U (A\E) (symmetric difference).

« Examples:

1) E=QnNI0,1]. my (E) := . Asup m(A), it A C Q, A elementary, then A = finitely many point =

CE,A elementary

My (7)(E) = 0. While m*()(E) := inf m(B), E is dense in [0, 1], then m*())(E) = m(A) = 1.

BDE,B elementary
2) £=1[0,1\Q. m, 5(E) =0 and m*)(E) = 1.
3) QN0 =r,re, s, E= (-6 ri+€U(ra— 5,2+ 5)U(rs— §,m3+5) U U(rn — =1, 'n+ 5ot )U- -
My ) (E) S2+e+ 5+ = HILH;OE(2;(_11//22)”) = 4e. While m*(/)(E) = 1 because E is dense.

e Properties of elementary measure: Let F, FF C R™ be Jordan measurable sets.

1) (Boolean closure) EUF, ENF, E\F, and EAF are Jordan measurable.
) (Non-negativity) m(E) > 0.
3) (Finite additivity) If E, F are disjoint, then m(E U F) = m(E) + m(F).
) (Monotonicity) If E C F, then m(E) < m(F).
) (Finite subadditivity) m(E U F) < m(E) + m(F).
6) (Translation invariance) For any « € R", E + x is Jordan measurable, and m(E + z) = m(FE).

 Recall that £ = QN [0, 1] is not Jordan measurable, because m, () (E£) = 0, m*)(E) =1 (because we are restricted
to finite covers).


ljin1@uwyo.edu

Libao Jin (1jinl@uwyo.edu) MATH 5200 - Real Variables Lecture Notes 1 3

2.3

Lebesgue measure

Definition: Let £ C R™. Then Lebesgue outer measure of E is

oo
m*(E) := inf Z | Bnl,
G B,DEFE;B1,Bs,... boxes n=1

1

n=

or
oo

m*(E) := inf Sl =,

oo
U I.DE;I,Iz,... intervals n=1
n=1

oo

m*(E) := inf Sl =1".

oo
U JnDE;J1,J2,... open intervals n=1
1

n=

Lebesgue measurability: A set £ C R" is said to be Lebesgue measurable if, for every e > 0, there exists an open
set U C R™ containing F such that m*(U\E) < e. If E is Lebesgue measurable, we refer to m(E) = m*(E) as the
Lebesgue measure of E (note that this quantity may be equal to +00). We also write m(E) as m*(E) when we wish to
emphasize the dimension n.

oo

Example: Q = {r1,72,...,7p,...}, we have m*(Q) = 0. Ve > 0, consider |J (7 — 5257, 7n + zag7r) 2 Q, which implies

n=1

18

57 = €, hence m*(Q) = 0. Note: it also works for all the countable sets.

n=1

Now let’s show r = /. First, r < r’, since we have more candidates in the first case, hence, the infimum is smaller, i.e.

oo
r <r'. Next, we need show r > ¢/, which is equivalent to show r + ¢ > ', Ve > 0). Fix € > 0, pick |J I,,, where I,, are
n=1

o'} oo ~
intervals which may not be open, such that » < > |I,,| <7+ §. Consider J I, for each I,,, choose I,, 2 I,, such that
n=1

n=1
- . oo oo oo
I, is open and |I,| — |I,,| < z57. Consider |J I, 2 E, hence, we have ' < 3 [I,| < > [In|+
n=1

n=1 n=1

<r+i4+5=r+e

Nl

Properties of Lebesgue outer measure (the outer measure axioms):

1) (Empty set) m*(0) = 0.
2) (Monotonicity) If E C F C R™, then m*(E) < m*(F).

3) (Countable subadditivity) If Ey, Ea,... C R™ is a countable sequence of sets, then m*( |J E,) < > m*(E,)
n=1 n=1
Remark:
- m*(EUF) =

m*(E) +m*(F)? f ENF = 0.

- m*(EUF)=m*(E)+m*(F), if dist(E, F) = § > 0, where dist(E, F') = inf{dist(z,y),z € E,y € F}.

Lemma: If dist(E, F) =6 > 0, then m*(E U F) = m*(E) + m*(F).

Proof. By countable subadditivity, m*(EUF) < m*(E)+m*(F'). Next, we need to show m*(EUF) > m*(E)+m*(F),

which is equivalent to show m*(EUF) +e > m*(E) +m*(F),Ve > 0. For EUF, choose |J I, such that m*(EUF) <

n=1

o0

Sl < m*(EUF) 4+ e Refine I,,n = 1,2,... such that diam(ly) < §. Then take Cg = {n|I, N E # (} and
n=1

Cr = {n|Il, N F # (0}, note: CpNCr = 0.

LJ@gEmdLJ@gFimmm+mwwg}:mw%iﬂhgfigwwum+e

neCp neCp neCp neCp n=1
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o Lemma 1.2.6: (Outer measure of elementary sets) Let E be an elementary set. Then the Lebesgue outer measure
m*(E) of E is equal to the elementary measure m(E) of E: m*(E) = m(E).

Proof. We already know that m*(E) < m*(/)(E) = m(E), so it suffices to show that m(E) < m*(E). It’s enough to
show that m(E) < m*(E) + ¢,Ve > 0. Assume that E is compact (closed and bounded) subset of R™. For the given

K
e > 0, pick U I, O FE such that Z |I.| < m*(E) + ¢, since E is compact, 31,,,, In,, ..., In, such that |J I, 2 E.

n=1 n=1 k=1

Then m(F) < (U )<¥|Ink|<Z|I|<m(E)+e.

o Lemma: If U C R is open, then U = J (a4, b;).

i=1
o Lemma: Let U C R" be an open set. Then U = U I,,, where I,, are closed boxes, and I2* N [I"* = () m # n.
n=1
o Example: an open set is can be covered by countably many boxes.

Step 1: use a grid to cover the set, let the size of the boxes be 1, then cover those area which is covered by the whole
box.

Step 2: refine the grid by setting the size of the boxes to , then pick those boxes which are covered by the whole boxes.
Step 3: repeat step 2 until all the points can be covered by the boxes (countably many steps).

Since it is an open set, according to the definition of open set, every point inside of set, the small neighborhood of the
point must be inside of the set. Hence, we can hit every point in countably many steps.

o Lemma: If U is open, m*(U) = m, (5 (U).

o Lemma: (outer regularity) Let E be an arbitrary set. Then m*(E) = UDEir[}f m*(U).
DE,U open

2.4 Lebesgue measurability
o Recall: E D R" is measurable if Ve > 0,3U D E, where U is open such that m*(U\E) < €
o Denote M(R") = {E C R", E measurable}.

o Lemma 1.2.13: (Existence of Lebesgue measurable sets)

) Empty set § € M(R™).

) If U is open, then U € M(R™).

) If D is closed, then D € M(R").

) If E € M(R"), then E® € M(R™).
)

If By,Es,...,E,,...€ M(R"), then |J E, € M(R").

(5) It By, Es, ..., Ey,... € M(R™), then (] E, € M(R™).

n=1

Proof. (0) is trivial; (1) is trivial; (2) is trivial if we assume (3); (5) is trivial if we assume (3) and (4):

(4): Let E1,Es,...,FE,,... be measurable sets. Pick open sets Uy > El,Ug > FE5,...,U, > E,,... such that
m*(Ui\E1) < §,...,m*"(U,\E,) < 55%,.... Consider U = U U, where U 2 U E,, is open, then we have

n=1 =
oo

e (09 (3
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Therefore,
oo oo n (o) €
(\gl)(gl\);(\);Qn
(2): To show closed sets are measurable.
Proof. Let E be closed and bounded (compact). Fix € > 0, pick U > E such that m*(U) < m*(E) + €. Let’s show
that m*(U\E) < e. Note that U\E is open. Then U\E = |J,;~, I,,, where I,, is compact, I!"* N I'"* = (), n # m. For

N
an arbitrary N, consider dist( |J I,,,E) =d > 0.
n=1

<m*(U)legm™*(E) + e.

N N
m*(U)—I—m*(E):m* [(U In> UFE

n=1 n=1
N N 0 e8]
Then we have Y |I,| =m*(J I,) <e,VYN = > |I,] <e. Note: closed and unbounded set can be R = J [-n,n],
n=1 n=1 n=1 n=1

R? = |J B,. Let E be measurable, consider EC, Ve > 0, there is an open set U 2 E such that m*(U\FE) < e. Hence

n=1
there is open set V O U\E such that m*(V) < e. Consider UC. This is a closed set, hence measurable. So IW D U°¢
such that m*(W\UE) < €. Consider W UV, which is open, we have

wuv 2UtuU(U\E) 2 EC.
Let A= (WUV)\ECC (W\UUV,ifxe A thenzeW orzeV and z € E® (z € E). Then we have

m* [(W U V)\EY] < m* [(W\U®) UV] < m*(W\U®) + m*(V) < 2¢

(3): Let E € M(R"),Ve > 0. Pick U > E such that m*(U\E) < e. Pick V.= J;_, I, 2 U\FE such that . |I,| <e.

n=1
Need an open set W D U\EC, m*(W\EC) < e. A natural candidate is V U UC, V U O, where O D UL, and O is open
and UC is closed.

o Completeness: (1) If m*(F) =0, then F is measurable. (2) If m*(E) = 0, then any subset of F is measurable.

Proof. If m*(E) = 0, then there is open set U O F such that m(U) ~ m*(E) = 0, m*(U\E) < mY < e So E is
measurable.

o Let C be the standard Cantor set. By exercise we have m(C) = 0. Then any subset of C' is measurable. 2¢ C M(R) C 2%,
IM(R)] = |27 =2¢.

« Conclusion:

— M(R?) is a o-algebra and
— If m*(E) =0, then E € M(R?).
o

o0
o Theorem: If Ey, Es, ..., E,,... measurable, and E; N E; # (), then m(|J E;) = Y m(E;).
1 i=1

o Recall: if E,F, dist(E,F) =6 > 0, we have m*(E U F') = m*(E) + m*(F).
e Proposition: The following are equivalent:

(1) E is measurable.

(2) Ve >0, 3U D E such that m*(U\E) <e.

(3) Ve >0, 3U open such that m*(UAE) < e.

(4) Ye >0, 3D C E, where D is closed, such that m*(D\E) < e.
(5) Ve >0, 3D such that m*(DAE) < e.

Notice: (2) = (3) is trivial. Look at the case (3) = (2), pick W open, W D UAE such that m(W) < e. Consider
U :=UUW > E, we have U\E D W.
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that all F; are closed and bounded (compact), then

e It is known that F1, Es, ..

« Given E, consider E¢ (measurable). 3U D E¢, m*(U\E) < e. Then D := U°®

Proof. m(J E;) <m(Ey)+m(E2)+---+m(E,)+---. Let’s prove that m(
i=1 .

1=

3
C=
=

I
WE
3
1S
<

=

m

N

N
Il
-
.
Il
-

3
(G
o
Wi
E
3
=
<
=

m

N

s
Il
-
«.
Il
-

S
(@
S
v
M8
E
i

@
Il
—

.
Il

-

i=1

e Assume FE; are bounded, measurable. Then, pick

Dy C Fy, Dy closed and m(E;\D;) <

C (EB)E.

U Ei)+e>m(Ey)+m(Ey)+---. Assume
1

o0

N dlst(E“EJ) = 5ij > 0. Then m*( U EZ) = Z m*(Ez)

i=1

N ™

D, C E,, D, closed and m(E,\D,) < 2%

m(g E;) > m(‘JL_VJ1 D;) = m(Dy) +m(D3) + -+ +m(D,) = m(Ey) +m(Ez) + -« +m(E,). Then m(|J E;) + € >

m(b:ll) +m(Ey) i o+ m(Ey)
e Decompose each F,, into disjoint and boudned pieces.
e Summary
— M(R?) is a o-algebra, i.e.

(1) B € M(R?).
(2) E € M(RY) = EL € M(R?).

(3) E1,FEy,...,E,,...€¢ M(RY) = GE € M(R?).
=1

- m: M(RY) — Rt U{0}.

(1) m(®) =0.

(2) m(E) > m(F) it ED F.

3) m(U) B:) < m(Ey) +---+m(Ey) + - - -, where E; € M(RY).
i=1

@) m(U E) =m(E) + -+ m(En) + - i BN Ey = 0,7 # .
i=1

o Conclusion: If m(E) =0, and F C E, then F' C E.

N

i=1

o A nonmeasurable set: Consider T = R\Z. Let m(T) =1, Let Q = Q\Z C T. Then 0 - Q — T — T\Q — 0. (Set
theoretical lifting). Pick a representative in each class of ¢t + Q). Let E be the set of representative. Then

1) T=Ut+Q = -LEJQ(E + 7).

(2) (E+ri)N(E+4r;) =0,ifr; #r;. Why? If s € (E+r;))N(E+7;) = s =e+r; =€ +rj. Thatise—e' =r;—r; € Q.
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(3) m(E +r;) = m(F) if E is measurable. 1 = m(T) = m(J (E+r)) = mE+rm)+mE+r)+-- =
r; €Q
m(E) +m(E) +m(E)+--- =m(FE) - oo. This case is unrealistic. Hence T is not measurable.

o Theorem: If Fy, Fs, ..., E,,... measurable, disjoint, then m(E; U---UE,U---) = > m(E,).
n=

o Corollary: If F; C E; C F5 C --- C measurable sets then m( |J E,) = lim m(E,) = sup (m(E,)).

n=1 n—s00 n=1,2,...

Proof. Assume m(E,,) < oo for all n € N. We have

(@

E, = By U(E\Ey) U (B5\E2) U+ U (Ex\Ep_1)U--- .

n=1

m( G E,) = m(EyU(E\E1)U(Es\Ey)U- - -U(Ep\En—1)U- -+ ) = m(Ey)+m(Ex\Ey)+m(Es\Es)++ - m(Ep\En_1)U- - ) = m(E

e fEy D EyDE; D+, m((,—y En) = lim m(E,) =inf,—1 5. m(E,).

n—oo

Proof. El\EQ7 El\Eg, El\E4, cey m(El\(nzozl En)) = lil’nn_HXJ TTL(El\En). m(El)—m(ﬂZozl En) = m(El)— lim m(En).

n—oo

o Theorem (Caratheodory condition): The following are equivalent:

(1) E is measurable.
(2) m*(A) =m*(ANE) +m*(An EL),VA C R™.

Proof.

(1) = (2) Note that m*(A) < m*(AN E) +m*(AN EL). Need to show m*(A) > m*(AN E) +m*(An EL). For the
arbitrary A, pick U D A, U is open, m*(U) < m*(A)+e. Therefore, m*(A)+e > m*(U) = m((UNE)U(UNEY)) =
m(U N E) +m(U N EY >m*(AN E) +m*(An EY).

(2) = (1) Assume m*(E) < oo. Pick U D E such that m*(U) < m*(E) 4+ e. Apply (2) with A = U, m*(U) =
m*(U N E) +m*(U N EY) = m*(E) + m*(U\E). Given that m*(E) + ¢ > m*(U) = m*(U N E) + m*(U N E%) =
m*(E) + m*(U\F) and m*(E) < co, we can conclude that m*(U\FE) < e.

o Lemma: If E, F satisfy condition (2), then E N F satisfies (2). For the given E, write E = J (E N B(n)).

n=1

3 Lebesgue Integral

o Riemann Integral: Find a partition, a <z < z; <--- <z, =, for each (z;,x;11], choose z; <z} < x;41, consider
the Riemann sum S, = Y f(x})|xit1 — zi| = Sp (P, x}). If Plim Sp (P, z}) exists to then f is Riemann integrable.

n—>0Q0
o Consider [ xg)dz. We can choose x} € Q, then Sy, (x;) = 1. While choose z} ¢ Q, then S, (x) = 0. Therefore, it is
not Riemann integrable.
e Need to develop a new notion of integral such that

— [ xg = m(E), if E is measurable.

=[x +xr) = [xE+ [ xr=m(E) +m(F).

— JCxp=C [xp=Cm(E)

— [Cixg, +Coxpg, + -+ Cuxe, =C1 [ xB, +C2 [ XB, + -+ Ch [ xB, = Cim(E1) + Com(Es) + -+ - Com(Ey,).
o Definition: We call f is simple if f = Cixg, + Coxg, + -+ ChXE,-
o Definition: [ f = [Cixg, + Coxp, +- -+ Cnxg, = C1m(E1) + Com(Es) + - - - Com(E,), where Cy,Cy, -+ ,Cp, > 0,

FEq,... E, are measurable.

e Lemma: if Cixg, +Coxpg,+---+Cnxg, = CiXE{ —&—C’éXEé 4. -+C,,nXE:n, then Cym(E7)+Com(Eq)+--- Com(Ey,) =

Cim(By) + Com(Ey) + -+ - Crym(E,,).
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3.1 Measurable function
o Definition: f:R" — R U {+o0} is measurable if {z : f(z) > A} = f~1((\, +00]) is measurable for all A € R U {+o0}.

e Lemma: f:R" — RU {400} is measurable if and only if one of the following holds.

— (a) {z: f(z) > A} is measurable for all A € RU +oo}.
— (b) {z: f(z) < A} is measurable for all A € RU £oo}.
— (¢) {x: f(x) > A} is measurable for all A € RU +oo}.
— (d) {z: f(z) < A} is measurable for all A € RU £oo}.
— (e) {x: f(x) € I'} is measurable for all open interval I.
— (f) {z: f(z) € U} is measurable for all open set U.

— (g) {z: f(z) € D} is measurable for all closed set D.

Proposition: f: X — Y, then for A C Y and B C Y we have f~}(AUB) = f~1(A) U f~Y(B), fY{(ANB) =
FHA)Y N (B, and fH(AD) = [f1(A))°.
Proof.

(a) < (b): {z: f(x) <A} = fH([—o00,A]) = f1((A, 00)8) = [F~ (A, 00))]C, since f~1((), 00]) is measurable, hence
its complement is also measurable, which yields (b).

(b) = (c): f7H(N, 00]) = fF7Y( ﬁ (A= 1 4o0]) = 61 S7H(N = L, +00]), hence f~1([A, o0]) is measurable.

n=1

(¢) (c) = (e): I =(a,b) =[~00,b)N(a,00], hence f~'((a,b)) = f~!([-00,b) N(a,oq]) = f~([~00, b)) N f~((a, o0]).
(d) = (f): Let U = Ej(a,»,bi) € R, then U is an open set. Therefore, f~1(U) = f‘l([.j(ai,bi)) = ‘E:j1 FY((ai, by)).

i=1 i=1
Hence, f~(U) is measurable.

(e) = (g): f~1(D) = [f~1(DY)]C, since D is open, then f~*(DP) is measurable, therefore, f~1(D) is also measurable.

e Lemma: If f, g are measurable, then f + g, f - g are measurable.

Proof. {f(x)+g(z) > A} = {f(z) > XA —g(z)} = LGJR[{g(a:) >rin{f(z) > A—r}. If f(z) > XA — g(z), just take
r = g(x), then f(z) > A —r. Next we need to make some adjustment. {f(z) + g(x) > A} = {f(z) > A —g(x)} =
g@[{g(x) >rin{f(z) >X—r}. If f(z) > X — g(x), just take r < g(z), then f(z) > A —r and r € Q.

e Lemma: If fi1, fo,... are measurable, then limsup f, and liminf f,, exist.
n— oo n—oo

Proof. Consider {z : limsup,_,.. f(z) > A} = U () U {fu(x) > XA+ r}. There are infinitely many of n such that
reQk=1n=k
fu(x) > X+ r for some r > 0.

Theorem: If f is positive and measurable, then there is a sequence of positive simple function f; < fo < --- < f,, <---
such that lim f,(z) = f(z),Vx € R. If f is bounded, the convergence can be chosen to be uniformly convergence.
n—oo

Proof. Pick M, N € N, consider intervals [0, &), [+, =), .. — &, M),[M,oc], consider By = f~1([0, %)), B> =
1

(M
fﬁl([%v%))w"?El\/[N = fﬁl([M_ %7M))7EMN+ = fﬁl([Mvoo]) Then let f :OXE1 + %XEQ +"'+MXEMN+1'

MN
o [~ kX_JO X =1/, (1)) on f ([0, M]).

Definition: f:R™ — [0, 4+0c], measurable. Then

/f=sup{/g:0§gSf,gsimple}, and /_f=inf{/g:fﬁg,gsimple}-

Some basic properties:
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1) If f is simple, [ f = [ f

(1)

2 Iff<g, [f<[g

(3) Jef=c[ f, for0<c< oo

@ [(f+ra=[Ff+]g

(5) [min{f(z),n}dz = [ f as n — occ.
(6) ffx‘$|<n%ff as n — o0o.

e Monotone convergence theorem: Assume f; < fo <--- < f,, <--- and f,, — f a.e. (almost everywhere) , then
[ fo— [ f, where [ f < oc0.
Proof.

(5) [ min{f(x),n}dz is an increasing sequence. For some N, we have [min{f(z),n}dz ~ [ f, 39 = cixp, +c2XB, +
-+ cpXE, such that [ ¢ > [ f — e, known that g < f. We may assume 0 < ¢; < 0o, then

/min{g(m),n}g/min{f(m),n} forn > ¢ +cz+---+cn<:)/g(x)N/f(m):>/min{f(x)7n}2/f(x).

(6) Assume f = xp and recall that [ xp = m(E), then [ XxgX|sj<n = [ XBn{jz|<n} = M(E N {|z| < n}).

e Proposition: Suppose F1 < Fy <--- < FE,, <---, then
m(U E;) = lim m(E;) = sup m(E;).
= i—00 i=1,...
Suppose we have Fy, F, ..., F,, ..., F;NF; = 0,Yi # j, then m(FyUFU- - -UF,U- -+ ) = m(Fy)+m(Fy)+- - +m(F,)+- -,
therefore, E,, = EN{|z| < n} is an increasing set. Hence [ xg =m(E) =m(UJE,) = ILm m(Ey). Then, [ f=[f=

fﬂ[f+92ff+[%ff+g§ff+fg

« Lemma: Let f: R" — (0, +00) measurable, m({z : f(z) > \) < 1 [ f(z)d=.
Proof. Consider Axyf)>x) < f, integrating both sides with respect to z yields

1
/)\X{f(z)zx} = A/X{f(w)ZA} =m({f(z) > \}) < /f = m(X{f@)>a}) < X /f-

« Corollary: f:R" — [0, +00] measurable, then [ f =0« f(z) =0 a.e, ie. m(f~([0,+00])) = 0.
Proof. (<) This direction is trivial.

) = 0.

1
n

(=) Pick A = 1, then m({z : f(z) > 1) <n [ f=0. That is, m({z : f(z) > 0}) = m( [.j {z: f(z) >
n=1
 Definition: Let f: R? - RU {400}, f = f, — f_, where

{mx) = max{f(),0},
f-(z) = max{—f(z),0}.

o Definition: f is integrable, write as f € L'(R") if [ fi < oo, [ f- < occ. In this case,

[r=]r-]r
o Lemma: f e L'iff [|f] < occ.

Proof. f=fr—f_,|fl=fy++f-. I fe L then [ fy <ooand [ f_ < oo, then [|f|=[fi+f- <oo. If [f< oo,
then [ fi + [ f- <oco= [ fi <oo,[ f- <oo,that is, [|f] < oo.
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o Recall that f: R" — R is measurable, f € L'(R"), f < oo and [ f < oo, i.e. f= fy — f—, where

f+(z) = max{f(z 0} [ fi < oo,
f—(x) = max{—f(z),0}, [ f- < c0.

o Definition: If f € L*(R"), then || f|| = [|f|- Besides, we have

1/p
ﬂu=(/mﬂ V<< oo

1Flloe = lim 1l = inf(M : f(x) < M, ae.}.

For example,

o Theorem: Let f € L'(R"), let € > 0.

(1) There is an (integrable) simple function cg C ¢1xg, + caXE, + - + cnXE,, ¢ € R such that ||f —g]l1 <e.
(2) There is a continuous function g with compact support such that ||f — g||1 < e. Note that compact support means

supp(g) = {z : g(x) # 0}.
(3) By (1), we may assume f € c1Xg, + CoXg, + - + cuXg, With ¢; # 0 and m(E;) < 00,1 <i < co. Then we may

assume further then ¢; # 0 and E; are bounded.

Ein=ENB, E = ,!1 E;n,m(E;) = nh_{r;() m(E;n),

where B,, is a ball centered at 0. Then, we may assume further that f = xg, we only need to show (2) for f = xg,
where E is bounded. Let

g if dist(x, E) > 4.

Assume E is closed, g(z) = 1 — +dist(z, E).

€r) =

{g(m) =1, if dist(z, E) =0,
(z)
)

Then,

0 < Fo 0 if dist(x, E) = 0 or dist(z, E) > J,
=9 ~1(0,1) otherwise.

Need to show that m({z : 0 < dist(z, E) < d}) = 0if § — 0.

/|f—g|S/XSm({x:O<dist(m,E)<5})<e

For a general E, pick a closed D C E such that m(E\D) < 5.

o Lemma: Iff € L'(R") and € > 0, there is continuous function g such that || f—g|j1 < e. What about {x : f(z) = g(z)}?
m({z : f(z) # g(x)}) might be large.

¢ Theorem (Lusin Theorem): Let f € L'(R"), ¢ > 0, then there is a measurable set £ C R" such that fg is
continuous (on F) and m(R™\E) < e.

Proof. Recall the Markov inequality. Assume n = f — g > 0, then m({z : h(z) > ¢) <1 f h. For abitrary k € N,
choose a continuous function g such that [|f — gx| < kg Then consider {z : |f — gk\ > 1} = Fy. Then m(Fy) <

T [1f =gkl <k -5 =15 Set F = U Fy. Then m(F) < Z m(Fy) < E 7z < €. So gi|p converge uniformly to f|g.
k=1
Since gx|g are continuous, so is f|g.
e Lemma: Let f € L'(R"), Ve, there is a continuous function g with compact support such that || f —g|1 = [|f—g| <e.

o Theorem (Erogorou’s theorem): Let f, : D — R be measurable and m(D) < oo such that f,(z) — f(x) a.e..
Then Ve > 0, there is F C D such that f,|g converges to f|g uniformly and m(D\FE) < ¢,Ve > 0.
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1, z=1
« E le: n — " 07]-7 n - = ’
xample: f, = 2" on [0,1], fn(z) — f(x) {07 0<az<l.

m({z : f,(z)}) does not converge to m({z : f(z)}) = 0, which implies that {z : |f,(z) — f(z)| > X for some n > N}.

Then 0 = m(Us._; Ny—o 00{ : |fu(z) = f(z)| > £, for some n > N}). Then 0 = m(Ny_; Ure p{z : [fu(z) — f(2)] >
L), That is, Vm,0 = Nlim m({z : |fo(z) — f(x)] > L, forsomen > N}). That is equivalent to Vm,m({x :
—o0

. But 2™ converges to 0 uniformly on [0,1 — ¢]. Then

| fn(z) = f(z)| > L, for some n > N}) — 0. Hence, EC = {z: |fu(z) — f(z)] < L for all n > N}. Then there is N,
such that m({z : |f,(x) — f(z)| > £, for some n > Ny, }) < 55. Then F = ;" Un" ) Fin, m(F) =m(Upe_; Fin) <.
Now consider E = FC = N>_ F& = N>_ {z: |fu(z) — f(z)| < L,¥n > N}. Notice: if By D Ey D --- D E, D ---,

m=1"m m’

lim, o (E,) = m(Niey Ei) if By < co. If E; = oo, then it doesn’t hold. Counterexample: let E,(n,+o00), then
lim, o E,, = 00, m(;2; E,) = 0.

Abstract Measure Space
o Definition: Boolean algebra. Let X be a set. B is a collection of subsets of X. B is called Boolean algebra if

1) 0 e B.
2) If E € B, then E® € B.
3) If E,F € B, then EUF € B.

e Definition: o-algebra. Let X be a set. B is a collection of subsets of X. B is called o-algebra if

1) e B.
2) If E € B, then E® € B.
3) If By, Ey,...,Ey,... € B, then |J>° | E; € B.

o Definition: The pair (X, B) is called a measurable space.

o Example:

— (X,{0,X}) is a o-algebra.
— (X,2%) is a o-algebra.
— (R, elementary sets ) is a Boolean algebra.

o Recall that a measure space is (X, B, u) where B is a o-algebra, i.e. 1) ) € B.

If E € B, then E° € B.
If By,Es,...,E,,... € B, then |J,2_, E; € B. mu is a measure i.e. u(B) € [0, 4],

) Lebesgue measure space: (R4, M(R?), 1) where M(R?) is Lebesgue measurable sets, and p is Lebesgue measure.
) (X, {0, X}, n=0).
) (X, {0,X}, 1), where mu is p(0) = 0 and p(X) =S € [0, 4+00].
0, E=0,
) +oo, E # ()
|E|, if |E| < oo,

00, otherwise.

(X, B, 1) where p =0 or u(E) =

4) (X,2%, 1), where u(E) = {

0, FE is countable,

5) X,B = FE C X, E is countable or EC is countable}, u(E) = )
S,  otherwise.

1, if xg € F,

6) Dirac measure (X, B,0,,), where 0,,(F) = {O, it ¢ E.
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7) Definition: let C be a collection of subsets of X. The o-algebra generated by C is the smallest o-algebra contain
C ((C)), where (C) = \5¢ B, B is a o-algebra.

e Lemma: By, X € A. B)is a g-algebra of X. Then B = () B, is a c-algebra.
AEA

Proof. Need to show

1) 0 e B.

2) If E € B, then EC € B.

3) If By, Es,...,E,,... € B, then | J°°, E; € B.
)

4 If@GB,\,V)\j@E m B\, =B.
AEA

5) If E€ B= [\ By, then E € By,YA= Et € By, = El € N B,.
AEA AEA

6) Same.

o Borel-algebra: let X be a topological space, 7 = {open sets}. Then {7} is called Borel-algebra.

o Definition: (X, B, ) is complete if any subset of a null set (such a set is measurable with measure 0) is null.
« Example: Lebesgue measure space (R?, M(R?), 1) is complete, however, (R%, Borel(R?), 1) is not complete.
e Remark: one can complete any measure space.

o Definition: f: X — R is measurable if f~!((r, +00]) € B,Vr € R.

e Lemma: Let f: X — [0, +00] be measurable, then there is a sequence of simple functions 0 < f; < fo < f3 <-+- f, <
-+ < f such that f,(z) = f(z) as n — oco. If f is bounded, the convergence can be chosen to be uniform convergence.

fr =22t aX 1 (1))
o Definition: Let f : X — [0,+0c] be measurable. Define [ fdu = sup{[g:0 < g < f,g simple} if g = Cixg, +
Coxp, + -+ Cnxp,-
e« Some properties of the above integral:
1) [Cif +Cogdp=Cy [ fdu+ Cy [ gdp.
2) [min{f,n}dp — [ fdp.
3) B CEC-E, CX,UE; =X, then [ fxg,du — [ fdu. If f = xp, then € fxp,du = [xrxp,dn =
i=1
| XFrE,di =m(F N E,). Therefore, (FNE) C (FNEy)C---(FNE,) C(FNX),then J._,(FNE;)=F.

o Consider f : X — [—00,+00] measurable on (X, Bu), define fy = max{f,0} and f_ = max{—f,0}. Then we have
f f—‘rd/’L < o0,
J f-dp <

o Example: X =N, B=2" y(E)=|E|, f: N =R, then f € L'(u) = {f : X — R, f = 0 except a countable subsets}.
In other words, f is supported by a countable subset. Then > |f(z)] < oco.
f(z)#0

the decomposition of f: f = fi — f_. f € L*(p) if and only if , in other words, [ |f|du < oo.

1, ifxg € E,

. , [+ X — R is measurable. [ fdo,, = f(z0), [ = X,
0, otherwise

o Example: X,B,z9 € X, 0,,(F) = {

1, ifxg e B

ntxgddy, = 0., (E = = g).
XEX0zo o(B {0, otherwise x& (o)

o Example: X, E is the countable subsets i.e. E = {F is countable or X\ E is countable. u(E) = |E|. What does the
functions in L!(u) look like?

o Definition: (X, B, ) is finite measure space if u(E) < oo is a probability space if u(E) = 1.
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o Theorem (Egorov’s theorem): Let (X, B, 1) be a measurable space. Let f,(x) — f(z), a.e. Then for any € > 0,
there is F € X such that u(E) < e. Then f,|x\g converges to f|x\g-

o The convergence theorem: If f,(z) — f(x)a.e. when do we have [ f,dp — [ fdp as n — oo. In other words, when can

you switch the limit operation with the integration, i.e. lim [ f,dp = [ lim fodp = [ fdp. In general, this is not
n—oo n—oo

1, ifzxenn+1l),

, we have Vz, lim f,(z)dp =0 and [ f,dp = 1,Vn. However,
0, elsewhere n—00

true. For instance, let f,(z) = {
J lim fodp= [0dp = 0.
n—oo
o Theorem (Monotone convergence theorem): Let (X, B,u) be a measurable space and consists of 0 < f; <
fo <o < fp <o then lim [ fodp = [ fdp. Space case: If f, = xg,, then E, C E,yy and lim f, = x
n—oo n—oo
Proof. It is clear that lim [ f,dp < [ fdu. Let’s prove limn — oo [ fh,dp > [ fdu. Pick g < f, where g = C1xp, +
n—oo

Coxp, + -+ Cmxpg,,,Ci > 0,i=1,...,m,E; N E; = 0,i # j is a simple function. Then [ fdu ~ [ gdp. Consider
(1-— e)g and consider El n ={z e E“fn( ) > (1-— e)C} C E;. Since f,, < fuy1, Ein CE; 1 since f,,(z) converges

monotonically to f(z). U E;, = E;. Compare f, > Z(l —€)Ci(E; ) hm [ fodp > Z(l —e)C hm w(Ein) =

INgE

(1= e)Cip(E;) = (L —¢) [ gdp ~ [ fdp.

Il
—

3

o Lemma (Fatou’s lemma): Let (X, B, 1) be a measure space and let f1, fo, -, fn, fi : X = [0,+00] be a sequence
of measurable functions. Then [liminf, . fodp < liminf, o [ fndu.

Proof. Write Fiy = inf,,>n f, [ liminf f, = [ Nlim Fydp. Notice that Fy < Fy 41, then [ A}im Fydp =limy o [ frdp <
n— o0 00 oo

liminf f,.
n— oo

e Convergence theorems

1) Monotonic convergence theorem: For 0 < f; < fo <--- < f,, <---, measurable function, f,, — f asn — oo. Then

[ i fa()d = tim [ ()

n—oo n—

2) Fatou’s lemma: for fi, fa,..., fi : X = [0,4+00],i =1,2,... such that f,, — f a.e. Then

/liminffn( )du < hmlnf/fn

n—oo

3) Dominated convergence theorem: Let fi, fo,..., f; : X — [0,400],i = 1,2,... such that f,, — f a.e. Suppose
there is g € L'(X) such that |f;(x)| < g(z), in particular f(z) < g(z). Then

Jin [ fu@)dn = [ s

Proof. Consider f,, + g. Then f,, + g positive and f, + g — f + g, by Fatou’s lemma, we have

[ imint(s (e + g(a)) < timint [ (o) + g(a).

n— oo

Since the f, — f as n — oo, then liminf, . (f. +¢g) = f + ¢g. Then the above becomes

[timint((e) + @) = [ £@)+900) = [ 1)+ [ gte) <timint [ (fa(e) + g(a) = timint [ £+ [ gta),

yielding
[ #) <timit [ 1,.
n—o0
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Now consider g — f,,, which is positive and g — f,, — g — f as n — oco. Then, again, by Fatou’s lemma, we have
the following

/liminf(g—fn) = /g—f < I;Lrgggf/(g—fn) < 1ggggf(/g—/fn) = /g+ligg}gf(—/fn) = /g—liisogp/fn-

Therefore, [ f > limsup,,_, ., [ fn. Above all, we can obtain
liminf/fn > /f > limsup fp,.
n—00 n—o0

and by liminf,, _,~ f, < limsup,,_,.. fn, we have

liminf/fn :limsup/fn = lim /fn
n—oo n—oo n—oo
The proof is complete.

o Modes of convergence: Let fi, fo,..., fn,... be real-valued measurable functions on (X, B, ). Then we define

1) fo— fae
2) fn =2 f uniformly (or we say f, — f in L) , if Ve > 0,3N, such that |f,(z) — f(z)| < ¢,Vz,¥n > N.. Notice

[flloo = sup{|f(x)]"z € X}, then fr = fiff [|fn — flloc = 0.
3) fn converges almost uniformly to f if Ve > 0, there is E € B such that u(E) < e and f,,|gec = f|gs-
4) fo— fin LY if [|f, — f| = 0 as n — oo.
5) fn — f in measure if Ve > 0, then u({z : |fn(z) — f(z)| > €}) — 0.

Relationships between these convergences. 2) implies 1), 2) implies 3), 3) implies 5), 4) implies 5) and 3) implies 1).

Proof of 3) implies 5). Need to show that Ve’ > 0, 3N such that p({z : |fn(z) — f(x)] > €}) < €/,Vn > N. By 3), 3E
such that m(E) < € and f,,|gec = f|ge. Then IN such that

|fo(@) = f(2)| <e,Va € EC n> N.

Then
V> N{w: fal) = f(2) 2 €} C B = p({o: |fale) — f(2) 2 e}) < p(B) < €.
The proof is complete.

Modes of convergence:

1) Pointwisely convervence (a.e.).
2) Uniform convergence.

3) Almost uniform convergence.
4) L' convergence.

5

As for 1) and 3), if u(X) < oo, then by Egorov theorem, we have 1) = 3).

Preposition:

1) If f,, = f (in some sense of above modes of convergence) and f,, — ¢ (in the same sense), we have f = g, a.e.
2) If f, — f (in some sense of above modes of convergence) and f,, — g (in a different sense), we still have f = g, a.e.

Lemma: If f,, — f pointwisely a.e. and f,, — ¢ in measure a.e., then f = g a.e.
Proof. Ve > 0, consider A = {z : |f(z) — g(x)| < €}. Let us show that pu(A.) = 0. Then {z : f(z) # g(z)} = U Ar

n=1

has measure zero. Consider Ay, = {z € A, [fu(z) — f(2z)| < §,Vn > N}. Then

[j AN,e = Ae
N=1

up to a null set. Assume p(A.), then pu(An) > 0 for some N. Consider Ay, if x € AN, |f(x) — g(x)] > ¢, since
[fu(z) = f(2)] < 5. Then f,(z) —g(z) = [f(x) — g(z) = [f(x) = fu(@)]| = €= 5 = 5. But f, — g in measure,
p({x | fu(z) —g(x)| > §}) > u(An,e) > 0, a contradiction.
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o Theorem: If f,, — f in measure then there is a subsequence {f,, } such that

4.1

fn, — f pointwisely a.e.

Proof. Pick {ny} such that

1 1
pl{e (@) = F@)] > 551 < 51

Let us show that f,, — f a.e. as k — co. By the subsequent remark, we have the set of = such that f,, (x) 4 f(z) is

U N U - @) > 5
m=1 N=1n=N

We only need to show that (_; Upey{z ¢ |fn.(z) — f(z)] > 5= is null. Next we only need to show (J,— y{z :

| fr () = f(x)| > 55 is arbitrarily small for large enough N > 1. Choose k > m,
[ee] oo 1
p( U Lz s [ (2) = ()|>* U{J«“ | fri () — 2276: SNT
k=N k=N

Remark: If f,, — f, the set of divergent points is | f,(z) — f(z)] > 7.
Theorem: If f,, — f in measure then there is a subsequence {f,,} such that

Ve > 0,3E, such that u(E) < e and fi, |ge = f|ge.
Proof. By De Morgan’s laws, we have

1

oo B oo
Ut @) F@) > 5| = (Vo o) — F@)] < 5}
k=N k=N

For each m, choose N,,, such that

U & @) = F@) > 5} < o

k=Np,
o0 o0
Consider E= |J U {z:|fn.(z) — f(z)| > 5=}, then u(E) < e. Therefore,
m=1k=Np,

) N G ) - 50 < o

m=1k=N,,

Theorem (Ergorov): Let (X, B, 1) be a finite measure space, then

fn — fae iff f, — f almost everywhere.

Differentiation theorem

Definition: f is differentiable at x if
o S+ ) = f(@)
h—0 h

exists. Furthermore, f is differentiable if f’(z) exists everywhere.
Fundamental theorem of calculus:
- / F(t)dt

/b F'(t)dt = F(b) — F(a).

1) Let f : [a,b] — C be continuous, consider

Then F'(z) = f(x).
2) Let F': [a,b] — R. Then
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4.2 Lebesgue differentiation in R

o Theorem: Let f € L'(R). Define
0= [ - / F(OX (o) (D).

Then F is continuous and differentiable almost everywhere and F'(x) = f(z) a.e. and
F'(z) = f(x)a.e.

Proof. Continuity: let xg € R,

Dominated Convergence Theorem
Flath)~F(20) = [ X000 OFO Xy 0O = [ Xiagay (0 0 w5 0 as h— 0.
R R

Differentiability: In other words,

z+h
m 1/ ’ ft)dt = f(x)a.e. and lim f/ f@) (z)a.e.

1
h—0+ h h—0+ h

If g € C.(R) (continuous with compact support), then the theorem holds. In general, Ve > 0,3g € C.(R) such that

/If—gldu <ecor |f gl <e

Hope to use g as a bridge!
o Lemma Let f € L'(R) and let A > 0. Then,

x+h
m({x:sup%/x F@)ldt > A} < /|f )/dt.

h>0

e Now let’s prove that

For any € > 0, choose g € C.(R) such that ||f — g||z: < e. Fix A > 0, by the above Lemma, we have

B =me e oot [ 70 g0 = ) < § and B2, = m({e € R1S@) )] 2 X)) <
h>0

>l o

Let E, » == Eel)\ U Ei/\, m(Een) < % and Vx € (Ee,)\)c, we have

{z JE 1 E ) — g()lde < A
|f(z) — g(z)| < A

Note that

x+h
}% / g(t)dt — g(x)| < X for sufficiently small h.

Then, for any z € (EE,)\)E7

/ t)dt — (m)’:|}ll/:+hf(t)dt—}1l/: dt+h/ tydt — g(z) + g(z) — f(z)]

z+h z+h z+h
- %/JL f(t)dt — %/I g(t)dt| + |%/1 g(t)dt — g(x)| + |9(2) — f(2)]
< 3\

Consider Ex =, Ec,x, m(Ex) = 0. Then

z+h
‘%/ f(t)dt — f(x)| < la.e.
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1, ifze(0,1),
0, otherwise .

o Example: Let f(z) = { . Then

I 0, ifz<1,
F(x) = / foydt=<¢1, ifxz>2,
- x — 1, otherwise.
e Reading topics:

1) Bernoulli convolution

2) Housdoff measure (dimension)
3) IFS (Iterative Functions System)
4) Banach - Tarschi paradox

5) Amenable groups

e Now we consider higher dimensional case.
e Theorem: Let f € L'(R?), then

1
lim —— — dy = Oa.e.
/B W) = )y =tac

r—0+t m(B(z,1))
and

lim é/ fly)dy = f(z)a.e.
B(z,r)

r—0t+ m(B(z, 7))
« Let ECR? 0 <m(E) < oo, consider f(z) = Xp(z)-

. m(B(z,7)NE) _
B )~ By VPO = N

Consider 1-D case,

m(INE) lifre FE
im ————= =

I—o m([l) Oifz ¢ F
e Theorem: Any monotonic function is differentiable almost everywhere.
¢ Theorem: Any monotonic function is continuous almost everywhere.

e Assume F' is increasing, if F' is not continuous at © = x, then

lim F(z) < F(xg) < lim F(z).

- +
I*}IO w—)wo

e Lemma: Let F' be monotonic, then
F=F.+F,,

where F is continuous, and Fj is a jump function.

o Example: Let u be a Borel measure on R. Define

Let 29 € R, consider (z < ),

F(z0) — F(z) = p((—o0, 20)) — p((—00, 2)) = p([z,x0)) = u(@) = 0 as z — xo.

Then F' is positive increasing semi-continuous. On the other hand, if F' is a such function, then there is a Borel measure
w such that F(x) = u((—o0, x)).

¢ Theorem
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1) Let F : [a,b] — R be increasing function. Then

b
/ F'(z)dx < F(b) — F(a).
2) If F is absolutely continuous, then
b
/ F'(z)dx = F(b) — F(a).
Proof.

1) Let fo(x) = w, then f,(z) — F'(x)a.e.. We have the following

n—oo

b b
/F’(m)dm:/ lim inf f,, (z)dz

b
< liminf/ fu(z)dx
a

n—o0

n—oo

b
1
= liminfn/ F(z+ E) — F(x)dz

b b
1
= liminfn / F(z+ —)dz — / F(x)da:}
n—oo a n a
[ ro+1/n b
= liminfn / F(z)dx — / F(z)dx
n—oo |/a+1/n a
i b+1/n a+1/n
= liminfn / F(x)dx — / F(z)dzx
n—oo b a

We extend F' by add another piece, F : [b,b+ 1] — F(b). Since

b+1/n 1
/b F(z)dz = —F(b)

and notice that

Therefore,

b b
/ F'(z)dz <liminf [ f,(z)dz
a n—oo a

< liminfn [1F(b) —

1
n—00 n n

F(a)}
= F(b) — F(a).
« Example:
1) Heaviside step function. Let

1, >0
F(x) = {O z< 0 ,F'(z) = 0a.e.

then we have ) )
/ F'(z)dz = / 0dr =0< F(1)— F(-1)=1.
-1 ~1
2) Cantor Stair function. F'(z) =0, a.e. but F(1) =1, F(0) = 0.
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e Definition: A real-valued function F' : R — R is absolutely continuous if for any € > 0, there exists 6 > 0 such that

for any intervals (a1,b1), (ag,b2), ..., (an,by) with > |a; — b;| < 8, we have
i=1

n

> IF(ai) = F(bi)| <.

i=1

e Lemma: Let f € L}(R), for any € > 0, there is § > 0 such that if £ C R, m(E) < §, then

[ rnl <.

Proof. The conclusion holds for simple functions. Hence, we pick g = ¢1xg, + coXE, + -+ + cnXE, ~ f € L' such that

lg— fI < 5. Then
€ €
/Ifldu=/|g+f—g|du§/Igldu+/\f—gldu§§+§=e.
E E E E

o Definition: Let A\, u be measure on (X, M), then A < p (absolutely continuous) if any p is a null set, then A is null.
In other words, u(E) = 0 = A(E) = 0,VE € M. Furthermore, A L p if 3E € M such that u(E) = 0 and A(EC) = 0.

o Theorem (Lebesgue-Radom-Nikodym Theorem): Let A, ;1 be measure on (X, M) with p o-finite.

1) A=A+ As such that Ao < p, As L p.
2) There is h € L' () such that Ao(E) = [ hdp. (h = G2 = dA. = hdp).

« Example: Take ;1 as Lebesgue measure, A = [, dF, A\((—00,z)) = F(z) — F(—00). Then dF = d\.+d\; = hdp+dX,.

o Recall that \. < p if and only if u(E) = 0 = A(E) = 0 and A\, L y if and only if E € M such that u(E®) = 0 and
As(E) = 0.

o Lemma Let A,y be measures on (X, M). Assume A finite, then the following are equivalent.

1) A<u (WE)=0= AE)=0).
2) Ve > 0,36 > 0 such that u(F) < § = A(F) < e(VE € M).

o Recall that a function F': R — R is absolutely continuous if Ve > 0,3 > 0 such that for any (a1,b1), ..., (an,b,) with

n

> 1b; — a;| < 4. One has
i=1

> IF(bi) = F(a;)] <e

=0
Proof.
1) = 2) If u(F) =0, then by 2) A(E) < € for Ve > 0.
2) = 1) By contradiction, if 2) does not hold, 3¢y > 0,V > 0,3E such that u(E) < § but A(E) > € with 6, = 5.
3E, such that u(E,) < 5=, but A(E,) > €. Let’s consider E= () | Ej,

k=1n=k
n(E) SM(U Ey, = ZH(En) < 227 =91 = w(E) =0.
n==k n==k n=k

Therefore, A(E) = limy_00 A(U,—; En) > €o.
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5 Outer measure, pre-measure

 Definition: Let X be a set, and outer measure is a map p* : 2% — [0, +-00] such that
1) p(0) = 0.
2) p(E)<p*(F)if ECF.
3) p(ErUEU---E,U---) < pu*(Eq) + p*(E2) + -+ p*(Eyn) + - - - for countably many FE4, Es, ...

« Example:

1) Lebesgue outer measure: m*(E) = inf{ > |I,|: E C U, I.}.
n=1

2) Hausdorfl outer measure: Fix s > 0,

_ ilg%) {/{Z [diam(B B C O B,,,diam(B,,) < 5}}

n=1

If s=n, Hs ~ m*™. If s = dim(B,,), diam(B,) ~ V(B,). Take Cantor set for example, we have the Lebesgue
measure Y |I,| = 2" (%)n — 0 as n — oco. However, the Hausdorff measure depends on the value s,

oo ifs< n2

1 s In3
HS:2”<> =0 ifs>pE2.
In2

if s = In3

¢ Lemma: 3d such that
0Oif s>d
o if s <d

where d = H — dim(E).

e How to determine the dimension of Hausdorff space? dimH, = ln—“ , where a is the scaling number, and b is the number
of mappings from the original set.

e Suppose (X,d) is complete metric space, f : X — X such that 30 < v < 1, d(f(x), f(y)) < ~vd(x,y),Vx,y,dzg € X
such that f(xzg) = xo.

o Definition (Caratheodory condition): Let y* be an outer measure. A set £ C X is said to be Caratheodory
measurable if *(A) = p* (AN E) 4+ p* (AN EC), VA C X.

o Theorem: Let B = {FE C X : E Caratheodory measurable}, then

1) B is a o-algebra and
2) the restriction of p* # 0 then B is a measurable set.

Proof.

1) It’s obvious that ) € B, and X € B. Then the two terms of the right-hand side of p*(A) = p*(ANE)+u* (AﬁEG)VA
are same when F is either ) or X. Assume E,F € B= EUF € B, so do E® and FC. Now let’s take a look at

“(AN(EUF)) + p*(An E® N FT)
“AN((ENFYYU(ESNF)U(ENF)))+p*(An ES N FY)

=W (ANENFYUANE NF)U(ANENF)) + p*(AnE® N FY)
< (ANENFY) + i (ANE NF)+ n*(ANENF) + pu*(An EC N FP)
=W ANENFY + *(ANENF)] + [ (ANE N F) + p*(An E* 0 FP)]
“(ANE) + p* (AN EL)

(AN (EUF)) +p* (AN (EUF)®) =

Next, let’s show that the other direction.

p(A) = p (AN (EUF)U(AN(EUF)®) < p*(AN(EUF)) + p* (AN (EUF)D).
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Therefore, *(A) = p*(AN(EUF)) + p*(AN (E U F)®). Then we can extend the above to finitely many sets
Ei,E;, ..., Ex € B, we have

N N
p(A) = p (An (| Ba) + w*(An (| En)®),vA.
n=0 n=0

We want to show the above property holds for |J F, € B, we need to show

n=1
w(A) = p (A0 (| BEa) + w*(An (| En)®),vA.
n=0 n=0

By subadditivity, we have
1t (A) < (AN (| B) + w(An (| Ea)®), VA,

n=0 n=0
So we need to show the other direction. Since Ui\’:o E, CU, >y En, (Ui:r:o E,) D ()2 )8, We can directly
get that
p AN EDY <pran( B
n=0

Next, we just need to show that

wAn (| B) < lim w(An (| Ba))-

n=0
Rewrite p*(AN (Uszo E,)) as follows
N N-1

p(AN (Y En) =0 (AN (BLU (E2\E1) U (B3\(EL U E»)) U--- U (En\ | En)))

n=0
N— —
=" (AN (Ey U (E2\E1) U (B3\(Ey U E2)) U--- U (Ex\ [ En)) N (En\ | En))

N— _
(AN (B U (B2\Er) U (Es\(Ey UER))U---U(Ex\ | En)n BN\ | En)®)
n=1 n=

" (AN (B4 U (B\B) U (B\(Ey U E) U+ U (B | B (Bvi\ (U Ea)

N—1
+p (AN (Ex\ | Bn))
N—1
—u (AN Ey) + 1 (AN (B\ED) + - + 1 (AN (Bx\ | Ew))
Then we have the following
N-1 oo
Jim (AN UE PHANE) +p* (AN (B \Ey)) + -+ p* (AN (Ex\ | En) +--- = (AN (| En)).
n=1 n=0

e} &)
2) We only need to show that Ey, Es,...,E,,... € B, E;NE; = for i # j. Then p*(|J E,) = > p*(En) (note:
n=1 n=1

w*( U E,) < Y pu*(E,).) We only have to show

" (o) n
U En) > p

n=1
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5.1

N N
only have to show p*( | E,) = > p*(E,). And we have
n=1 n=1
00 N N
w (| En) = p* (| En) =D 1w (En),VN.
n=1 n=1 n=1

Pre-measure

A pre-measure on a Boolean algebra. By is a finitely additive measure space, uo : By — [0,00] with the property
oo [e.e] (oo}

wo( U En) = >, po(Ey) whenever Fy, Es, ..., E,,... disjoint and |J F, € By.
n=1 n=1 n=1

N
Example: By = { | [as,bi)}, say [0,1) =[0,1 —3)U[L— 4,1 —3)U---. Then
i=1

1 1

pol(0.1)) = (0.1~ )+ pio[L — 5.1 )+ -+

1 if1e (a,b]

Counterexample: If p*([a, b)) = .
0 otherwise
Consider p*(E) =inf{ > wo(E,) : EC J En, E, € Bo}.
n=1 n=1

Theorem (Hahn—Kol(;mogrov theoré;n): ©* is an outer measure which extends .

Product space

Consider (X, Bx), (Y, By ), what is a natural o-algebra on X xY. We can define rx : X xY — X and 7y : X xY = Y.
Hence 7' (U) = U x Y and 7' (V) = X x V are open, then {U x Y, X x V} is a o-algebra.
Suppose (X, Bx, ux) and (Y, By, uy ), then in (X x Y, Bx x By), we have ux x uy (U x V) = ux(U) x py (V).

Suppose we have (X, M, ), (Y,N,v) and M RN =c{U xV : U € M,V € N'}, which is the smallest o-algebra such
that 1x : X XY = X and 1y : X XY = Y. Provided (X x Y, M ® N), let’s construct pu X v:

—uxv(UxV)=uU)xvV).
N
- By ={UUxV;,:U; e M,V; e N,;i =1,2,...N}. Then: pu x v is well-defined and it is a pre-measure, thus

i=1
i X v can be extended to a measure on M x N.

Example:

1) ([0,1], B,m) x ([0,1], B, m).
— mxm([0,1] x [0,1/2]) = 1.
— Let D = {(t,t),t € [0,1]}, then m x m(D) = limy ;oo m x m(-5) X n = 0.

2) ([0.1). B.m) x (0,1], B, ), where u(U) = {IUI, if U finite

oo, otherwise
— m x u([0,1] x [0,1]) = o0
= mxp([0,1] x {0}) =1
— mx u({0} x [0,1]) = 0.
—mx pu(D)=(mx u)*(D) = oco.

Assume E € M x N, then what is u X v(E)? We can borrow the idea from double integral from calculus, if u, v are
o-finite,

pxu(B) = [ v(Bdinte) = [ p(B)aviy).

IfE=UxV,then px v(U x V)= pu(U)-vV).
Proof.
b (U x V) = / v(Ey)du(z) = /X o (V)xu ey diu(z) = v(V) /X ot = #(V) - u(U).

X
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o Now let’s take a look the m x u(D) = [ m(D,)du(xz) = [0du(xz) = 0, also we have [ u(D,)dm(y) = [1dm(y) = 1.
The inconsistency is caused by that u is not o-finite.

o Lemma: Assume £E € M®@N, then E, e N,E, e M,Vx € X,E, e NVy €Y.

Proof. Let C={EC X xY : E, e NVz € X, E, € MVy € Y}. Next, let’s show that C is a o algebra. - 0, X € C. - If
E €C, then Eb €C. (EY), = (E,)%. -1f Ey,Es,...,Ep,... € C, then EyUFEyU---UE, U--- € C. Assume U x V € C,
UeM,VeN.Vyf,:x— f(z,y) and Vz, f, : y — f(x,y) are measurable.

o Lemma: If E € M ®N (the product of o-algebra), then E, € M ={z: (z,y) € E}, E, e N ={y: (z,y) € E},Vz €
X,y €Y. Then f, '[(r,4+00)] = [f~*(r,+00)],. Let’s show that VE € M ® N, we have

/XE(xy)du //XE:cydu )dv(y //XE:cydv )dp(x)

px(B) = [ u(E)avty) = [ v(E)duo).

which is gives us

o Assume p(X),v(Y) <oo,let C={E € MON : uxv(E) = [ wW(E,)dv(y) = [v(E;)du(z)}. Let’s show that C is a
o-algebra contains M @ N ={U xV : U € M,V € N'}. Let the set of subsets of X (Y) be M, which is a monotone
class if

1)U, CU,C--CU,CU,€Mforn=1,2,..., then |Jo—, U, € M.
2) Uy 20U, 20U, Dforn=1,2,..., then (\,_, U, € M.
e Lemma: The monotone class generated by an algebra is the o-algebra generated by the algebra.
Proof. Outline:

1) UxVelUeM,VeN.
2) C is a monotone class.

vV o ifzel,

. ,then p x v(U x V) = u(U) x v(V), we have
(), otherwise

3) IfE:UxV,EI:{

[ B = [ xvp(Eadut) =o(V) - w(O)

[o ]
4) Increasing sequence, By C Fs C---C E, C,E, €C,n=1,2,..., now let’s show that E = |J E, €C.

n=1

uxv(E —MXVU )= lim px v(E,)

n—oo

n—roo

:/ lim p((En)y)dv(y)

n— oo

o0

- / (U (Bn)y)dv(y)

n=1

= [ ut)ivw)

oo
Decreasing sequence, F1 2 Es D --- D E, D E, € C,n=1,2,..., now let’s show that E = (| E, €C.

n=1

o0
uwXxv(E —uxuﬂ E,) = lim puxv(E,)
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So if pu, v are o-finite, then

/&E@wwuxv=/kE@yMu /2:%M2$ydﬂ ) x vy L//}:m;xydu )d(y).

By monotonic convergence theorem, we have

[ tante) x<vto) = [ [ sautyvi) = [ [ raviintz

o Take f € LY (M x N), write f = fi — f_ : fy < oo, f_ < oo, then

Vf e LT (M x N).

/ fdu() x v(y) = / fo — fodp(z) x v(y)

:/erdux ) x v(y —/f,du:r ) xv(y
//f+du )dv(y //fd,u Ydv(y
=//h—ﬂW@WM-

o Example: (N,2" 1) x (N,2, 1), where p is counting measure. Then

1 ifm=n
fmn)=¢-1 ifm—-1=n

0 otherwise

Then,

However,


ljin1@uwyo.edu

	1 Outline
	2 Lebesgue measure (concrete measure) on \mathbb{R} (\mathbb{R}^n)
	2.1 Elementary sets
	2.2 Jordan measure
	2.3 Lebesgue measure
	2.4 Lebesgue measurability

	3 Lebesgue Integral
	3.1 Measurable function

	4 Abstract Measure Space
	4.1 Differentiation theorem
	4.2 Lebesgue differentiation in \mathbb{R}

	5 Outer measure, pre-measure
	5.1 Pre-measure
	5.2 Product space


